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Introduction. In [11] Hu generalized the Whitehead product to the
relative product, moreover in [4] Blaker-Massey defined the mixed Whitehead
product in the relative homotopy groups and the product in the triad
homotopy groups. Recently, Arkowitz [2], Hilton [10] and Porter [12] have
defined the generalized Whitehead product (GWP) [a, 8] € #(Z(A#B), X), for
acn(TA, X) and Ben(EB, X), and studied various properties of the GWP.
In the case when A and B are spheres [a,B] is essentially the Whitehead
product.

The object of this paper is to investigate operations which are generaliza-
tions of the Whitehead products in the relative homotopy groups and the
triad homotopy groups. We define the following six new products in this

paper :

[, Bl € mi(Z(A#B), k) for aecn(ZA,k) and B en(EB,X),
[a, B]; € w(3(A#B), k) for acn(ZA,k) and Be<n=(ZB,k),
[a, B)s € m.(3(A#B),®) for aecn(ZA,u) and Ben,(2B,v),
[a, Bls € mos(S(A#B), ®) for acn,(SA,®) and Ben(SB,W),
[a, B)s € mo(S(A#B),®) for acn,(SA,®) -1 Ben,(EB,u,
[a, Bls € o (S(A#DB),®) for acm,(3A,®) and Ben,(SB,P),

where k: X —>Y is a map and ®=(v,v"): # —«  is a pair-map in which «:
woX,v: WX, uw: X,>Xand v': X, > X

If A, B are spheres and % is an inclusion map and X,, X;c X, W=X,nX,
then [a, 8];, [a,B); and [a, B]; are essentially the mixed Whitehead product,
the relative and triad Whitehead product, respectively. In section 2 we define
generalized Whitehead elements and in section 3 we define the above GWP’s by
using the generalized Whitehead elements, and basic properties of these
products are mentioned in section 4. The Jacobi identities of these products
are obtained in section 5. In section 6 we define the generalized Hopf
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invariant H* in the generalized homotopy groups by considering the Hopf
invariant described in [1] and we generalize Theorem 1 in [8] .

Throughout this paper we shall assume that all spaces have base points
and all maps (homotopies) are base point preserving and in section 1-5 spaces
A, B and C are countable connected CW-complexes. In particular, in section 6
we shall assume that all spaces are finite CW-complexes.

1. Preliminaries. A map gq: X — Y is called a cofibration if it has the
homotopy lowering property for all spaces, i.e., if, for each space P and for
all maps f,: Y — P and homotopies ¢,: X —>P (0=¢t=1) with g, = f;, o q,
there exists a homotopy f;: Y — P with g, = f,oq. If ¢ is an inclusion map,
this is homotopy extension property. The quotient space F=Y/q(X) is called
the cofibre of ¢. Frequently the cofibration ¢: X —»Y with cofibre F is

q ?

denoted by the sequence X —— Y —— F, where p is the projection.

The set of all homotopy classes of maps X —Y is denoted by #(X,Y),
it contains the distinguished element 0, i.e., the homotopy class of the constant
map *: X —Y. A pair-map (g,,9g,): «»—f is by definition a map of maps

such that the diagram
v
bl
cv -2

is commutative, where ¢, is the map V — CV which embeds V in the cone
CV. Then =n,(V,f) is defined as the set of homotopy classes of (g,, g,), and
if V is a suspension space (a 2-fold suspension space) 7,(V, f) is a group (an
abelian group). Moreover, if f is an inclusion and V=S8", n =1, we get the
ordinary -zlative homotopy groups. The homotopy class of a pair-map (g, g»):

tr— f is denoted by {(9,, 9.)}. A map (h;Zi) (tv, Ciyy) — @5 is by definition

a map of pair-maps such that the diagram

h,

\%4 \%%4
'L? cv b i BN X
CV lCVl h3 Y Jl¢z
C\h) v he T~ 5

is commutative. Then =,(V,®,) is defined as the set of homotopy classes of
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(Z‘Zz ,and if V is a Suspension space (a 2-fold suspension space) z,(V, ®;) is
3/e4

a group (an abelian group) and a generalization of the triad homotopy groups.
The homotopy class of <Z;zi is denoted by { (Z;Z: }

The (reduced) suspension X of X is the space obtained from XxI by
identifying X xIu# X1 to a point. The (reduced) cone CX of X is the space
obtained from X xI by identifying Xx 0 U # XI to a point. We denote by
XVY the subspace X x # U * XY of XxY. The smash product X#Y of X
and Y is the space obtained from X XY by identifying XVY to a point. For
maps f: X—Y and g: X’ > Y’, we define a map f\Vg: XVX —-YVY by
fVg=fxg|XVX, and a map f#g: X#X —Y#Y is defined by the

following commutative diagram

xxx 229, yxy
b T
X#X Sf#g, Y#Y

where p’s are identification maps.
The following properties are checked easily :

Ly Q) Iff=f:X->Yand g=~=g: X >Y’ then
fH9=F#9: X#X >Y#Y .
(ii) (f#9#h=F#(g#h).

Let f and g be representatives of @ < #(X,Y) and B8 e n(X’,Y") respectively.
Then f#:g¢ is independent of the choice of fand g by (i) of (1.1) and the
homotopy class is denoted by a#Becn(X#X',Y#Y'). It follows from (1.1)
that

1.2) @#B)#Y=aF#B#").

Next we consider two elements acn(X,Y) and Ben(Y,Z) and let
a={f} and B={g}. Then the composition gof: X — Z of f and g represents
an element of #(X,Z) which is independent of the choice of the representatives
f and g, and the homotopy class of gof is denoted by Boaecn(X,Z) and
is called as the composition of @ and 8. The formula Boa = f¥(B) = g«(a)
defines maps f*: 7(Y,Z) > n(X,Z) and gy: n(X,Y)—> n(X,Z) induced by
f and ¢ respectively. The join of A and B, A+B is the quotient space
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obtained from A XBXI by factoring out the relation: (a, b,,0) ~ (a, b,,0) for
all b,,b,¢ B and (a,,b,1) ~ (a,, b,1) for all a,,a, < A.

PROPOSITION (1.3) Ax%B is homotopy equivalent to Q=CAXBUAXCB
[12].

PROPOSITION (1.4) AxB is homotopy equivalent to Z(A#B) and there
exists a homotopy equivalence h, 5: S(A#B)— Q ([10], [12]).

We denote by p,z: Q—>SAVSB the map which pinches AcCA and
BcCB to *.

2. The generalized Whitehead elements. We consider the following
pair-maps '\P’=(124 Vizg, 102,4 \/Lzs)l tzA\/lzB—’le\/lcw, ‘I'lr’—(tm Vlza,lcm \/123)2
tz4 V1 — CizaV1zg, Y, = (tu V lsp,tezaViess): tza V tzg — Ciza V tz8, Vs
= (Iru V izB; boza \/lc'za) P tzaVisp— Ct}:A \/CL:B :

V1
savsp 2V csavsp savs V1 csaysB
llm\/lm \U/\I, lom\/tza Jtu\/lm \U’\Pl 11024\/128
1
savesB Ve oo e, CsAVSB — > CsAVSB
Ctu\/lw
@2.1)
savsB Ve csavesB sAvsB YL csavesB
j"EA\/12B \U’\PQ chA\/lczB tz4Vizg \U/‘IQ llcm\/lcw
C
C3AVEB —Mﬁf C3SAVCEB , CZAVCEB —— C*=AVC?*3B,
CbzAVCl):B

where 1;55(1:5): SA(SB) — SAEB), 1esa(less) : CSA(CEB) — CSA(CSB) and
lpsg: C*TA— C?*SB are identity maps, and 54(iz5): SAEB) ¢ CZA(CEB),
tesatoss) : CSA(CEB) ¢ C*SA(C*SB), Ciz4(Cizp): CSA(CEB) c C*2A(C?ZB).

Then we have the following commutative diagrams

2.1.1)
154 Vizs, Leza V :
2 (SA, ¥) Ow 2,(ZA, t2. \/123)( 24 Vizs, loza Viza)x 2(SA, 124 Vlcza)
OuT a‘m Vizg a‘}:AVlCZB
! O1, Vi g 154V .
(A e Venn) AV (5A, SAVSE) 2 o) #(2A, SAVCSB),
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2.1.2)
o(SA, V) (SN, e Vigg) L e VI (S, Cos V Cana)
3\, v - Vizs)
EA eV P (sA, 3AVEE) sy cravCsB),
(2.1.3)
Ow, 1z, .
(BN, W,) L T, (ZA, tz4Vizs) (2aV1sm teraVicn) T(ZA, CizyVizs)
a”'g' a‘EAV‘ZB lac‘u"‘}:s

(A VLo 452 w(sa,3AvEE) Ve | on odauss)

(2.1.4)
aV1gtoraVlzs '
772(2A, \I,I) 7’1(2A, lu\/lm) (Lz V e AV : )* ﬂl(zA:\Cl-!:AVlm)
( OuT 18‘24‘“23 la”"‘}:;{V‘zB
7, (A, mv1m) 248 (SA, SAVEB) (eaVizade 7(3A,C2AVZB),

in which &’s are the boundary homomorphisms (c.f. [5], [10]) and SA=3(A#B),
and 7,(SA, W) and 7,(SA,¥,) ( =1,2,3) are identified with 7,(SA, ¥7) and
(SA, WF) respectively, under the isomorphism 7 defined in [5, p. 291]. Then
we see

PROPOSITION (2. 2) (i) auvlw, a‘EAVI(fZB’ a;tu\,lw, ac‘“vlm, 9y/, and atp'T
are iSOmOTPhiSMS, (ii) (124\/tm)*, (LzA\/lzB)*, (124\/'-23, 102A\/tzﬂ)*, (LxAvlzm
LCZA\/lL'EB)* and (LEA\/]-EB’ LCEA\/IEB)* are epimorphisms, (iii) aluv,w, 8‘24\/123,

Ow, Ow, and Oy, are monomor phisms.

