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1. Let £ be a Banach space whose dual is denoted by E\ A sequence
of elements of E is called a Schauder basis of E if each x £ E can be

written in a unique way as x = Σ / A . Our summations are always from 1 to
oo unless other limits of summation are expressly indicated. If {/J is the
sequence of elements of E biorthogonal to {6t}, i.e., <bj9ft> = δ o with δ o = 0
if iφj and δ { i = l, then x = 2 < x , / i > bt. The basis [b^ is called shrinking
if [fi] is a basis of E\

Let F be a Frechet space whose topology is determined by a countable
system of seminorms {pk}ΐ=i- We denote by X(E, F) the space of all continuous
linear mappings from E into F. Equipped with the topology determined by
the seminorms

qk(T) = sup [friTx): xz E, \\x\\ ^ 1} TeX(E,F); * = 1,2,.. ,

X(E, F) is a Frechet space. When E has a Schauder basis [b^, an element
T € X(E, F) is completely determined by the F-valued sequence {Tb^. We
denote by X the space of F-valued sequences {{T6t} : T € J7(£, F)}. Let
C(E, F) be the closed subspace of X{E, F) consisting of compact mappings and
let C={Tbt}: TzC(E,F)}.

Dixmier [1] (see also [9], [10]) proves that if E and F are Hubert spaces
then X(E, F) is the bidual of C(E, F). The dual of C(E, F) is the space of
all nuclear mappings from E into F equipped with the trace norm. He points
out that this relationship is similar to that between c0, I

1 and Z°°.
The relationship between these sequence spaces can also be described in a

very simple way by means of Kothe spaces : I1 is the space of all sequence {βt}
such that for each {a^ £ c0, X^l^l |/β t | < °°, i.e., in the notation of Kothe
lι=(coY; l°° is the space of all sequences {γ4} such that for each {βt} € l\
Σ l ^ M ^ K 0 0 ' i e - l°° = ( / l)X = (co)XX ( s e e f41> Chapter 6, §30). On the other
hand a compact mapping denned on a Hubert space vanishes outside a separable
subspace ([7], page 202) and a separable Hubert space has a shrinking Schauder
basis.
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In this note we prove among other things the existence of a relationship

between C and X similar to that between cQ and l°° when the spaces E and F

have suitable properties. We have tried to make this note self contained. But

a familiarity with the theory of spaces of vector-valued sequences as described in

[12] is still helpful.

In the sequel we shall always assume that the Banach space E has a

shrinking Schauder basis {b-t}. We regard Proposition 8 and Proposition 10

together with its Corollary as the main results of this note.

2. For each T £ X(E, F) and each w = l, 2, •••, we define the following

mappings from E into F:

Un : x -> Σ <x,f> Tb{, Un € C(E, F),

Vn : x <x,f> Tbt, i.e., Vn = T-Uv .

PROPOSITION 1. Suppose that the Banach space E has a shrinking
Schauder basis {bt}. Then for each T € C(E, F), Un->T in the metrizable
topology of C(E, F) as n -> oo.

PROOF. We first observe that the set I Σ <x9fi>bi: xz E, \\x\\ ^ 1,
U=w + 1

f; ~
is bounded in E. In fact, for each x e E\ sup j 2Z <χ>fίXbi> χ-

I i=n+l

: χ£ E, \\x\\ ^ 1 [ approaches 0 as w-> oo because {f} is a basis in E'. Thus

our set is weakly bounded and hence bounded. Let

<x9ft>bt\\: x*E,\\x\\^l; n = l,2, = A

For each seminorm />A on F, let 21̂  = {j': yzF, pk(y)^l] and denote by 31? the
polar set of SlA in F ' . We have to show that the following quantity approaches
0 as n —> oo.

I i=n+l
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where T* is the transpose of T. Since T is compact, the image of 2t° by T *
is a compact set of E' ([8], page 152). Therefore, for each S > 0, we can find
a finite number of elements of SIJ, yy, γ = 1,2, •• , v, such that for each y z 31?,
\\T*y'-T*y7\\ ^S/2A for a suitable γ. Choose w so large that

sup ^ l ; γ = l,2,

this is possible because {f} is a basis of E\ We have then

<x,ft><bt,T*y>

<x,ft><bt,T*y,>

and hence

sup I

^e/2+A-e/2A = ε.

