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1. Let ii^2 and Ω be an open domain in the w-dimensional Euclidean space
Rn. Suppose that uk(x), k = 1, 2, 3, are eigenfunctions of the Laplace operator
Δand λfc are the corresponding eigenvalues, that is,

Δuk(x) + Xkuk(x) - 0 in Ω.

We assume that {uk(x)}k=ι is a complete orthonormal system in L\Ω), and
furthermore Xk are non-decreasing and tend to infinity. These assumptions
will be satisfied if we impose some boundary conditions on eigenfunctions and Ω.

For a function / in U(Ω) let

be the Fourier expansion, where

/*= ϊ K

We denote the λ-th R(%k,Z) mean by

f(x) is said to be regulated at x if there exists an approximate identity
{φε(x)} of infinitely differentiate functions with supports contained in [x; \x\^S}
such that f*ps(x) tends to f(x).

Let a = (n — l)/2 be the critical index and denote by i| || κ the supremum
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norm on the set K. Our aim is to prove the following.

THEOREM. Let D be an open subdomain of Ω, f be a function in L2(ίί)
regulated in D and δ §: a 4- 2.

( i ) It holds that

as \—>oo for every compact set K in D, if and only if f is harmonic i?ι D.
(ίi) It holds that

as λ—>oo for every compact set K in D, if and only ifAf in the sense of
distribution is bounded in every compact set of D.

REMARK. Let h^cc and assume the condition of ( i) . Then we have

as λ->°° for every compact set K in D. This inequality is valid under the
hypothesis of {n) if 2 > δ-tf ^ 0

2. The local saturation problem for trigonometric expansions of a variable
is studied by [ 3 ], for example, but for our case a difficulty arises mainly from
the fact that we fail to find any (quasi-) positive summability kernels like the
Ces&ro or the Poisson kernels, and some different devices will be needed.

Let δ > — 1 and x be any point in X2. If R>0 is so small that the sphere
S(xy R) of radius i? with the center at x is contained in Ω, then we have

5i(/, x) = vl'R(fx) 4- zvϊ«ίf x)y

where

v'Λf, x) = - ^ V λ Js(ΰR) lyl«+s / O r - y ) d y

and

άx) J±:ι f J. H./vVrV-jf. -άVTu r)r-*dr
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(see [4; p. 205]).
The order of wϊR(f,x) is given in [ 2 ] and [ 4 ] , but we shall need more

accurate estimation.

LEMMA 1. If ft L2(Ω), δ > 0 and K is a compact set in Ω, then

as λ-^oo for every R such that 0 < R < dis(iv, Ωc)

PROOF. Put

_ r

By integration by parts and an asymptotic formula for the Bessel function we
have

for all positive λ and λfc,

] Ik

λ I < A -••-̂ ••~τ=~ + Aλ" x \k" T (λ/c < λ),

and

where A denotes a constant and may be different in each occasion (see [4 p.
202]).

Divide the summation wδ

λ'
R(f, x) into three sums; Vλfe < Vλ — 1, |V^fc

—-s/λ| ^ 1 and Vλ + 1 < Vλ*, and denote by Σ^ Σ2, Σ3 the corresponding
terms respectively.

In Σ2 we have | Ik

λ \ < Ax 2 . By Schwarz' inequality

1/2

rt|2)

But



234 S. IGARI

uniformly on every compact set (see [ 1 ]). Thus

For 2i we have

Σ (—»-
The first term on the right hand side is dominated by

2_ IΛ
1/2

Σ

where N is an arbitrarily fixed number and SN, SN—>0 as N—>^. The second

term is oCv/λ" ) in the similar way. Hence Σi = o(V\" )•

Σ3 is bounded by

Σ

The first term on the right hand side is dominated by

/

which is o(V^ a ) by the same way as in the Σi case. The order of the second

term is rather easily estimated and o(v'λ" ). Thus the lemma is proved.

3. PROOF of ( Π . First assume that / is harmonic in D. Let K be a

compact set contained in D. If x e K and 0 < R < dis(jfC, Oc), then

»__ fR — " - _ . / Γ \
v\\f> x) = cv'λ Γ"° I J ?_+ ί (Vλ r) 7:r'δ~i I f{x- rω)dω dr
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nf(x) I J i +
JQ 2

where c = 2δΓ(δ + V)/^/2πn and ωw is the surface area ^/2πn/Γ(n/2) of the unit
ball in Rn. If δ > a -1,

cω.Vλ 2 J «/«.+a(Vλr) r 2 J r = 1.