PROOF. (i) Since #(SA,CSAVCEB) =0 in the homotopy exact szquence

of the map t54Viss Oig visy 18 @M isomorphism. Similarly, the other boundary

homomorphisms are isomorphisms. (ii) Let (is4,%¢s4) be a pair-map: ¢z
i 1-2.4\/123, Where i):A . EAC ZA\/EB and iL‘EA : CEAC CZA\/EB al’ld lygq
SAcC2A. Then we consider the following commutative diagram
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A> A 1 > 1
EA, ) P (SN, V1) Y e Vimnhe Vlea)
= a‘u a‘u Vizp = a‘u Vigrp'
(124 Vtw)-x- .
7(ZA, 2A) 7(ZA, ZAV3IB) 7(ZA,SAVCIB),

((AsaVezp)otsa)w = (134 Vizs)s © Z14% 1S an epimorphism if and only if (15, Viss,
losa Viss)s © (Zs45 20z4)x 1S an epimorphism, and hence (15, Vizs, lozs Viss)s is
an epimorphism. Also since (134 Visp)xZzax iS an epimorphism we deduce
that (1z,Vizs)x 1is an epimorphism. Similarly, the other homomorphisms
are epimorphisms. (iii) is obvious.

Next we define the generalized Whitehead elements.

(@) Let hyp:S(A#B)— Qus=CAXBUAXCB and p,,;:Q.s— SAVEB
be the maps defined in section 1 (c.f. [12]). Then we define 6 by

2.3 . 0 = {Pushas) € n(S(A#B),SBVZB),
where h, 5 is the homotopy equivalence described in (1. 4).
(b) Consider a commutative diagram

OupyVigy 1:
s (SA 050 Vsg) —2B 2(SA, SAVSB) (t2a Vsl 7(3A, CSAV 3B)

JzaviBs JozaviBx

2GA, SAxsB) @ e o) FsaxsB),

where the top row sequence is exact, and jy.:s : SAVEBC SAXZIB,
Josavzs : CSAVEB C CZAX3B. Then we have joraviss © (tzaV 1:s)x(6)
= (134 X1:5)x Jravzex(@) = 0 (cf. [12]) and since jerayzss is isomorphic we
deduce that (iz4V1ss)x =0. So there is 6, ez, (SA, 54 V1s5) such that

9y iz (61) = 6. Since 9 is a monomorphism, the element 6, is

determined uniquely. Hence a representative of 6, has the form (p,, B}_LA, Ba):
¢ —> 134 V1sp, where ¢: S(A#B) — CS(A#B), that is,

tz4Vizp

2.4 6, = {(f_’A.BzA,B, a)} e m\(3(A#B), 134 V1z5) .

Similarly we define
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(2- 4') 01 = {(P-B,AZB.A, a')} € ”1(2(3#1‘1), 1:z Vtm) .
(c) Since 8,2 AVigp " 7, (Z(A#B), 135 Visp) = 7, (3(A# B), SAVEB) there
exists 0, € 7,(3(A#B),t:4 Vizg) such that 9, ., (0,) = 6.

On the other hand we have the commutative diagram

s(AzB) Parhar 54\ sp

[ lza \/123

(A#B)C(P‘ sha) CZAV3B)=C3AVCSB.

So a representative of 6, is (P oh 4,5 C(Pashay), that is,
2.5) 0y = {(Pashan C(Pashan)} € 7(S(A#B), 124 Vizs) -
\ Similarly we define
(2.59) 0y = {(Po,4hs,4,C(Pr,ahn,a)} € mi(S(B#A), 125 Viza) .

The homomorphism (12,4 V1zs,1ozs VLEB)* : 771(2(A#B)7 lza \/123) - ﬂl(E(A#B)’
tz4 Vizp) induced by (134 V1ss,losa Vizs) is a monomorphism. Then we have

(2~ 6) (124 Vlzm 1024 V‘EB)-X-(el) = 02 .

For, since 6 = azuww(el) = a‘mv;m(lu Vg, leza Vizs)s(f)) we have
(154 V1sp, Lesa Visn)s(61) = 9} vy ) (0) = 62

(d) In (2 1. 1) we saw that 0= (124 Vtzg)*(e) (12‘4 V"EB)* [ 8,“\,128(01)
= 8‘24\,1023(1“ Visns 1osa Vizs)x(0,), and since OisaVigsn is an isomorphism we

have (154 Vezns Loz Vizs)x(6:)=0. Hence there is an element 6, € n,(S(A#B), V)
such that 9,(6;)=6,. Then since 9y is a monomorphis_m, 6, is determined

uniquely. And 6; has a representative of the form (P “"’Zh“'s Z): II—¥; that

is,

—A B;;.AB
@7 @:{(” e j)}em(E(A#B),‘I'),

where a: CI(A#B)— C3AVIB, b: C3(A#B)—3SAVCIB, c: C*3(A#B)
——> CSAVCZEB and 1I is the pair-map
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S(A#B) —> C3(A#B)

¢ II loz
C3(A#B) ——> C'S(A#B). ‘

Similarly we define

@.7) 6 = { (’3 ”';,h";‘f:)} ¢ m(S(B#A), T,

where ¥’ =(Lm Vs, txp Vlcm) : 1:3Viza = 1ezaViza -

(e In (2.1.4), we had 0= (34 V1:8)x(6) = (tz4V1sn)x © Ouy,v1,,(61)
= Qouy ,vig5(tsa V1sm, Losa V1sp)x(6:), and since O,y ,vi,, is an isomorphism we
have (154 V155, 1oz4 V1:5)%(6,)=0. Hence there is an element 6, ¢ 7,(S(A#B), ¥,)
such that 0y ,(6,)=6,. And since Oy, is a monomorphism 6, is determined
FA,—B_TLA,B a) .

uniquely. Then the element 6, has a representative of the form (
c

II - ¥, ; that is,

@9 0, = {(’7 Ag‘“ :_‘)

€ my(3(A#B), V),

where b: CS(A#B) — CSAV3B, ¢ : C*S(A#B)— C*SAV3B.
Similarly we define

@.8) 6, — {(’7 B'%,EB'A ‘E‘)} ¢ m(S(B#A), V),

where ‘I’;:(lm Viza,1lzn \/Lcu) : 15 Viza = 155V Cisa.

(f) From (2.1.3) we see easily that 6,<Ker. (tz4V1ss,tzaV1lcss)x
= Im. 9y, Hence there is an element 6; ¢ 7,(S(A#B),¥V,) such that 9y,(6;)
=0,, and since Oy, is a monomorphism 6, is determined uniquely. Then the
Pashas C(ﬁAiﬁA,B)): T,

element 6, has a representative of the form (
c

that is,

2.9) 6, - { (f’b;"‘& C"_’A'%f“»ﬂ))} ¢ S(A%B), V),



524 H. ANDO
where 5: CS(A#B) — CSAVSB, ¢: C*S(A#B)— C*SA\VCSB.

Similarly we define

2.9) ;= |(Pratns CPrsbod)} e mspiea, v,

C
where V;=(1:5V 34, lezaViesa) 't tsgViza = tzp VCisy.

(g) As we have seen in (2.1.2) Oy, : my(S(A#B), Vi)=n,(Z(A#B), ts4 V ts8),
so we obtain 6, € 7, (3(A#B), ¥;) such that 9y,(f,) = 6,, and 6, is determined
Pashas C(Pashay) ) S
C(Pa,shas) C(Pashas)

P A’fT“'f C(‘Bf'BEi'B) ) , that is,
C(PA,BhA,B) Cz(PA,BhA,B)

uniquely. And we have the map (

Hence a representative of 6, is (

2.10 6, = Pashas  Cloashas) )} N
( ) {<C@A,B}_1A,B) Cz(pA,Bh-A,B) € ”2<2(A#B), v )

Similarly we define

2.10 0; — f_)B,A];E,A C@E,AEB,A) )} \ B ; ,
0 {(C@B,AEB,A) o |} € (B4, )

where Wi=(tz8 Vizas losn Viesa): tzzViza — Cisp VCiszy

Let @y : 7(3(A#B), ¥) — my(S(A#B), ¥s), @osx @ 7(2(A#B), ¥,) —
7w (3(A#B), ¥;) and @y .x: 7(Z(A#B), V) — n,(3(A#B), ¥,) be natural
homomorphisms induced by @,,s and ¢,, respectively, where ¢

_(1:aV1zs lozaViss . (14 V1sp leza Viess . —
- (lm Viezs teza \/Ct}:s) A £1 Prs = (102:.4 Viczs lozaViess ) AL s,

— 1s4 V1sp Llosa Vizs . :
and @,, = (10“\/1” 1czz.4VtzB) : ¥, —> ¥, Then we see easily

(2. 11) ¢*(03) = ¢2,3*(65) = 06 al‘ld ¢1’2*(04) = 65 .

3. The generalized Whitehead products. By using the generelized
Whitehead elements defined in section 2, we may define the various products
in the generalized homotopy groups.

(A) The generalized Whitehead product (GWP) [a, 8] € n(Z(A#B), X) of
{(fl=acnx(ZA,X) and {¢g}=8 e n(ZB, X) is defined as follows [2], [12]:
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3.1) [er, B] = (@, B)x(f), where (a,8) =V o(fVy),
that is,

[a, 8] = {V o (fV9) ©pashas} € 7(Z(A#B), X).

