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Under the condition that
(c) solutions of every system in the hull are unique for initial conditions,

Yoshizawa and the author [1] have shown that a bounded solution of an
almost periodic system or, more generally, of a system with the compact hull
is totally stable, if it is uniformly asymptotically stable. It is quite natural
that there arises a question: Can the condition (c) be omitted or be
replaced by a weaker condition? In this article, we shall prove that for
autonomous or periodic systems the above assertion is true without the condition
(c), and we shall present an example which shows that even for an almost
periodic system the assertion is not necessarily true if there is no additional
condition such as (c).

1. Let F(¢,p) be an R"-valued continuous function defined on [0, o) X B,
where & is a Banach space, and let T(F) be the set of continuous functions
F(t + s,p) for all s=0, which is a subset of C([0, o) x B, R™). Here C(Q,R")
denotes the set of all continuous R"-valued functions defined on , and it is a
topological space by the compact-open-topology. Let H(F) be the closure of
T(F). As will be shown in the below, if F(¢, @), defined on (— o0, o)X B, is
almost periodic in ¢ uniformly for @ € B and if B is separable, then H(F)
consists of the restriction to [0, o) of the elements of the hull in the usual
sense. By this reason we may call H(F) the hull of F.

The following proposition is well known when 4 is a Euclidean space.
However it is not trivial for general case, where we should note that the
translation numbers can be determined only on each compact subset of % and that
the same argument as in the case where @B is a Euclidean space does not
effect, since there may not exist compact subsets K,, satisfyingUKm =3.

PROPOSITION 1. Let F(t,@) be almost periodic in t uniformly for
@ € B, where B is a separable Banach space. Then, for a given real
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sequence {h,} there exist u subsequence {7,} of {h,} and a function G(t,p)
such that the sequence {F(t+T,,@)} converges to G(t,p) uniformly on
(—o0,0)X S for any compact subset S of B, and furthermore, for this
G there is a sequence {o,},d,—c as m—oo, such that {F(t+ on, @)}
converges to G(t,@) uniformly on (—oo, )X S for any compact subset

S of B.

PROOF. Since P is separable, there exists a countable set of points
K. = {@', *,-+-} which is dense in B. Clearly the s points set K, = {@',: -+, 9’}
is compact for any s. Hence, by the almost periodicity, we can find a
subsequence {r,} of {h,} such that

(1) {F(t+ 7, @) is convergent uniformly on (— oo, o) x K| for any s.

First of all, we shall show that the sequence {F(¢+ 7,, )} is convergent
uniformly on (— o0, ) X S for any compact subset S of .

Let S be an arbitrary compact subset of B, and let {U,,---,U}} be a
(1/m)net of S. Since the set K, is dense in %, there is an integer k(m, /()
such that @*™" e U7 for any m,l. Let S* be the union of S and the set
{t™ D l=1,+¢, pp,m=1,2,-+-}. Then we can prove that S* is compact,
because S* has no accumulation point outside of the compact set S. As is well
known, F(¢, @) is uniformly continuous on (—oo, )X S¥*, and therefore for
any €>0 there exists a number 8(&)>0 such that if i@ — ¢ <8(&), then

F(t, @) — F(t,9) <&
for all (¢, @), (¢, V) € (— o0, 00) X S¥, Put
N(E): max{k(ﬂl(e)) l) > l= 1-, DY Pm(e)} >

where m(€) is an integer greater than 1/8(&/3). By (1), there is an integer
N(&) such that if p, v==Ny(§€),

€

Ft+m,e)—Fit+r,9)l < 4

for all (z, @) € (—o0, ) X Ky(,.
For a given (t,@)e(—o0, )X S we can find a @* ¢ S* ﬂ Ky such that
l@ — @*|| <8(&/3). Hence we have

\F(t + 7, @) — F(t + 70, 9] <»—§— for all u.

Therefore we can see that if u, v= N,&), then
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Fit+r, )= Ft+1,9)
= Ftmg) = Fletm,¢) + Fi+m,9) = Fitn,g)

+ | F(t+r,9")— Ft +1.,9) <E&.

This shows that the sequence {F(¢t+ 7., ®)] converges to a unique limiting
function G(¢, @) uniformly on (—co, )X .S for any compact subset S of 5.
Clearly G(t, @) is continuous on (—co, 0) X B and belongs to the hull in the
usual sense.