The proof is complete.

We transfer to the sequence spaces C and X, the metrizable topologies of
C(E, F) and X(Ey F). We have

PROPOSITION 2. 77i£ dual of C can be identified with the space Cx of
all F'-valued sequences {y'i} such that for each {y%} € £ the series ^2<yi9yt>
converges.

PROOF. Let φ be a continuous linear form on C. Let d be the subspace
of C consisting of all sequences having an arbitrary element y of F as its in-
coordinate and 0 elsewhere. For such an element of d we have

, 0,y ,0

Consequently, for each i = 1,2, , the restriction of φ to d detemines an
element y\ € F . Since for each {yt} € C, {̂ i, ys, , yn, 0,0, } -+ {yt} Γ=i as
n —» oo by Proposition 1, we see that
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and the series converges.
n

Conversely, let {yt} € Cx. For each n = 1, 2, , φn : {yt} -> X]
1 = 1

is a continuous linear form on C as can be seen easily. Since the series
converges, by the Banach-Steinhaus theorem ([8], page 69), <p: {yt}

yi > is a continuous linear form on C.

Since {f^\ is a basis of E\ a continuous linear mapping <Jl from E' into F'
is completely determined by the sequence

PROPOSITION 3. Let F' be provided with the strong topology Tb(F', F).
Each [y'i] € Cx determines a continuous linear mapping Jl from E' into F'
with <Afi = y'i, i=l, 2, .

PROOF. For each x € E\ each y € F, the mapping x ^ 2
is a compact linear mapping from E into F. Therefore the series Σ<bίyx> <y,yl>
converges. The series Σ,<ibl9 x'>yl is a Cauchy series in F' with respect to
the weak topology TS(F\ F) and therefore converges in F. put

The mapping <Jl from E into F' so denned is linear. To show that it is
continuous we shall show that for each bounded subset B of F, there exists a
constant M > 0 such that

In fact, we can find a positive integer k and a constant Mx > 0 such that

because {y'i} generates a continuous linear form on C and

Qk({<bί,x>y}) = sup{Pt(Σ,<*>fι><bι>x>y) x*E>\\x\\^l} = \W\\Pt(y)

Let G be a locally convex space, B a convex, balanced, bounded subset of
G. Let GB be the subspace of B spanned by B equipped with the norm
pB{x) = in{{p:ρ>0,χζ pB] (x£ GB). B is called infracomplete if GB is a
Banach space. We recall that a mapping T from a locally convex space H into
G is called nuclear if there is an equicontinuous sequence {x't} in H', a sequence
{̂ ΐ} contained in a convex, balanced, infracomplete, bounded subset B of G and
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a complex sequence {λj with Σ | λ* | < °° such that T is equal to the mapping
^ ([11], page 481). We now prove

PROPOSITION 4. Let JL be a nuclear mapping from E into F\ F'
equipped with the strong topology Tb(F',F). Then [Jlft] z C*.

PROOF. Let Jl = ΣλiXΪ ® y'i where ] Γ | λ t | < ° ° , .rί'€-E"Vo supH^l^oo

and the sequence {y'i\ is contained in a bounded, convex, balanced and infra-
complete subset of F\ We have to show that for each T £ C(E9 F) the series
^2Tbt, Jlfi> converges. For arbitrary positive integers n, m we have

<T6 i )cJr/ i> =
I

τbt,Σ,λ,<χ/>fι>y>\

= Σ Σ λ,<α:;',/1><T6l,y;>
j i=n

where Vnm = Un+m—Un-ι and Vtm is the transpose of Vnm. Since {fι} is a basis
of E\ we have

On the other hand

\\V*my)\\ = sup{|<x, V*my> \\x\\^

Since the sequence {y'j} is contained in a bounded subset of F' there exist a
positive integer k and a constant M > 0 such that

tmy'A = sup{I <Vnmx,y'j>\: \\x\\ ^ 1} ^ j=l,2,

Thus

<τbt,Jift>
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Since X) |λj I ||^}ΊI>°° and the sequence {Un} converges in C, we see that the
series ^<Tbi9 <Jlfi> converges.