(B) The GWP [a, B8], e m,(Z(A#B),k) of {(f,f)} =aen,(ZA k) and
{g}=Ben(EB,X),k: X—Y, is defined by

3.2  [&,Bl = (@ 8).x(6,), where (a,8), = (Vo (fVyg), Vo (f Vkg),
that is,
[@,8], = {(V o (fV9) o pashan Vo(f Vky) oa)}en (3(A#B),k).
Then [a, 8], is independent of choice of (f,f) and ¢. Similarly we define
(B.2) (B8 al = (8,a).x(0), where (8,a), = (V 2 (9V[), V o (kgVf)),
that is,
[8,al, = {(V o (gVf) o pahsa V o (kg\Vf)oa)} e m(3(B#A), k).

REMARK. This GWP is a generalization of the relative product in the
sense of M. G. Baratt [9; p. 164].

(C) The GWP [a,Bl,cn(Z(A#B), k) of {(/,f)} =acn(SAk) and
{(9,9)} = Bem,(ZB,k), k: X—Y, is defined by

(B.3) [, 8], = (@, B)w(0,), where (@,8), = (V o (fVg), V< (f Vg)),
that is,
[@,8l, = (Vo (fVopashar Vo(f Vg)oClpsshan} € m(S(A#B), k).

Then [a, B, is independent of the choice of (f,f") and (g, ¢).
Similarly we define

(3.3) [B,al, = (B, @):x(6:), where (8,), = (V o(gV f), Vo (¢g'V L)),

that is,
[B,a), = {(V o (g\/f) ©pashsa)y Vo (9'\/f') ° C@B.A’—IB.A))} € m(Z(B#A), k) .
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(D) We consider a pair-map ® = (v, v%): u—u’;

w —1——> X,
o
X, — X,
Hereafter, in this paper ® denotes the above map. Then the GWP

[et, B)s € w3(S(A#£B), @) of {(f,f)} = aem (34, u) and {(g,9)} =B € m(2B,v)
is given by ‘

Vo(fVg) Vo(f Vug) )

(3' 4) [a’ B]S = (d, 8)3*(0)3, Whel'e (a’ 8)3 = (v o(vay,) VO('v'f\/u'y')

that is,

— Vo(fVg)opashar Vo(f' Vuy)oa } ‘
[a, Bls {(vo(vf\/ g') ob V°(‘U'fVu'g') oc ) € ﬂz(z(A#B)r @) .

Then [a, B); is independent of the choice of (f;f”) and (g, g°).
Similarly we define

VeV VelugVe) )

3.4 y &l = » )3 ;’ »&)3 =
@4) 18,0l = (B, (@), where (B, = (TUVI) V)

that is,

(T ahis T )
8, al, {(VO(g'Vv e oty fyec) | € TEBHA,D).

(E) The GWP «, :8]4 € ﬂg(E(A#B), CD) of {(;“;:”)} =a e 7t2(2A, @) and
{g}=Ben(EB, W) is defined by

VALV | TAF ) ),

©.5) 8l = (@ Balh), where @), = (VYD V)

that is,

= Veo(fVgopashar Vo(f Vugl a ) (S(A#B), ®
(@, 8l {(Vo(f"va)oB e 5 o) € miSA#B), ®).

Then [a, 8], is independent of the choice of (; . j: ) and g,
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Similarly we define

TGN VD)

3.5 y Al = » Jax 0; > hy y &)y =
(3.5)  [8,al = (B, &)ux(6), where (8,a) (VO(ng ) Ve(wugy £

that is,

- J(V°<9Vf)°§B,AEB,A V°(ugi')°5' )
Bl = U\ GewgV )b Totwugy e € TEEE D

(F) . The GWP [a, 8], < 7(S(A#B), ®) of {(}{ ) ; )} — e my(SA, D)
and {(g,9)} = Ben,(ZB,u) is defined by

Vo(fVg)  Ve(f'Vyg) ) ,

3.6 ’85: s (9 )55 057 h » )5 =
6.6 (@8l = @A), where @) =0V TN

that is,

VoV g)oPashaa w(f'vg')oc(mxhﬁ))
, 8] = il = L(Z(A#B), D) .
s = {(3° L raslian L N O0 P b | < risazB), @)

Similarly we define

Vo(gVf) V(g V) )

(3.6) 18, tls = (8, @)u(63), where (8, @) = (m YT S

that is,

_{(V(gV oo absa Volg'V f')oC(pz,AEB,A))} B A
[87 a]s {(VO('Ug\/f")Omb_' vo(v,y,vf,n)OE; € 7[2(2( # )’ q)) ’

(G) The GWP [a, 8], € 7,(S(A#B), @) of{(f; J; :”)}_—_deﬂz(EA, ®) and

{(g,,g,,,)} = Beny (3B, ®) is defined by

Vo(fVg) Veo(f'Vg) ) ,

3. ,Be= s 3*03, h sy (F)s =
(B.7) [@, 8l = (@ B)ex(0s), where (a, 8) (Vo(f"Vg") Vo(F Vg

that is,
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V°(f\/g)°[34,8 ZA,B Vo(f’ Vg')oC(PA,B 71.4'3) ) }
VO(f" \/g")°c(l‘34,1r/—u,3) VO(fm \/g"')°Cz([34,Bi_u,B)

¢ m(HA#B), D).
) and (9,, gf,,).
g g

Ve(gV )  Veg'V ) )
Vo(g'V ") Volg "V F)

[d9 /3]6 = {(

rr

Then [a, B], is independent of the choice of (

S
S

Similarly we define

(B.7) 18, ls = (8, A)e(8i), where (8, @), = (
that is,

(8, al, = {(vc’("vf Yobnshina V(g VF)oCEs Tind )}
Vo9V )oClps abp,a) V(g NV )oC(ps, ahs, )

€ m,(3(B#A), D).
4. Properties of the generalized Whitehead products. We consider

properties of the generalized Whitehead products defined in section 3.
Let 2: X—Y be a map and let (m,n): £ — &’ be a pair-map:

x -2, x
AL
Y——n—aY ,
and let (Z‘ ‘g:) ®— ® be a map
W = w
l \XI ay | \X"l
o Ib, )l{ o )
Xz \X bz Z\X

Then we obtain easily the following formulas :

PROPOSITION (4.1)
kela, B] = [kxat, kyB) Jor aen(ZA,X), Ben(EB,X),
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(m’ n)* [d, B]l = [(m’ n)*d, m*B]l for
(m, n)x [, B, = [(m, m)xat, (m, n)xB),  for

(5192, 1, 81 = (@, @), (a1, b8, for
fa) @Bl=[(0) aans]  for
58, a8l = (5 5, o (@nas 8], for
(5 8t 81 =[(5 5,2 (5. 52, 8], For

Let 3,: m(SD, k) —> n(3D, X),
9,: m(ZB,v) —> (B, W), 9,:

aem(ZAk), Ben(ZB,X),
acm (A k), Ben (EB,k),

A€ 7[1(214, u), Be ”1(23: v) >
acm(ZA,®), B B, W),
acmy(SA,P), Be(EB,u),

acmy(SA, D), Ben(SB, D).

T (ZA, k) — 7(CZA, X),
(2N, D) — 7,(ZA, )

denote boundary homomorphisms, where D=A or B and SA = E(A#B) or

S(B#A).

Then we have

PROPOSITION (4.2)

ak[a’ B]l = [akd’ B]; ak[B’ a]l = [B’ aka] f07‘ ae ”I(EA, k)’ 18 € ”(EB, X)’
Oila, Bl, = [0x, 98], OilB, al, = [0x8, 0] for acm(3A, k), Ben (2B, k),
80[“; B]?J = [a, avB]l’ a«v[B’ a]s = [avB’ Cz]l for ae ”1(2A> u)y B € ”1(23, ‘U),

2., Bly = [0y, By, 946, al, = [B, 2,]; for acmy(SA,®), Ben(ZB, W),
2ol Bl; = [0e, B, 2ulB, al; = [B, 04, for aen,(SA,P), B¢ 7, (2B, u),
2ulc, Bly = [0, 94811, Ou[B, &ls = [048, 0]y for a e my(3A, D), B cmy(EB, D).

PROOF. We shall prove 9,[a,B], = [0, B8]

Proofs of the other five

formulas are similar to it. We consider the following commutative diagram

w(S(A#B), 154\ 155) Py 8, (3(A#£B), SAVSB)

(C(, B)*

(S(A%B), &) O

a, B)%

tz4Vizp

-

> w(3(A#B), X)

Then we have 9,[a, 8],=3.(a, 8)x(6,) = (32, B)*oa,m\,lzjg(él):(@kd, B)x(6)

= [0, B].



530 H. ANDO

We have the following properties for the relations of GWP’s defined in
section 3.

PROPOSITION (4.3)
[a, 13]2 = [d, ak(g]l s

for aem(GAk), Ben,(ZB,k),
[B’ a]2 = [akﬁ, 6ql ’

[d: B]S = [a’ au8]4 ’

for ac 772(2‘4’ q)), :8 € 7r1(23’ u) >
[B} a]s = [au'89 a]4 ’
[a7 B]s = [acba’ a&PTOT(B)L 3

Sfor aem,(SA,®), Ben, (3B, D),
[B’ a]s = [aQTOT(B), auba]s ’
[a, 8], = [, 2.,8]; ,

Sfor aemn,(ZA,®), Ben,(SB,P),
[B? a]s = [BQB, a]s ’

where T: wy (3B, D) = 7, (3B, ®") is the natural isomorphism defined in [5;
p-291] and Our: my(ZB, ®") — n (2B, v) is the boundary homomorphism.