By the almost periodicity there is a number ¢}, with the properties ; ¢, =m
and

F(t+th,@)— Ft+7,p) = ;1' for all (¢, @) € (—o0, o) x K|,

where t; — 7, is a (1/m)-translation number on K,. Setting o, = ti, we shall
show that {F(¢ + o,,®)} converges uniformly on (— o0, o0) x K, for any s=0.
Then, by the same argument as for {F(¢ + 7,,®)}, it would be proved that
{F(t + om @)} is convergent uniformly on (— oo, 00) X § for any compact subset
S of 4. We should note that

(2)  (F(t+am@)— Ft + @) = Ft+ 2 @) — K+ 1y @) = ; ~

on (—oo, c0) X K; for any s=m, since K,CK,,. On the other hand, it follows
from (1) that there is a number N,(€) such that if p,v= NJ(&), then

Fit+T,p)— Ft+r,p) <& for all (¢, @) € (— o0, o) X K,.
Hence, if u, v=max {NJ(&/3),3/& s}, then we have

Fit+a,p)— Flt+o.,9)

= Ft+o,o)—Fit+T1,9) + Fe+r,9)— Flt+,9)

‘ , &
+E T, )= Flt+ag) <+ g+, 56 (by(2)
for all (¢, @) € (—oo, ) x K, that is, {F(¢ +&,,®)} is convergent uniformly
on (— oo, )X K, for any s.
Finally, it follows from (2) that {F(¢ + o,,®)] converges to the limiting
function G(¢, @) of the sequence {F(t+ 7,,®)} on (—oo, ) x K, for any s.

Hence {F(t+o,, @)} converges to G(¢, ) on (—co, ©2)x B, because K,.= k_jKx
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is dense in B and G(1, @) is continuous on (- -0, =) x B,

This proposition also shows that it F(¢,¢) is almost periodic in £ uniformly for
@ € B, then the hull is a compact subset of C((— o0, 00) X B, R"). Actually it is
compact under the stronger topology, that is, in the sense of uniform convergence
on (—oo, )X .S for any compact subset S of 8. Under the compact-open-
topology, we can prove the following.

PROPOSITION 2. Let F(¢,9) be a continuous R"-valued function on
[0, o) X B, where B is a separable Banach space. Then the hull H(F) is
compact if and only if F(t,9) is uniformly continuous in (t,@) and
bounded on (0, ) x S for any compact subset S of B.

PROOF. The proof for the necessity is not difficult. Now we shall show
the sufficiency.

Let {h,}, h,.=0, be a given sequence. Then, by the assumption, the
sequence {F(t + h,,®)} is a normal family on [0, =) x K, for any s, where K,
is the set given in the proof of Proposition 1. Hence there is a subsequence
{Tn} of {h,} such that the sequence {F(¢+ 7,,®)} is convergent uniformly on
la, bl x K, for any s and for any compact interval [a,b]C [0, o). This
assertion corresponds to (1). Thus, by using the same arguments as in the
proof of Proposition 1, we can prove that {F(¢+r,,®)} is convergent uniformly
on [a,b] x S for any compact set S C B and for any compact interval [a,b] C [0, o=).
Hence the hull H(F) is compact, since H(F)=T(F).

2. Throughout this paper, suppose that F(¢, ) is bounded on |0, o0) x Cy*
and uniformly continuous in (£, @) on [0, «0)x S for any compact set S < Cy,

where Cpzx denotes the set of @ e C([—h,0],R"), where h=0 is a fixed
constant, with the property

9! =supl @(8) 5 < [~h,0) =B,

Since C(|—h,0], R*) is a separable Banach space, the hull H(F) is a compact
subset of C([0, o)X Cp+, R™) by Proposition 2.
Consider the system of functional differential equations

(3) i'(;t>:F(t,;l‘/>>

where Z(¢) denotes the right hand derivative of a given continuous function x(t)
and x, denotes an element of ([ —h, 0], R") defined by

x(f)=a(t +0) for 6 € |—h,0].
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Then the condition (¢) in the introduction means that for every element

G(t, ) € H(F) the solutions of
(4) Z()=G(t, x)

are unique for initial conditions. :
In the sequel, let #(2) be a solution of the system (3) such that

lu | =B for all t=0

and for some B <B¥. Sinc‘e |F(t, )| =L for all (¢,9)¢< [0, )x Cpx and
for some constant L >0, u(¢t) satisfies the Lipschitz condition

lu(t) — u(s)| =< L|t—s| forall ¢,5=0.