Let Λ be a linear space of F-valued sequences containing all sequences
having only a finite number of coordinates different from 0. Λ is called normal
if {yά € A and the sequence of scalars {#J is such that \<xt | ^ 1 (7=1, 2, •)
then {oLiyi} £ Λ. We denote by Λx the associate of Λ, ie., the space of all
F' valued sequences {yl} such that for each {y$ £ A the series
converges. If Λ is normal, then Λx is also normal and the series
is even absolutely convergent. Λ x x is the associate of Λ consisting of F-valued
sequences. Λ is called perfect if Λ = ΛXX. When Λ is normal, the properties
of the dual system <Λ, Λ x > with the canonical bilinear form ({j'd, {yΊ})
-^Σ<yi>yί>> fo^} € A, {y'i\ ^Λx have been investigated in [12].

Since the Banach space E has a Schauder basis {&J, it can be identified
with a space λ of scalar-valued sequences λ = {{<•£>/«>} '-x^E}. It is not
difficult to see that E can be identified with λx and since the basis {&*} is
shrinking, λ x x represents E". We transfer to λ the topology of E, λ is called
the JBiC-space isometric to E.

Let Xι(E\ F') be the space of all nuclear mappings from E into F\ F'
equipped with the strong topology Tb(F\ F), and let us denote by X1 the space
of F'-valued sequences {{oϊ/t}: JL € Xι(E\ F')}. We prove

PROPOSITION 5. Suppose that the Frέchet space F is reflexive. Then
)cX, i.e., if {y^ z(Xιy then x-^^KXyfCXb^x^yi is a continuous

linear mapping from E into F.

PROOF. For each x€ E,each y € F' the mapping x Σ J f i

is a nuclear mappingfrom E' into F'. Therefore, {<x,fi>y'} ^ X1- If {̂ y£}
^ (Xι)x then Σ<x,fi><yι,y'> converges. Since F is reflexive, it is weakly

quasicomplete and the series ^2<x,fι>yι converges weakly in F. Define a
mapping T from E into by

T: x-

This mapping T is clearly linear. For each y ^ F, the convergence of
^2<xffi><yί,y

/> for each x^E shows that {<yι,y'>} ^ λ x. Because

the mapping T is weakly continuous and hence continuous when E is equipped
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with the norm topology and F is equipped with the metrizable topology.

Since by Proposition 4, XιcCx, it follows that (X1)XZ)CXX and we have

COROLLARY. Suppose that the Frέchet space F is reflexive. Then
f x x c X i.e., {yt} € Cxx then x-^^/<xffί>yί is a continuous linear mapping
from E into F.

PROPOSITION 6. Suppose that the BK-space λ isometric to the Banach
space E is normal. The?ι X<zCxx, i.e., for each T £ X(E, F) and each
{yd zCx, the series ^<Tbi9yl> converges.

PROOF. It is not difficult to see that the normality of λ implies that the
spaces of F-valued sequences C and X are also normal. Let T £ X(E,F). As

we have seen in the proof of Proposition 1, the set | J^t <Cx, ./*«> bt:

\\x\\ 5^1; 72 = 1,2, •[ is bounded in E, hence the set

Unx = Σ, <*>fi> Tb% :χzEy \\x\\^l; n= 1, 2,
1 = 1

is bounded in F or, in other words, the set [Un : n = l9 2, •} is bounded in the
n

Frechet space C(E, F). For each {y'i\ zCx, consider the sums Σ I <Tbi,y
/

i> |;
i=i

tt=l, 2, •••. Since Cx is normal, we can find a sequence of scalars {δt} such
that I <Tbifyl> \ = <Tbi9 δ t y ί > , ί = 1,2, ••• and {δtyί} € Cx . Because Cx is
the dual of C, there exists a constant M > 0 such that

JT I <Tbίfy-> I = £ <Ή\> δ ^ > ^ Mq,f]Jv) < ex. , n=l, 2,. .

for a suitable smeinorm qk on C(E9 F). This shows that y^ j <Tbί,y'i> \ < ex.
and the proof is complete.