PROOF. To prove [a,B]; = [, 98], let a={(f,f")} and B={(g,g)}-
By (2.6) we have (a,®):x(6:) = (@ 8)2x(124 V15, loza Vizs)x(6:), where
(@,8):=(Vo(fVg),Vo(f'Vg)). Hence we obtain

(a, :8)20(13.4,3 EA,B: C@A,B ]_lA,B)) ~ (@, 83)s(1:4 V1ss, Leza Vizz)(pas EA,B’ a)
= (VO(f\/g)OPA,BEA,B, v°(f,\/kg)°a)
= (®, 0xkB)1°(Pa,a ka5 @) -

Thus [a, Bl,=(@, B):x(6:) = (@, 3:8).x(f)=[a, 0;8],. By using the formula
analogous to (2.6) we have similarly [8, a],=[0,8, a],.

Next we shall prove that [a,B]s = [Os&, O4ro7(B)];. Let a= {(; . ]fc )}

J

and 8 = | (gﬁ g,,,)}, then (g’ g ), (9,9") and (f,f’) are representatives of
(\g" g 9 gu

7(8), Oprom(B) and O4(a), respectively, where « : C*B—C?B is the homeomorphism
defined by u(b,s,2)=(5,4,5) 5. By (2.11) (@ B)uexls) = (e Bus(dy)-
Hence we obtain
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f—’A,B}—lA,B C(f—’A,B 71.4,13) ) ~ (PA shas a)
a, ﬂ s © - - =~ (a,8 s © ' ’
( ) (C(PA,B hA,B) CZ(PA,B hA,B) ( ) ? b C
— (VO(ny) VO(f'\/g') )o <12‘.A Vg leza Viss ) o (F_'A,BTZA,B a)
Vo(f” Vg") Vo(f"' \/g"') tzaVlezs toza \/CLzB b C

_ (VO(ng)

V°(f'\/ug) )o (f—)A,BEA,B a)
Vovf\Vg") Ve f'Vu'g")

b c

= (24, 247 > T(A); (,, Fous a) .
Cc

Thus the desired formula is proved.
The other formulas are proved by using (2. 11) and the formulas analogous
to (2.11).

PROPOSITION (4.4) [2; Proposition 3.4]. If A and B are suspensions

then
[@,8:1+8:] = [a, 8] + [@, 8],
[a,+a,, 8] = [a,, 8] + [, 8],
where a,a; € 1(ZA, X) and B,8, ¢ n(ZB, X), i = 1, 2.
PROPOSITION (4.5) If A and B are suspensions, then

[a,8,+8;], = [«, 8], + [@,B:] for a,a,em(2A,k) and

[al +a,, (9]1 = [au B]l + [az, 8]1

B, Bi € ”(EB’ X)’ i= 1: 2’

[, B,+8,], = [a, B, + [, B:]: for a,a;em(ZA k) and
[a, +as, B, = [ay, By + [, Bl: B,B; e m(ZB, k), i=1,2,
[a, B, +8:]: = [, B,]s + [a, Bsls for a,a,en(3A,u) and
[a,+a,, 8] = [a,, B]; + [a,, B B, B8 € m(EB,v), i=1,2,
[a, 8, +8:1: = [a, Bi]: + [a, B5]s for a,a;em,(SA, ®) and
[, +as, Bl = [ay, By + [, Bla B,Ben(ZB, W), i=1,2,
[, B, +85:1s = [a, Bi]s + [, B:]s for a,a;emy (A, ®P) and
[a,+a,, Bl = [ay, Bls + [, Bl; B,B; e (B, u), i=1,2,
[a, B, +8:]s = [a, B1]s + [, B:]s for a,a,emy(ZA,P) and

[a;+a,, Bl = [, Bl + [a, Bls

B, B, € (3B, ®), i=1,2.
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PROOF. We shall prove [a, 8,+8,), =[a, B.];+[a, B,);. Let a={(f,f»)},
8.=1{g,} and B.=1{g,}, and let iz, : SACSAVIB,VIB,, i:5 : ZB,CZAVZEB,
V3B, and izp,: SB,Cc3AV3B,ViB,, B= B, = B,. Now we consider the

commutative diagram

SAVSB,VSB, — L . X

lZA\/lzB,\/IZB, j{k
CZAVEBIVZB2 > Y s

where ¢ = Vo1V V) (fiVg:1Vg,) and =V oAV V) o (2 Vkg,VEkg,). If
Ye m(ZA, 154V 18, V1ss,) is an element represented by a map (Zz4,%es4):

tsa—>tz4 V1ss, V 1sp,s toza : CZAC CIAV 2B,V 3B,, then we obtain the following
formulas :
(q! r)*(['y’ {iEBI} + {isz}]l) = [(q’ r)*’Y; Bl + 182]1 ’
(4' 5' 1) (Q’ 7')*([')’, {ian}]l + [ry’ {izﬁz}]l) = [(Q7 T)*'Y, Bl]l + [(q’ r)*rY, 82]1 »
[ry, {izzx.} + {i}:B,}]l = [ry, {iZB}]l + [ry’{im,}]l-

For, the first and second formulas are obtained by (4.1) and the third
formula is proved as follows: In the homotopy exact sequence

o
_—> ﬂx(m: txa Vlza. \/1):11,) I W(ZA, EA\/ZBl \/sz)

1 1
(ea Vo Viss)x s\ CsAVEBVEB)),

9 is a monomorphism since (154 155,V 1s5,) is onto, and we have

oY, {izs} + (izs}) = [97, {izs} + [iz5,}] (by (4.2)),
o, {izs 1l + [V, {Z:8,})) = [0Y, {i:5,}] + [27, {iz5}]  (by (4.2)).

Hence, by using (4.4) and the fact that 9 is a monomorphism, we get
desired formula.
Next, by using (4.5.1) and a=(q, r)xY, we have

[a, 8, +8.] = (g, «Y, B +B,):
= (‘Ia x([7, {iEB.} + {ing}]l)
= (g, M7, {#z5,3]1 + (g, Pxl7, {z:8,} ],
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= [(g, MY, Bils + [(g: M)« B:]y
= [a, 81 + [a, 8] .
Similarly we have
[a,+a,, Bl = [a, Bl + (@, Bl -
Next we shall prove [a,B,+8:]; = [a,Bi]s + [, B:]s. Let a = {(fi,f2)},

8, = {(yl,gi)} and B, = {(92, g;)}, and let iCEB. : C231C2A\/C231\/C232 and
icxm, 1 CZB,Cc AV CEB,\VCEB,, and let A be a map such that

tzaV 1:3, vV 121?.

SAVEB,VEB, C2AV3B,ViB,
12,4 \/lzB. \/LzB, ‘U A l 102.4 \/lwl \/LZB,
1 1
SAVCSB,vCsB, SV en1an o5 4\ CsB v CSB, |

Then we consider the map (g‘ gz): A—®, where g, = Vo(1VV)o
1 2

(iVgi1V @), ge = V o AV V) o (p,VugiVug,), r =V oAV V) (vfiVgiVgs)
and 7, = Vo AV V)@ f2Vu'giVu'gs). Now if v, ¥, e m(EB, 154 Viss, Viss,)
and 8 e 7,(ZA, t:4V 155 V13 ) are the elements represented by maps (i35,
iCZB,) . lzp, 1:4 \/tzB. \ tzB,, (iZB,; iczB,) ¢ lzp, 1;4 Vizs, Vizs, and (iu, iCEA) :
ts4a — tz4 V1ss, V1ss,, respectively then we have the following formulas:

(CIl (h) [8, 7,4+ 7.1 = [(q1, ¢2)xS, B, Bels »

(452 0 (2 8) (8,9 + [8,%1) = (g1, 92268, Buls + [(@1, 4068, Buls,
[8’ 'Yl+'y2]3 = [8) ryl]3 + [Sa 72]3 .
We shall prove only the third formula, the other fomulas are obvious.

The boundary homomorphism 9y : 7, (Z(A# B), A) — 7, (Z(A# B), t54
V155 V15p,) is a monomorphism, and we have

aA[S: 'yl+'yz]3 = [8: aryl +ary2]1 ’

aA([S, ry1]3 + [8: 72]3) = [8, aryl]l + [8’ 872]1 .

Hence we get [8,7,+Y:]s = [3,7,]s + [3,7.15 .
By using (4. 5. 2) we obtain the desired formula [a,8,+8;]s=[a,8,]; +[a,B;];.



534 : H. ANDO

If we choose appropriate universal examples, the case [ , ], is proved
similarly, and the other formulas are proved easily by (4.3).

Next by using Hardie’s method [6] we may define the GWP [a, 8], as
follows: Let f: SA— X and g: 3B— X be maps, if we use Hardie’s

notation w(f, g) is the composition map o(fV g)opsshasr: 2(A#B)— X.
Consider the commutative diagram

S(A#B) 2, cAxBUAxCB 425 savsB V9, xyx s x
hasn Pa,B 2% g
Cs(A#B) 242, caxcB 4%, saxsp-P~, B I, x,

where pz: SAX3SB— 3B is the projection, and p, 5, k45 are maps defined
in [12], and N4(9)=g°propsshass. Let [: CZA — X be a map. Then we define
@(l, g): C3(A#B)— X by

M, 2t), 0=t=1/2,
w(l, 9, t) = { ' y < 3(A#B),
' w(loy-1, )y, 1/2=t=1,

where f,_: SA— CSA is defined by o}_(z) = (z, 2t—1) for z < SA.
Let 2: X—Y be a map. And if {(,f)} =aecn(SA,k) and {g}
= Ben(EB, X), then w(f’, kg): CZ(A#B)—Y is given by

)\'A(kg)(y’ Zt) H 0 é t é 1/2 s
w(f', kg)(y,t) = y e 3(A#B),
w(fou-nkg)y, 1/2=t=1.