Hence the hulls H(x) and H(u, F) are compact by Proposition 2. Let

(v(t),G(t,9)) be an element of H(u, F). Then clearly v(¢) is a solution of (4).

Simply we shall call ©(z) a solution in H(x). For example, we shall say that

the solutions in H(x) are unique for initial conditions, if for any (v(z), G(¢,p))

€ H(u, F) v(¢) is a unique solution of the system (4) for initial conditions.
The theorem proved in [1] is the following.

THEOREM A. Under the condition (c), uniformly asymptotic stability
of u(t) implies its total stability.

Now we shall consider the condition

(c*) the solutions in H(x) are uniformly asymptotically stable with a
common triple (8(+), 8,, T°(+)),

that is, for any €>0, any £,=0 and any (v,G) € H(u, F),
vy — 20, <8(E) implies v, — x| <& for all t=¢,

and

v, — 2| =8, implies v, — z,l <& for all t=¢, + T(&),

whenever z(¢) is a solution of (4).
Then we have the following theorem.

THEOREM 1. If the condition (c*) holds good, then u(t) is totally
stable.
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We know that if «(¢) is uniformly asymptotically stable, then the condition
(c*) holds good for almost periodic systems or, more generally, for systems with
compact hulls under the condition (c) and it does for periodic systems without
the condition (c) (see [2]). Therefore Theorem A is a corollary of this
theorem and we have also the following corollary, which can also be proved
by a similar way to that in the proof of Theorem 7.1 in [3].

COROLLARY. A bounded solution of a periodic system is totally
stable, if it is uniformly asymptotically stable.

To prove Theorem 1, first of all, we shall give three lemmas. In these
lemmas, g(¢) is a continuous function defined on [0, o0) and y(¢) is a solution
of the system

(5) ()= F(t,y) + 9(¢).

LEMMA 1. Suppose that the solutions in H(u) are unique for initial
conditions. Let € and T be positive constants. Then there exist positive
numbers 8,(&, T) and 8,E&, T) such that for any t,=0, if

Iyt — we, | <84(&,T)
and if
9(B)] <8:(e,T) on |ty,t,+T],

then we have

lye—w, || <& on [to,to+T].

This lemma can be proved by the same idea as in the proof of Lemma
6 in [2].

LEMMA 2. Let the solutions in H(u) be uniformly stable with a
common number 8(:). Then for any €&>0 and any T >0 there are positive
numbers 7,(€), independent of T, and 1.& T) such that for any t,=0, if

16— el < 11(E)
and if
9O <&, T) on lto,ta+T1,
then we have

‘\yt — u!rll} <& on lto; to + T] .
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PROOF. We can assume that €< B*¥— B. Let K be a compact subset of
Cy* such that «, € K for all £=0 and that

K> g lel=B* o) — @) =(L+1)6—6 on [—hO0l},
®; o @(0) — @

where L is a bound for F(t, @) on [0, o) x Cyx.

First of all, we shall show that the conclusion of this lemma is true if
v, € K, that is, there exists a number 7:(€, T) >0 such that for any £,=0, if
I, — | < 8(8/2)/2, y,€ K and if |g(®)| <m(&T) on [ty, ¢ + T, then
lyv: — w,]l <€ on [, t,+T]. Suppose that there is no 7:(& T). Then there
exist sequences {t.},tn=0, {g.(O}, (v}, {va} tn=7.=t, + T, such that

; : 1 . 1 & .
‘\ gm(l)l < _”: ’ ‘.Lvmt,,, - ut,,.;“‘ < _2“‘ 8 (T) ’ )}mlm € Ay

]

m

l:y Tm ur...%; = 8’ U.)""r, - u!éi <& on Itms Tm)’ -
where y™(¢) is a solution, defined on [£,, 7.}, of the system

&(t) = F‘(t, yt) + gm(t) .
Clearly we can assume that the sequences

(@t + t)s F(t + o @)}s {70 — Ea}s (Y™ + )}

are convergent to (v(z), G(t,@)) € H(u, F), ¢ € [0, T') and a continuous function
¥(t), respectively, where we should note that y™, ¢ K for all ¢ € (¢,,, 7,]. From
the assumptions, it turns out that y(#) is also a solution of the system (4)
defined on [0, ¢], and clearly

fyo—z'o!‘§%~8(§-) <8<—§—> and |y, — v, =¢&.