Thus

By the asymptotic formula (see [5; p.199])

ίΛf, x) -A*) =/(ΛθO(Vλ""'"1)

as λ-*oo. Therefore H(f)-f\\κ = o(Vλ" ) for δ > Λ - l .
Next we assume that ||s'(/) —/ | | * = o(l/λ) for a compact set 2C in D. Let

9> be an infinitely differentiable function whose support is contained in K. Then
the integral

f λ[5ί(/, x) -/(a

tends to zero. But the last integral equals

where (1 — t)+ = max(l — t, 0). Since ^KAfkψΛ < °° and the function [(1
— l]/j js bounded, the above sum tends to

= - δ f f(x)Aφ(x)dx = 0.
^ Ω
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By the arbitrariness of φ> we conclude that / is almost everywhere equal to a

harmonic function in K. Thus f is harmonic in K or more strongly in D.

4. To treat (ii) we shall use the following lemma. We give a proof of it

passing the Fourier transformation.

LEMMA 2. Let f be a function in L\Rn) and D be an open domain in

R7\ Suppose that f is regulated in D and that the Laplacίan Δ / of f in the

sense of distribution is bounded in D. If the sphere of radius r with the

center at x is contained in D, then we have

- L ί K* - rω)dω -f{x) = 2 τ r f e ) [ ds [ Af(x -y)s^ιdy .

PROOF. We may assume that / is infinitely differentiable and rapidly

decreasing approximating/by such functions. Then the interchanges of integrations

in the following calculations are legitimate.

Let /(£) be the Fourier transform of / , i. e.,

By Fourier inversion formula

fix - rω) -f{x) = -^prf Kξle-iτ'( - ±\e«*dξ.

Integrating on the unit sphere we get

J(x ~ r"¥" " / w = vfeί ( i ί »

\ 2 / ( r | f | ) τ

Now by the LommeΓs formula ([5 p.45])
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Γ Jv+ι(μs)ds = - 1 JXμr)
J s9 μ ry

we have

V in2 Γ U
Its Fourier transform is, by Bochner's formula,

where Xs(x) is the characteristic function of the ball {x : \x\ g ί } .

Since—JTΓ^ΊΓ I \ξ\2f(ξ)eίξxdξ — — Δ/(x), by the convolution relation

f(x - rω)dω -f(x)

If the sphere of radius r with the center at x is contained in D, then the
last term is dominated in absolute value by

PROOF of (ii). Suppose fzU(β) and Δ/ in the sense of distribution is
bounded in a compact set K of Ω. We prove that

for a closed subset X ' strictly contained in K.

By Lemma 1 it suffices to see that
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for λ > 1. To prove this inequality we chose R so small that 0 < R <dis(iC', Kc).
By the similar way to the case ( i ) we have

2T(δ-f 1) /r-f-
n

n J R

""T-^- f Ax - rω)dω -f(x)]dr

/Or)/ JjL+J 2

Since Δ / is bounded in K, so is / i n K'. Thus the second term on the right
hand side is (XVλ""5"1) by the same method as in (i).

The first term is, up to a constant multiple, equal to

~2 / /

Vλ ^~δ ΓjjLMlry*—1 dr f s'n^ds [ Δ/O - y)Xs(y)dy

\ Γ ΓR

s-^ds \ Af(x - y)Xs(y)dy I JjL

Changing a variable we get

/

R _ a. Λ_i / i \JL-δ rRy/x

J .+,(Vλr)r Γ ^r = ί-^-j 2 J J^+s(ί)

By the asymptotic formula before-mentioned the last term is O(Vλ» ""r^"-5-1) if

δ > a- 1 and 5ΛA > 1. Since Jμ(ί) = O(tu) as ί->0, it is also O(Vλ^~~O if

δ > a — 1 and s*/X ^ 1. Thus (-H ) is dominated in K by

which is not greater than AHΔ/II^Vλ^^Mf Λ + l > δ > Λ — 1 ,
if δ = a -f 1 and AIJΔ/U^λ"1 if δ > α + 1 respectively.

Next we assume ||s!(/) —f\\κ = O(l/λ). For an infinitely differentiate
function φ whose support is contained in K, we have
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which is proved similarly to the case (i). Thus

ί <f,Aφ> j = I <Af9φ> \ ̂

Therefore Δ / is (essentially) bounded in K.
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