And the diagram

S(A#B) wih9) x

. k
Cs(dup) P *9) w(f, kg)

is commutative.

THEOREM. (4. 6) {w(f.9), w(f",kg)} = [&, Bl € m,\(2(A#B), k).
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PROOF. Let i;4: SACSAVEB, isp : SBCZAVEB and iy, : CSA
CcC3AVZEB. If we choose {(w(is4,258), W(icsas (tza V1s4)is8)} € 1, (Z(A#B), 154
V1s5) we have O, i, {(w(7s4,258), W(icsas (t34 V 1s8)i55)} = {w(isa, i58)} = 6.
Since 9,,,v1,, is @ monomorphism we obtain {(w(is4, i55), W(icsa, (134 V 115)ix5)}
= at_;A v1w(0) = 0, = {(pashasn @)}, thus we deduce (, 8),x(w(izs Visp), W(icsa,
(124 V1s8)iss)} = (@, B)ix(6)) = [, Bl

Hence we now proceed to prove

(@, B)ix{(w(@Eza Vizs), W(iozas (x4 V1sa)izs)} = {w(f, 9), w(f', kg)} .

The left hand side of the above formula is {(V o (fVg) o pashas
Vo(f' Vkg) o w(icsa, (tz4 V1ss) iss) and
Vo(f'Vkg) w(icsas (tsa V1sp) i35)
{ V(' VEG) Ma(iz4 V1s8) 55 )y, 22), 0=:=1/2,
\ V(' VEkG) w(icza o, (tzaVs)izs)y, 1/2=t=1,
Ma(kg)(y,2t), 0=t=1/2,
{ w(f ou-1kg)y, 1/2=t=1,
= w(f", kg), ) -

Therefore we have the desired result.
LEMMA (4.7). [2; Proposition 3.3].
[8,a] = —Co)*[a,B], for acnx(ZA,X) and Be=(ZB,X),

where o: B#A — A#B is induced by a map BxA— AXB defined by
(y,x) = (x,y) for xc A and ye B.

Consider maps (30,C30) : tg4 — a5 (CZ;:O' 2222:) 2 Mg 4 = (8,45 tep ,)

=145 = (¢4, LCA,B) :

So
S(B#4) —— 3(A#B) E(B#A)\ EI(A#Q
CZ(B#A) 1 CS(A#B)

[5: W) l4,B

CS(B#A) L2 csidun), CE(B#A) l —— C3(A#B) V1L

\C"’E(B#A)——————\—‘sz(A#B) .
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Then we have

THEOREM (4. 8).

B, al, = — (S0, CS0)¥[a, B, for aem(ZAk) and Ben,(EB,X),
[B, a]z = —‘(EO', Czo)*[a’ 6]2 fO?‘ ac ”I(EA, k) and B € ”1(23, k) ’
. So CSo \*
B, al; = (CZd sza) [a,8]; for aem(ZA,u) and Ben(ESB,v),
_ (30 Cze *
[B8,al, = (CZa' szd) [a,8]ls for acmy(ZA,®) and Ben,(EB,W),
(8, al, = —(E"' CZo )*[a, B, for acm(SA®) and Bew(SBu),
Cso C*30
*
B, aly = — (f;;d g?;a.) [a,Ble for acmy(ZA, D) and Beny,(EB,®).

PROOF. We shall prove the first formula. Let a={(f,f)} and B8={g}
and let

i13a: SACZAVEB,  di3p: ZBCEAVEB,  dypa: CZACCEAVIB,
iZ,ZA: EAC ZB\/EA, 1‘2,23 . ZBC EB\/EA, l’z’ng . CZAC ZB\/CZA .

Consider maps

pr=Vo(fVg): ZAVEB— X, ¢ =Vo(f'Vkg): CZAVEIB—Y,
P = Vo(gVf): EBVIA— X, q. = Volkg\V f): SBVCSA—Y.
Let oyxy: VXU —>UXV be the map by (v,u)— (x,v) and let opyy

=oyxy|]VVU : VNVU—->UVV, where U and V are any spaces. Then
(EO-AVB, ED'CAVB): 123 \/LEA —> x4 \/123 iS a map Of pair as fOllOWSZ

SBVSA=S(BVA) —A, S(AVB)=SAVSB
1}:3 \/le lza \/123

SBVCSA=S(BVCA) —ZA%, s(CAVB)=CSAVSE.

Let Y= {(il,ZA) i1,0m)} € 7’1(2A, tzaV ]-zB) and Vo= {(iz,m, iz,cm)} E‘ ”1(2A, 1:p Vl-u)-

Then we have
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(4.8.1) (Zoavs Sovav)xl{zszs), Vol + (o, C20)* (S0 ay 5, Zocay5)x(Va)s {f125}11=0.
This is préved as follows :
By avipy [(Z0.v 5, Z0cayn)xl {1225}, Yol + (S0, CE0) S0y 5, Z0cay5)e(Ve)s {in 25}y
= [(Soay8)x{iszn} (304v5)%001y g viy ,(7)]
+ (S0)%00,, va, , (S0 av Zocavs)x ), {irz5} ]
= {38}, (Soava)xodr,, vy, (V)] +(S)H(Soay )51, vy, (V2 {71,35)]
=0 (by (4.7)).

Since 9,;,v1,, is monomorphic we obtain the desired formula.

Then we have
(Pn Q1)*(20'A\/Ba EO‘CAVB)*[{iz,ZB}, "]y = (Pz, Qz)*[ {iz,w AN

= [o{a28}; (Pos @)x12]i (by (4.1))
=[8,al.
On the other hand _ ;
(P1, 4)x(B0, C20)*[Z0 4y 5, Zocavm)x(Va), {i132} ] ,

= (2o, C20)*(P1, 4:)¥[(Z04v 8, Zo0ave)n(¥s), {i138}h

= (2o, CZo)*[(p1, 91)x(Z0avs; Z0cave)x(Ya), Prx{irz8} s

= (2o, C2o)*[(P1, g1)x72, Bl

= (3o, Co)*[a, B]; -

Hence, by (4.8.1) we have [B,a], = —(Se, C3o)*[a, B]..
Next we shall prove the third formula. Let a= {(f,f")} and 8={(g, g"),
and let 7,¢5: CESBCSAVCSB and 75055 : CZBCCSBV3A. We consider

the map (fll 3‘)‘ Yi5—®, where p,=Vo(fVg), ¢a=Vo(f' Vug), =
=vo(«vf\/g') and s,= VO(‘U'f\/u’g'), Y,z="V. Similarly we set D= VO(g\/f),
g:=Vo(ug\Vf), rs="o(g'Vuf) and s,=Vo(w'g' Vv'f).

Let ®A.B’ ®B,A be the maps Of pai.r (Z(IA\/LB), E(ICA\/LB)): E(LAV].B)—‘)E(LA
V1eg), (B(eaV1a), (Z(aV1ca) : Z(1sVie)—Z(esVis):

A 1 ’ . ‘ 1B A
savB) V19 scay s@Bva) 22V gy ca)
2(14 V lB) a2 l z(lm \% lB) . 2(‘8 V 14) ‘U’®B’A 2(43 \% 10,4)
E(I«A vV 105) 2(105 V lB)

S(AVCB) —21°%) S(CAVCB), S(CBvA) —2''% s(CByCA) .
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Then @, and ©; , are identified with ¥, and Ws, respectively, in the
X 20‘0.4v3)
30 4vo8 20caves
5a=0g4 —> Oup=T,p and let v, = {(12a5t1024)} € mi(BA, 124 V1ss),
¥s = {(¢1,28, trozs)} € m(ZB, 154 Vi), Vi = {(fa,:8,%20:8)} € (2B, 1z V1:4) and
Y = {(Za,545 22,¢34)} € 7 (BA, 155 Viz4). Then we have

obvious way, where ¥, ,=¥’. Consider a map of pair of pair (

S0avs 20cayvs ) o (20- CSo )* ’
4.8.2 1 23+ 20- ,20' , 3=0'
( ) (EO‘AVUB Socaver/x [y, 7] CSo C?Sy [((Soavs cavn)x(Ys)s Vs

This is proved as follows:

9w, , (the left hand side of (4.8.2))
= Ow, zl(S0uys, Z0.4v08)5(V1); (3048, Z00ay B)x(V2)]s
, + (30, C20)*3w, (045, Z00.4v5)x(¥2), Vals

= [01; 4viz5(Z0avB, 204y eB)x(V1); (20.4v 8, Zocave)«(¥2)]s
+ (30, C30)*[(So 4y 20avs)%(¥2), O1y 4 vigs (V)i

= [Goava)liszs}, (Soayvs Z00avn)«(¥2)ls
+ (S0, C30)*[(Z0av 5, 200avs)*(V2), {i128} 11

= [{iy:8}, (Bouvn, Tooayn)x (V)]s + (30, CZ0)*[(Zoav s, Zocave)x(2), {71,811

=0.

Since By, ,: mM(S(B#A), Va5) — m(S(B#A), 14\ 155) is monomorphic

we obtain the desired formula.
Next we have

1 C * ,
(295 5 i
1 1/ %

Cso \* L @ :

_ (za CSo
\CS0 C*S0

_ (3 Cse\¥ ,
- (52, % ) 10w anon. )

*
) (715 2)x (S0 4y, EO'CAVB)*('Y;)’ Bls
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*
- <E" CZ") [, 81,

~ \CSe C'So
while we deduce »

(1’1 ql) (E"AV“ E‘T‘”V’*) [vi. vl = (P’ qﬁ) [y, v2la
% *

L S 20cave 20caycs T2 S2/x
= [(Pz, 7'2)*(')’;), (Pz; q 2)—)(-(')’;)]3
= [lsa a]s .