This contradicts the uniform stability of w(¢). Thus there exists an 7.(&, 1"
mentioned in the above.
On the other hand, whatever vy, is, it follows from Lemma 1 that

Nt+n € K and Hy/..+h - uhﬁrh“ < ; 8( ; )

for any £,=0, if {ae,—w,)| <8,(8&/2),/2, h) and | g(t) <min{8,(8(6/2),2, h), 1},
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where 8, and 8, are those in Lemma 1.

Therefore, if we set
1 & - . 1 [ & e o |
7,(€) =9, (—2—8 (T) , h) , 7(& T) = min {83 (“‘2—'8 (7) , h) , 7o(& T, lj*,

7,(€) and 7,(&, T) satisfy the conditions in Lemma 2. This completes the proof.

LEMMA 3. Suppose that the solutions in H(u) are uniformly asympto-
tically stable with a common triple (8-),d,, T(:)). Then there is a pair
(3, m(*)) with the propertv: For any €>0 and any t,=0, if

{i»vln - ll{ni} <73
and if

Lg@®) < (&) on |ty t, + T(E)],

where 7(&)=T (§/2)+ h, then the solution y(t) of (B) is continuable on
[to, ty + T(E)] and satisfies

[Vtoretr = ttgreo || <E -
PROOF. Suppose that y, and g(¢) satisfy the conditions
Vi, w || <n(B* — B), |9(t) <n«(B*— B, (&),
where 7, and 7, are those given in Lemma 2. Then, by Lemma 2, y(¢) is
continuable to ¢, + 7(€). The other parts of the proof will be completed by the
same arguments as in the proof of Lemma 2. Namely, by putting '

73 = min {8, n(B* — B)}

we can find a positive number 7i(€) = 7,(B* — B, (€)) such that for any #,=0,
I3t — | <ns and [ g@)| <n(€) on [to, to+T (€/2)] imply |YViesrcem— ttorriem|l
<& under the restriction y, € K, where K is the compact set given in the
proof of Lemma 2. Thus it turns out that it is sufficient to set

s = 8i(ms, 1), 1u(€) = min {8,(ny, h), n:(B* — B, 7(€)), mi(®), 1},
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where 8, and 8, are those in Lemma 1.

PROOF OF THEOREM 1. Let %, 7%, be the numbers given in Lemma 2,
and let 7n;, 7, 7 be those in Lemma 3. Setting

p(€) = min {7,(€), n;}, 7(€) = min {ny(€, 7(p(E))), m(P(E))},
we shall prove that for any #,=0, any solution ¥(¢) of the system (5) satisfies

yg'-utii<e fOY all ti\itn:

if oy, —w,ll <p€) and [g@) <n(€) on [t, ). From Lemma 2 it follows
that '

Ve— ] <& on [ty to + T(P(E)],

because ||y, — w,|| <n,(&) and | g(¥)| < ns(E, 7(p(€))). Furthermore, since |y, — u,
<y and | g(¢)! < n(p(€)), we have

|Vttt = thgetocer | < PCE)

by Lemma 3. By replacing #, by t, + 7(p(€)) and by using the same arguments,
we can see that

e —wll <& on [ty + T(p(€)), tu + 27(p()]

and

(Vi r2eo0) = Utaracioion| < P(E).
Thus, by repeating the same arguments, we have
ly, —u, <& for all t=t¢,,
that is, the solution u(¢) is totallv stable.
In Section 4 we shall give an example which shows that the conjecture
(6) the solutions in H(x) are uniformly asymptotically stable with a common
triple (8(+), 8,, T°(+)), if the solution u(t) of (3) is uniformly asymptotically

stable

is not true even for almost periodic systems. Furthermore, this example shows
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that we cannot omit the condition (¢) in Theorem A without any other
supplementary condition. This fact is an immediate consequence of the corollary
of Theorem 3 in Section 3.

3. We shall give the definition of stability under disturbances from H(F')

with respect to a given compact set K C Cyx. Define p(G, P) for G € H(F) and
P e H(F) by

s 1 eGP
AORI= 2 0 14pGP)

m=1

where
Pu(G, P) =sup{ |G, @) — P(t, @), 5 (t,9) < [0, m| X K} .

Here we should note that for the space (|0, «)x K, R") p introduces a
topology equivalent to the compact-open-topology. For convenience, set

p*(G, P; 1) =p(G', P),
where G*(t, @) = G(t + 5, @) < T(G).
DEFINITION. The solution «(¢) of (3) is said to be stable under disturbances
from H(F) with respect to K, if for any €>0 there exist positive numbers

v(€) and 7(€) such that, for any s=0 and any 7 >0, the solution x(z) of (4)
satisfies the relation

legy oy — ) <& for all t (0,71,
whenever Jlu, — x| <¥(€), x, € K, G « H(F) and
(7) P¥(G, F* 5 t) <n(€) for all ¢ <10, T].