Se CSo \*
CSo sza.) [a, B]; by (4.8.2).

If we choose appropriate universal examples, then other formulas are proved
in the same way.

LEMMA (4.9) [10; Lemma 16.57]. Let f: X— AV B be a map, and let
p4ps): ANVB— A(B) be projection. If poof~% and ppf=*, then Zf = *.

"Hence we have [B,a]; = -—(

Let {f} e n(Z(A#B),X), {(9,9)} € m(Z(A#B), k) and {(Z‘ 22)}

€ ny(3(A#B), ®). Then suspension homomorphisms
Sx: 7(Z(A#B), X) — 2(ZX(A#B),=X),
Se: m(C(A#B), k) —> m,(SX(A#B),3k),
Se: m(Z(A#B), ®) —> ny(3*(A#B), ZD)

are defined by E:(f} = (3f}, %:l(9, 90} = (39,39} and zq,{(“l “)}

b, b,
s
3b, 2b,

THEOREM (4.10). All GWPs [a,8] and [a,B);, i =1,2,3,4,5,6 are
annihilated by suspension homomorphisms.

PROOF. We now shall prove Sx[a, 8]1=0 for a € #(ZA, X) and B € (B, X).

)} , respectively.

We consider the commutative diagram

s(A#B) P2Pen saysp P4, z“A

| i .

Cs(A#B) P22hen salsp — T4 L sa,
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where j is the inclusion map, and p, and 7, are projections. Since C3(A#B)
is contractible we have w o(psphap)ot = pso(panhans) = *. Similarly we have
P8o(Pashas) = *. Thus we obtain 3(p, shss) =~ % by Lemma (4.9).

Let a={f} and B8={g}. We consider the commutative diagram

ZGA.SAVEB) BB% sa x)

s S
2SN, SPAVSEB) BB B sl 5%

where (a,8)=Vo(fVg) and 3(a,B)=V(SfVZg), and SA=3Z(A#B). Then
Sxla, Bl=2x(a, B)x(0)= (X(a, 8))«=(6)=0.

Next we shall prove 3.[a, 8],=0 for a = {(f,f)} e 7.(ZA, k) and B8={g}
en(ZB,X) and 3Za,B]; =0 for a= {(f,f)} en(ZA,u) and B = {(g,9)}

e m(2B,v). We consider the commutative diagram

2 o,
1A Y) —2 5 m(SA, V1) —AT5 4(SA,SAVIB)
Zy ELEAVIEB z
az'l’ Z(tg4Vizp)
7y (SA, S¥) —> m(SIA, 3(isa Viss) —a23 m(SA, SPAVI?B) .

Then 9,;,v1,,5 950z 1z » O» and Oy, are monomorphisms by ((2.2) (iii)).
From the commutativity of the above diagram and () =0 we deduce
S, v =0 and Zy(f;) =0, and we have 3,[a,B], = 2 o (a, B8):x(6))
= (e, B) (B, v1,,(01)) =0, Zylat, Bls = Zgo0 (@, B)sx(6s) = (Z(@, B)s)x(Zwb;)= 0,

where S(a, 8) =(V (3£ VZg), Vo(Sf VSkoZg)) and S(a, B)s= (V@f V)

V(Svo3 fVEg)
V(S VZuoZg) )
V(EvoSfVSuoSg))

The other cases are proved similarly.

. 5. The Jacobi identity. In [2], Arkowitz described that it is possible to
prove the appropriate Jacobi identity for GWP of elements «<z(SA, X),
Ben(EB,X) and v € #(ZC, X), when A, B and C are suspensions.

In this section we represent the Jacobi identity in the explicit form and
we consider the appropriate Jacobi identities for other GWP’s.

First, we recall the concept mentioned in [3]. Let p,: SAXSB—>3A
and py: SAXZB— 3B be projections, and let p%(p}): #(SA, QX)(=(ZB, X))
— 7(ZA X 3B, 2X) be the homomorphism induced by p.(pz). And if we choose
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an aen(3A,0X) and a Ben(ZB,QX) then these determine p#(a), pA(B)
e n(ZAX32B,0X). We consider the commutator (pi(a), p5(8)) = (phi(a)™!
P33 )(ph(a)-p3(B) in m(ZAXZB,0X), and for the cofibration SAVEB
— 3AX3B — 3 A#3B there exists an exact sequence

*

¥
H(SA#SB, QX) —+— 2(SAx3B, 0X) — =(SAVB,0X),

where g is the projection. Then j*(p¥%(a), p3(8))=0 and ¢* is a monomorphism
[3], and the commutator product of a € 7(2A,0X) and B<c#(ZB,QX) is the
element <a, 8> € (SA#3B,X) uniquely defined by

<a,8> = ¢*'(p3(@), p3(B) .

Let p,: SAXEBX3C—3A, p,: SAxZBX3C—3B and p;: SAX3B
X 3C — ZC be projections. Now let {f}=acz(ZA,0X), {g}=8B<=EB,02X)
and {h}=v € z(ZC, QX). Then we obtain maps fo p, = f, gop.=g’, hops=h’
SAXSBx3C—QX. We consider the map a=(f",(¢,h)): SAXEBx3C
— QX, where (¢',h") = ¢g'""*A""-g’-h’ and the products and inverse in the com-
mutator come from the loop space structure of QX. Then we see a|T = x:
T — QX since a|SAXZBX* ~% , a|ZAX*x3C =% and a|*XZBX3C = «,
where T =3AXZIBX % USAX % XZSCU*x3Bx3C. TFor the cofibration

PIZS

T2 > sAxsBxscEhe, —— > 3 A#3B#3C there exists an exact sequence

p123

r(SA#SB#3C,0X) T2 n(SAx3Bx3C,0X) L o(T,0X),

where jr is the inclusion map and p,,; is the projection. Then p¥,; is a
monomorphism [3: Proposition 8] and j}{a} =0. By using the method
analogous to that in [14], we have

PROPOSITION (5.1).  <a, <B,v>> = piy:(pta, (piB6, piv)),
where a < n(ZA,0X), Be n(ZB, QX) and ve n(ZC, 0X).

Let PB4t SAX3IBx3C — SBx3Cx3A and Pc,4,B: SA X 3B x 2C
— 3Cx3AXZB be the maps given by pg ¢ 4(x,y, 2)=(y, 2, x) and p; 4 s(x,y, 2)
= (3,x,y) for x€3A, ye3ZB and z<3C, respectively. Then ps¢ 4 and pg an
induce

P04t ZAHIBHIC — ZB#ICHIA, poan: SAFZB#3C - SCH#H3A#3B.

And we may prove the following propositions [14]:
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PROPOSITION (5.2)  pg¥, a<B, <v,a>> = p¥(p¥(B), (p¥(y), p¥(@)),
Petaz<<v, <a, B>> = pti(p¥(y), (p¥ (@), pF(B)) -

PROPOSITION (5.3) If ac n(SA,0X), Be n(ZB,QX) and v < n(ZC, QX),
then .

<a, <B,¥>> + pp¥e a<B, <y, a>> + pta <y, <a,B8>> =0.

REMARK. Note that (X#Y)#Z and X#(Y#Z) are identified and denoted
simply X#Y#Z.

We consider the well-known natural isomorphism &y : 7z(P, QQ)—=(ZP, Q),
defined by Ky {f} = {K(f)}, K(f)(x,t) = flx)#) for xc P and f: P— QQ.
Then it easily follows that Ky<a, 8> = [Ky(a), Ki(B)] € #(Z(ZA#3B), X),
and hence from this fact and (5.3) we obtain the Jacobi identity for the
absolute GWP :

THEOREM (54). If acn(ZA,X), Be (B, X) and ve n(3C,X) and A,
B and C are suspensions then

[d, [B, 'Y]] + (EPEB,C,A)*[B’ ['Ya d]] + (EP(,Y,A,B)*['Y’ [a7 B]] = 0 .

Now we shall consider the Jacobi identies for the various GWP’s defined
in section 3. We put p=pp¢ 4 and T7=p; 4 5, and we consider the commutative

diagrams

S(A#£B#C) RN S(B#C#A) S(A#£B#C) RN S(C#A#B)

ta,B,C l,c,4 L4,B,C lc,4,B

CS(A#B#C) e, CS(B#C#A), CS(A#B#C) G, CS(C#A#B).

THEOREM (5.5). If ac m(2A,k), Ben(ZB,X) and v < n(3C,X), and if
A, B and C are suspensions, then

[a; [/3) 'Y]]l + (EP’ CEP)*[ﬁa ['Y, a]l]l + (27) CET)*[V, [d, B]l]l = 0 .

PROOF. Let
i,: ZAC3SAVIBVIC, i,: SBCcZAVIEBVZEC,
i;: SCCc3AVIEBVIC, i,0: CZACCIAVEBVZEC,
i: ZAVIBVICcC2AVIEBVEC,
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and let ¢,={7,}, L2’= {is}, u={is}, a={(£,f)}, B={g} and y={h}.

We now consider the commutative diagram

SAVIBYSC —2 > x

5 |
CzAVSBVSC —% > ¥,
where p=Vo(QVV)o(fVgVh)and ¢ =V oAV V) o (f VkgVEkh). If we
choose ¢ = {(i,,7,,0)} € m,(BA,7) then [i, ey, 15]); € m(S(AHB#C), 7), [1s, [ts, )]s
€ ﬂl(E(B#C#A), i) and [ess [e, )i € ”I(E(C#A#B)’ i)-

Now we shall prove the following formula
(5. 5. 1) [t, [02, L3]]1 + (EP, CEP)*[Q, [lz, L]x]l + (2'7': CET)*[Ls, [1,, ¢2]1]1 =0.

In the homotopy exact sequence

2, ;
— s m(SA, i) — m(SA, SAVIBVIC) —* n(3A,CSAVIBVSC),

where SA =3(A#B#C), since iy is onto, 9; is a monomorphism. Hence we
obtain

Ou([t; [eas 1511 + (B, CEp)*[es, 15, eli]y + (37, CEr)¥[es, [, 1211)
= [0ut [1g, s]] + (EP)*Oults, [t3, il + (ET)*Osles, [4 62]i
= [u1, [t2, 1311 + (Zp)*[e25 Oilts, ei] + (E)*[es, Oile, 0a]i]
= [u1, [02s 6s]] + (Zp)*[e2, [t3, tu]] + (Z7)*[ss, [14, 02]]
=0 (by (5.4)).

Since 9, is a monomorphism we obtain (5. 5. 1).
Next we have

(& Dxle, [13, ] + Ep, C2p)¥[ts, [1s, ehi]y + (Er, C3r)*[es, [, 121111)
= [(5, Pxts Ples, 5]l + (Zp, C2p)*(P, @)¥[ea, L5, el ]y
+ (37, CZr)X(p, @xles, [t 12114
= [(@, Db, [Prtas Prts]l + (Zp, CZp)*[ Prta, [Pstss (B, Oneli]y
+ (S, CEr)¥(pesl (B, @xts P¥ils
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= [av [:8’ rY]]l + (EP, CEP)*[ﬁ’ ['Y: a]l]l + (27" CE'T)*['Y, [a’ B]l]l
=0 (by (5.5.1)).

Thus we deduce the desired result.

If p and 7 denote as before we have the maps (?j; 0 gzzg P): Myp0— sc

3r Czr
(Cz.r sz,r) 114 5,c — I 4.5, Where Il 5, Il 4,5 are maps

ABC lc,4,B

S(A#B#C) —225% ﬂ CS(A#B#C) S(C#A#:B) r C3(C#A#B)
HA B,C HC A, B

l4,B,C loz lc,4,B lcz

CS(A#B#C) 225 Ciang C'S(A#B#C), CS(C#A#B) —2%3 Co.uz C’S(C#A#B) .

COROLLARY (5.6). Let A, B and C be suspensions.
(a) If acn(3A,k), Be n(3B,E) and v € n(SC, X), then

[@, (8,711, + (Cp, CEp)*[B, [v, alils + (Z7, CEr)¥[y, [a, 8L,): = 0.
(b) If acm(ZA, k), Bem (3B, k) and ve n,(3C, k), then

(@, [8,7L:], + (Zp, CEp)*[B, [v, al:), + (Er, CE2r)¥[y, [@,6],], = 0.

(¢) If aem(ZA,u), Ben, (3B, v) and ve n(ZC, W), then

= Cop\" g (27 Csr )* =0
CZP C22P> [8, [v, al,]s + Csr CrSir [, [a,8):]s = 0.

(d) If aem(ZA,u), Ben(ZB,u) and v e m,(ZC, v), then

3p C3p )* . (zf C3r )* _o
CZP CZZP [/87 [’Y’ d]3]5 CE'T CZZ'T ['Y, [d, 8]2]3 - .

(e) If aemy(ZA, ®), Ben(EZB,W) and v e n(ZC, W), then

*
EP CEP ) [B’ ['Y, a]&]«t + (

[a, [8,v]]s + (
[a,[8,v]:]s + (

St C3r \*
] H > Py == O .
[a, [8, 7]l + (CZP Csp Csr C227-> [v, [a, Blil4

(f) If aenm,GA, D), Ben,(ZB,u) and v e n(ZC, W), then

St C3r \*

3p C3p ' —
[a, [8,v]]s + ( Csr sz'r) [v,[@,8]:]. = 0.

Cep C,E) [8, [y, el + (
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(g) If aen,(SA,®), Ben(EB,u) and v e n,(3C, u), then
Sp C3p\*

Sr C3r
CEP C22p> [B’ ['Y, a]5]5 ((:,2 02

(h) If aemy(ZA, ®), Beny(ZB,®) and ven(SC, W), then

2p Czp )* (27' Csr )* -
CZP CZEP [18’ ["Y, a]«i]a + CSr C'Sr [’Y, [d, 8]6]4 =0.

(1) If aem(ZA,®), Beny(ZB, D) and v € m,(3C, u), then

Zp C3p\* (27 Cr )*

B, b 5 + R " 5 — 0.
Csp C’Ep) (8, 1%, alsls +{ s s, ) 11 (48]
( j ) If ae 7[2(214.) @)’ B € 712(23, ‘D) and ¥ e ”2(2C’ @), theﬂ
Sr C3r
Csr C*3

[aa [B’ 7]2]5 + ( ) ['Y: [C( 8]5]5 - O

(@, [8,7]ds + (

[d,[B, '7]5]6] + (

3p C3p

CZ Cs, ) [v, [a,Bls)s = 0.

[a,[8,7]e)s + ( ) (8, [v, alels + (

PROOF. We shall prove only (e), then the other formulas may be proved
similarly when we consider the appropriate universal examples.
Let '

iy : SACSAVSBVSC, i,: SBcSAVSBVSC, i,: SCcSAVSBVSC,
iret CSACCSAVSBVSC and iye: CSACCSAVSBYSC,
and let a = {(;;)}, B={g} and y={h}.

Let A’ be a map of pair (24 V18V 1se, toza Vs \/120) : uaV1ia Ve
- Ctu Vg \/120 : .

tza V 12‘.3 vV 120

SAVSBVSC CSAVIBYSC
tz4 V1nV1se ‘U’ A j toeza V1zs Ve
1,
csavspysc CuaVis Ve oo 4 Ispysce

Consider the map: b 4. A —>®, where p=Vo(1VV)e(fVgVh),
rs -
g=Vo(lVV)e(f VugVuh), r = VoAV V)o(f"Vvg\Vvh) and 5= Vo(lV
V)o(f"Vv'ug\Vu'vg). Let 1 = {’2}’ 15 = {is} and v = {( vt 0)} e my(ZA, A),

110 11,00
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then ["7 [‘2’ ‘3]]4 € ”2(2(A#B#C)’ A')’ [12’ [‘3, 5]4]4 € ”2(2(B#C#A), A,)’ [‘3: [L,
t:14]s € my(B(CHAZB), A).

We now shall prove the following formula

*
(6.6.1) [l el + (i’; ‘CE”) [t [t el + (f:; 22;7) [ts, 1y 21 = 0.

In the homotopy sequence

Oar
—> my(ZA, A') =5 T, (ZA, 134 V128 Vo)

1 1;¢, 1 1
(lm \/ LB \/ 0> lcza \/ B \/ 20)* ﬂl(zA, CLM \/128 \/120) ,

where SA = S(A#B#C), 9, is an isomorphism since 7,(ZA, CizsV1ssV1s0)
=0, n=1. Then we obtain

O[5 [eay 5110+ ((2:';0 g?go_)* [es, [e5, e]ale + (2,; 2227' ) [ess [65 t2]als)
= [Car ¢, [tg, 1] + (Zo, CZ0)* Op 1y, [13, t]us + G, CI7)* Opfes, [0, t210)s
= [Oart, [t ts]]y + (Bo, CZ0)* [0y, [45, Ourthi ]y + (S, CZ7)*[ug, [Oart, ta]ily
=0 (by (5.5)).

Since 94 is the isomorphism we obtain (5. 6. 1).
By using (5.6.1) we have

2 a %o C3 \* S C3r )* )
(7_ S)* ([ln Loz, pslle + (CZO‘ szo‘) [ea [ess e]ads + (Cz'r Crsr [ess [y talals

X So Cso\*(p q)
= [(T s )*ta Dxless 65]1y + (CZO' CZEO') (r s *[Lz, [e35 €a)als

St C3r \* pq)
+ (CE'T sz'r> (T s *[53’ [[’ ‘2]4]4

*
= [at, [pytss Ptslls + (?:;, 22;) [t [Pt (f ? )*44 1

St C3
+ (CTE CZ T ) [P*‘a, [( )*L, P-X—lz]a.];
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3 s CSo \¥ S C3r
= [a, (8, 7], + ( ) (8, [y, alils + (Czr Crsr

*
CEO‘ C2EO' ) [ry, Fd, 8]4]4

=0.
Thus we deduce the desired formula.

6. The generalized Hopf invariant of a composition element. In this
section, we generalize [8; Theorem 1] to the form of Theorem (6. 3).

Throughout this section, we assume that all spaces are finite CW-complexes.
We recall that

7(ZA,2X, V32X, = n(ZA, 3X,) + (34, 3X,) + (B4, jx),

where A is a suspension space and jz: ZX,V3X,c3X,x3X,, X=X,=X.,.
Then =(3A,3X,), A=1,2, is embedded in z(2A4, 32X,V 2X,) by the injection,
and 7,(ZA,jy), is embedded in (2 A, X,V 2X,) by the boundary monomorphism
95, m(BA, jx) — n(2A, 32X, VIX,).

Let ¢y : 7(3A,3X) - n(ZA, 32X,V 2X,) be the homomorphism induced by
the structure map ¢: 3X — 3IXV3IX. If (, is the class of the identity map
X - 32X, u e 22X, 3X), regarded as embedded in 7»(ZX,3X,V3X,), v=1,2,
and if a<7z(ZA,3X) then we have easily

6.1) bx(@) = (s, +) o,

where o is the composite operator.