This definition is a natural generalization of the one given in [2] or [ 4],
because we have the following lemma.

LEMMA 4. Let F(t,p) be almost periodic in t uniformly for ¢ € K.

Then there is a positive continuous function a(s) of o>0, a(0)=0, such
that

(8) a((7, P) = p¥(G, P; t) =Za(o(G, P))

for all t=0 and any G, P ¢ H(F), where
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d(G’ P) = Sup { '\'G(t: ‘P)”’ I)(tr <7J)\ > (t, <P) S (— &9, OO) X K’ .

PROOF. The first part of the inequality (8) is clear. We shall prove the
second part. Since

a(G', P") =a(G, P)

for all ¢ and all G, P € H(F), it is sufficient to show the existence of a function
a(-) satisfying

G, P)=alo(G, P)).

We know that there is an [(€)>0 such that any interval of length I(€)
contains an &-translation number of F, and we can easily see that an &-translation
number of F is so for any G in H(F). From this, it follows that fo any (¢, @)
€ (—o0, )X K we can find an s € {0, /(€)] such that

;G(t’ ¢) - G(S> ‘P)! <¢,

whatever G ¢ H(F) is. Put

- 1 ¢ S
W)= omw 1 e (E“ 3 )
where m(€) is an integer greater than /(). Then, if o(G, P)=3&>0, we can
show that

pm(e)(G; P)ZU'(G, P) - 2838.

Hence we heve

. 1 e APﬂ(f)(”G’_E),, 14 8 S ) —
P(G> P); Zm(e) 1+Pm(.)(G, P) 2 Zm(.) 1+E - a(SE) - (l(o'(G, P))

By a slight modification we can make a(-) be continuous. This proves the
second part of the inequality (8).

Now we shall prove the following theorems.

THEOREM 2. Let the solution u(t) of the system (3) is totally stable,
that is, there exists a ¥v(&)>0 and an n(&) >0 such that if, for any t,=0,

L, — @ <v(€) and | g(t) < n(€),
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then a solution y(t) of the system (5) through (t., p°) satisfies
Vo, — v | <& for all t=t,.

Let K be a compact subset of Cyz*, which is positively invariant for any
system in the hull.
Then u(t) is stable under disturbances from H(F) with respect to K.

PROOF. For an €>0, suppose that there are a G < H(F), an s=0, a
T >0 and a solution x(¢) of (4) such that

‘;:us - -rn‘“ <'Y(8). X, € K, ;;%er+x — Irll = &,

j?u,‘+.\.-.r,‘§t<8 on [O,T)

and
L 5@ v
3 s . LN
(9) PYG F )<, 1% n(®) for all ¢ <0, 7).
Since

*((y K - — JtOt+s Al . P‘((_;i’_EH)_, :
P ((’v F ’ t) - P((I ’ P )-—Z~ 2 1+P1(G&, FH~3) ’

it follows from (9) that
(&) > py(G', F**) = sup { |G(7, @) — F( +5,9) | ; (,9) € [t, £ +1] X K}

for all # € [0, T]. On the other hand, the positive invariance of K implies
that x, € K as long as x(¢) exists. Hence we have

G(t, x))— F(t+ s, x)| <n€ on [0,T],
or

Gt — 5, x1-5) — F(t, xies) | <n(€) on [s,s+T].

Therefore we can easily find a continuous function g¢g(¢) which is defined on
[0, o) and satisfies

g =Gt —s, ) — F(t, x2,) for tels,s+ T
and

lg(t)] <n(& for all t=0.
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Clearly x(t —s) is a solution of the system (5) on [s,s + 7'}, and by the total
stability of «(¢) we should have

lu, — x5 <& on [s,s+ 711,
or
”ul«{ns - xz” <& on [O, ’IVI .

Thus there arises a contradiction, which shows that «(¢) is stable under
disturbances from H(F) with respect to K.

THEOREM 3. Let u(t) be stable under disturbances from H(F) with
respect to K, and let the compact set KCCyx be the one given in the proof
of Lemma 2. Then the solutions in H(u) are uniformly stable with a
common number 8(-).