Let {fi}=Brc7(CGA,X), A»=1,2, and let (B,,B,;) be the class of maps
3A,VZA,— X (Av=A, M=1,2) which agree on 34, with a representative of
By, ie., (B1,8y) = [Vo(fiV )}

LEMMA (6.2). If ven(SA,3B) and B e (B, 3D), then
Bi+By) oy =Bioy + Byoy + (B, By) 0 813(1’43*(7) >

where o: n(2A,2BV3B)— m,(2A,js) is the homomorphism such that

©9;, =1 [1], and A is a suspension:

Proof is analogous to the proof of Lemma 2 in [8].
Now we consider the generalized Hopf invariant defined by H* = &0y :

7(3A, B) —> n(SA, SB\/ 3B) —> m,(SA, j5) —> m(ZA, ZB#2B),

where A is a suspension, and &; is the excision homomorphism (c.f. [1]).
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In this section, we have the following theorem.:-

THEOREM (6.3). Let B<n(EB,3D) and v n(ZA,3B). If A and B are

suspensions then
H*(Boy) = H*B) o Sy + (B#8) o H*(v).
PROOF. By using Lemma (6.2) as in [8] we have
0;,09x(B o) = 0;,09x(B) o7 + (108, 1,°8) 0 O;,0Px(v)
+ (uoB+1,08,0,,00x(8)) 0 9,,0Px(Y) .
Since H*=&,a¢y we obtain
H*(B o) = &,97,(0;,00x(8) 0 7) + &,9;((11°8, 130 8) © D;,0¢x(7))
+ &,97,(uoB+1,08, 9;,0Px(8)) © Dj0Px(Y)) -
(2) We shall prove €,073(3,p 0px(8) ov) = H*(B) o Z.

Let y={f} € #(ZA, =B), and we consider the commutative diagram

SA —f——> 3B
3} tzB
Cf

CZA ——> C3B

j{ P}:A j/ PEB
32A ﬁ—) B

where p;4 and p;p are projections. Then we have the following diagram

7(EB, SD#3D) G (A, ZD#3D)
le,p €p
m(3B,j) ~LIY o sa,jy
w“ 3, )

¥
(A, =DV3D) ,

#(5B,5D) —%* __ xsB.sDvsD) L
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where each 9,, is a monomorphism and ® is an epimorphism. For
Ben(EB,2D) we have (Sf)*H*B) = (S1)*(&,0x(8)) = &,(f, Cf )*(wpx(8))
= &,0,/*9;,(0px(B)). Hence we obtain H*(8)o 3y = &;,0;1(3;, 0px(B) ).

(b) We shall prove &,9;((t;°8, t2°8) © 05, 0px(v)) = (B#8) o H*(y).

D

Let 8 = {g} €n(3B,3D), then (4 °8,,°8) =BVB = {gV g} « 7n(XBVZB,

3DV ED), and we consider the commutative diagram

sBvsB Y9, spysp

JB Jo
sBx3B 229, spxsD

Ps l Po

sBisB 979 . spisD .

We have the following diagram

(54, 3B#5B) I7D% (s, 5DVED)

!EJB IEJD
_(gVg,9x9 )

(A, j) = m(SA, j»)

3 13,,,

P 7(SA,3BVEB) (V) 7(SA,2DVED) .

[0

#(3A, SB)

For yen(2A,ZB) we obtain &;,9;7((9V 9)x(0;,09x(7)) = &,(gV g, g X @)x0dx(¥)
= (9#9)x &, opx(v) = (9#9)x H*(v). Thus we deduce &, af,,l((h °B,108)

© Q5 @Px(7)) = (BFB) o H*(v).
Finally we shall prove that

©) &,9,(oB + 108, 9;,0px(B)) © D@px(¥)) = 0.

It is sufficient to prove that &;, 9,38, + B;, 9;,@¢x(8))x(0;,0Px(¥)) = 0,
where B,=1,08, B;=1,08. We set £=8,+8,, 1=0;,09x(8) and {=0,,0¢x(Y)
and again we denote by £, » and ¢ these representatives. Since n = 9, wdpx(8)
e (B, 2DV 3D) for Ben(EB,%D) we have jp(n) =0 and hence j,n = *,
and we obtain the following diagram
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2B\/ZB £V

(EDVED)V(SDV3D) SDVED
” ('f’ ’7) ' jD

sBvEBEYE (sDVED)V +-YwSDVED—L2 ~SDx 5D
JsB

SBxSB k SDx3D ,

the upper diagram is homotopy commutative and the low diagram is
commutative, where % is defined by k(z,y) = jo(£ *)(xVy) for x,y<ZB.
Then ju(€, 5) =~ kjs, and since js is a cofibration there exists £ : ZBx3B
— 3D x 3D such that j,(& n)=Fk jz, and we have the following commutative
diagram

sBysE — &1,

2DVZD
Je Jo
SBXx3ZB —-f——> SDx3D
v a
2D#3D ,

I

2B7#£3B

where % is determined by (£, 7) and . Then we obtain the diagram

~

7, (SA, SB#3.B) . (SA, SD#3.D)

&,
6.3.1) " sa B)_(_(f_l)_L*- m(SA, j»)
(d[ 9j3 ajD

(E’ 7’)*

x(SA, 3Bt . #(34,3BVSB) =% (s A SDVED) .

Consider the commutative diagram
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7, (3(B#-B), B#-3B) Fx 7 (3(B#B), SD#3D)

&,

SjB
m(S(B#B).jx)  CEl L s(BuB), )
6.3.2) 3, 2,
2(B#B), 5BV3B) - &%, (s(B#B), sDVED)
jB* jD*

#(Z(B#B), 2B x2B) ke #(3(B#B),ZDXZD) .

If we choose {pf, ph)} € n\(3(B#-B), js) then & _{(ph, ph)} = {¢} € =,(3(B#B),
S.B#3.B) where t: 3*(B#B) — SB#3B is a homotopy equivalence (c.f. [1]),
and 9, {(ph,ph)} = {ph} = 0. Since jpx(d) =0 ([12; Theorem 2.2]) we have
0 = &'y j5x(0) = jox(E, n)x(6) = joul€, 7], and hence there exists a € =, (S(B#B),
Jp) such that 9, a = [£, 5].

Next we consider the GWP [£, wpx(B)], € 7,(Z(B#B),jp) of Ecn(ZB,
2DV3ZED) and w¢x(B) € (2B, jp), then 9;,[£, wpx(B)]: = [£, 9;, 0px(8)] = £, 7]

= 9;,&. Since 9, is a monomorphism we have

(6.3.3) a = [§, opx(B)] -
By the commutativity of (6.3.2)
&,((E s K5 {(PR, ph)} = &,27(E, ) 03, {(PF> P}
= &,, 0718, n)+(6)
= &,,07,1£, 7]
=¢§,a
= &,J€, 0pxB], (by (6.3.3).
‘While
&, (& ), ) {(Phy PR)} = B8, (PR, P}
= Eelt},

thus we have ¢,[¢ wdsB] = Fu{t}. The excision homomorphism &,
7, (Z(B#B), jp) — m,(Z(B#B), 2D#3.D) is represented as follows:
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S(B#B) SDVED ——>
Jo
Cs(B#B) SDXSD —P2 5 Sp#sD.

Hence SJD[Ea (0¢’*(B)]1 =(*’ PDZ)*[S’ w¢-)(-(8)]1 = [*’ (*: PDZ)*(D¢*(B)]I =0. Therefore
%x{t} =0. For any element { f} en(GA, ZB#3B), since f~ ¢(t™' f) we have
Fx (F1={EHy={E Dt £)} =0. Hence, by the commutativity of (6.3.1),

&, 0755(E, Mx 01 08x(Y) = iy 0pu(y) = Fx HX(1) = 0.
Therefore by (a), (b) and (c) we deduce

H*(Bov) = H¥(8)o 2y + (8#8)  H*(v) .

In [1] we defined the generalized Hopf invariant as follows: Assume that
%X is (n—1)-connected and A is a suspension space. Then

(i) If dim. A <3n — 3, then
H = 1;'9(p, pitopy : (ZA,2X) —> n(CBA,3XVEX) —> 7,(CA,5)
—> (B4, jo) —> (B4, Q) —> #(BA, A X#X)) .
(i) If dim.SA < 2(2n—2), then

H =57 1,8, 0px: 7(S4, 3X) —> (34, SXVIX) —> (34, 7)
s m(SA, SX#3X) — m,(SA, SAX#X)) —> w(SA, S(X#X)) -

If dim3A <3n2—3, H in (ii) equal to H in (i) (c.f. [1]), and hence if we
identify 7,(2A, 3X#3X) with =,(ZA,3*(X#X)) under the isomorphism #;%,
the Hopf invariant H is denoted 37'&,0pyx and H* = SH. ’

The following properties are shown easily from (6.3), where A and B
are suspensions, and 8 e #(ZB, 3X), v € (A, =B):

(6.4) If 3B is (n—1)-connected, 3X is (s—1)-connected, and if dim 3B
=31n-3,35—3, dim A =<35—3 and H(y) = 0, then

H(Boy) = HB)ory.
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(6.5) If B is (n—2)-connected, X is (s—2)-connected, and if dim3A < 3s—3

< 3n—3 then for B < n(B,X) we have

HEB o) = Z(B'#8) o H(y) -

(6.6) If v<3n(A,B), then

6.7)

H*(Boy) = H*B)o 2y .

If 3B is (n—1)-connected, 32X is (s—1)-connected, and if 3A =< 4n—4,
dim 3B < 45—4, then

H*@Boy) = SH(B)o Sy + (8#8) « SH(y) .

6.8) If BeZn(B,X), then

[11
[2]

[3]
[4]

(51
[6]
(71
[8]
[91
{10
[11]

[12]
[13]

[14]
[15]

H*Bow) = (B#8) o H*(v) .
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