PROOF. Let (y(:),n(-)) be the pair given in the above definition. First of
all, we shall prove that for any €>0, any #,=0, any (v,G) € H(u, F) and any
solution x(¢) of (4),

10)  lay,— vl < i 7<§~), x, € K imply [z, — v, <& for all #=¢,.

If not, then there exist (v,G)e H(u, F), €>0, t,=0, a solution a(¢) of
(4) and 7> ¢, satisfying

|=¢.

| | [ &
e, — 01, ] <‘%"’Y(*2—>, x,€ K and |ax,—v.

By replacing (v(¢ + ¢0), G(¢ + to, @) by (v(t), G, @), we can assume ¢, =0.
Since (v, G) € H{u, F), there exists an s=0 such that

pX(F, G 1) <n (—g—):and letrys — v, || < '_,l)"y(_i‘) for t € |0, 7].
Since x, € K and
| ! i | | €
[ — wsli = |26 — 0ol + 0o — w || <v o |

we should have

&
2

€
b

L= U] < for all ¢ < [0, 7]



UNIFORMLY ASYMPTOTIC AND TOTAL STABILITY 267
by the stability under disturbances from H(F) of «(t). Hence

Loy = vl = [ay —wessl| + llwees — v <& for all 2 €0, 7],
from which there arises a contradiction at £ =7. This proves the assertion (10).
Furthermore, from (10) we can easily prove that the solutions in H(w).
are unique for initial conditions, because v, € K for all v(¢) € H(x) and for all
t =0. Therefore, from the fact that H(v)C H(x) for every v € H(w), it follows

that the solutions in H(v) are unique for initial conditions. Hence, by Lemma
1 we can prove that

1 &
[ Ztgsn — veganll <*2—’Y(7) and x4, € K,

whenever
lxy, — vl < 8(€)=38, <—é~fy(——g) , h> ,

where 8, is the one given in Lemma 1. By modifying the proof of Lemma
6 in [ 2], it is not difficult to see that 8, can be chosen independently of each v
in H(u), since H(x) is compact. This completes the proof.

The following corollary is an immediate consequence of Theorems 2 and 3,
where we consider the compact set K given in the proof of Lemma 2.

COROLLARY. If wu(t) is totally stable, then the solutions in H(u) are
uniformly stable with a common number 8(-).

REMARK. As is clear in the proofs of Theorems 2 and 3, the relation
(7) in the definition can be replaced by the simpler relation

|G(t, ) — F(t +s,p)| <n(€) for all (¢,p) < [0,T]x K.

However, in this case, the definition would be slightly different from. the one
given in [2] or [4], even for an almost periodic system.

4. Example. Let f(x) be defined by

T T 2 2 (h=1.2....
2V Imz —1] 2n+1 == 2n—1 (n=1,2,---),
f@=10 z=0,
—f(—x) x<0.

Then easily we can see that the zero solution of the system
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i = fla)

is not unique for initial conditions. Let a(¢) = > u.(t) be the almost periodic
k=0

function (see [4]), where a,(#)=1 and a,(¢) is a periodic function of period 2*
such that

Jo 0<t1<2k,
ak(t) =

- I._-‘ - = —

Y

(the continuity can be given by a slight modification), and consider the system
of a ordinary differential equation

(1) = F(¢, x),
where
fx) —cat)/ x x=0,
Fit, x)=
~F¢ —x) x<0

for a constant ¢>24/ 2 .

Since a(t)>0 for all ¢, F(¢,1/7)<0 for all ¢t and n=1,2,---, which
implies that any solution of (11) can not cross the line x =1/n upwards for
n=1,2,+--. Hence the zero solution of (11) is uniformly stable. Furthermore,

from the fact that a(®)=1/2 for 2m <t <2m +1 and f(2)< ./ 2x, it follows
that

F%

F(t,.ﬂ§<\/ 2 — g)J x <0 for x>0 and 2m<t<2m+1,

and hence we can see that every solution of (11) starting from a neighborhood
of x=0 tends to zero as t— oo and, more precisely, that the zero solution
of (11) is uniformly asymptotically stable. On the other hand, since

alt +2™"—1)—0 as m—oo for 0=¢t=1,

there exists a G(¢, x) € H(F) such that G(¢,.r) = f(x) for all ¢ € [0,1]. Therefore
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the zero solution of the system
2 =Gt )

is not unique for initial conditions, and consequently it is not uniformly stable.
Hence the zero solution of (11) is neither totally stable nor stable under
disturbances from H(F).
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