COROLLARY 1. Suppose that the BK-space λ isometric to the Banach
space E is normal. Suppose also that the Frέchet space F is reflexive.
Then X=CXX.

This is an immediate consequence of Proposition 6 and the Corollary of
Proposition 5.
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COROLLARY 2. Suppose that E and F are as in Corollary 1. Then

PROOF. By Proposition 5, (Xι)x c X. On the other hand, from Proposition
4 we know that XιdC\ This implies (Xlf Z)CXX = X. Hence the result.

PROPOSITION 7. Suppose that both the Banach space E and the Frechet
space F are reflexive. Suppose also that the BK-space λ isometric to E is
normal. Let Jl be a nuclear mapping from E into F, Ji— y^£\.jX.i®yjy
where ^ | λ j | < ° o , [Xj] is bounded in E and [y]) is contained in a
bounded, convex balanced, infracomplete subset of F\ Then for each
T £ £(E, F) we have

PROOF. We have

Therefore

\, Jlft> =
i 3

Since

Σ^<^,/i> Tbt = \,
i

it is sufficient to show that we can change the order of summation of the double
series. For that purpose we prove that ^^\\j\\<Xj, fi>\\<Tbif yi>\ is

3 i

convergent. Since the i?i£-space λ isometric to E is normal, for each j=l,2,
we can find x5^E, | | £ j = | | . r j such that

i <x» fi>\\ <Tbίf y'j> I = <xp ft><Tbl9 y'j> t = 1,2,. .

Then

Σ Σ j yj Σ Σ
J i 3 ί

for a certain constant M.
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PROPOSITION 8. Suppose that the BK-space λ isometric to the Banach

space E is normal. Then X1 = CX, i.e., for each {y't\ € Cx the linear mapping
Jl from E into F' defined by Jίx — Σ<bi9x>y'i (x € E) is nuclear.

PROOF. For x£ E, y£ F' we denote by x®y the nuclear mapping
x -+ <x,x>y (x £ E) from E into F'. Then for each T e C(E, F) we have

<T,x®y> =

= <Tx,y> = <x,T*y'> .

Hence

qk(T) = Sap{\Σ,<Tbi,(x®y')ft>\:x^E, \\x\\ ίgl,/e Sl» .

Since XιdCx, it is clear that the metrizable topology of C(E9F) determined by

the sequence of seminorms {qk} is finer than the weak topology TS(C, Xι) and

since the dual of C equipped with this metrizable topology is Cx, to show that

C* — £x, it is sufficient to show that the metrizable topology of C is not stronger

than the Mackey topology Tk(C, X1). For this purpose we shall show that the

sets

are contained in absolutely convex compact subsets of X1 equipped with the weak
topology TS(X\ C). We recall that the normal topology Tn(X\ C) of X1 is
the locally convex topology determined by the system of seminorms

Pi({y'ι})=Σ\<Tbi>y>\> ίy3 *X\T runs through C(E, F).

This topology is finer than the weak topology TS(X\C) and it can be shown
(cf. [12], proof of Proposition 5) that X1 equipped with it is quasicomplete. We
know that the absolutely convex closed envelope of a compact set is still compact
if that absolutely convex closed envelope is complete. Hence it is sufficient to
show that Λ/c is relatively Tn(X\ C)~compact. Since X1 is quasicomplete in the
normal topology Tn(X\ C) Λ* is relatively Tn(X\ £7)-compact if and only if it
is relatively countably Tn(X\C)'Compact (Eberlein's theorem, cf., e.g., [4], page
316). It is sufficient to show that A^ is relatively sequentially TS(X\ C)-compact.
In fact, it is not difficult [5] to show that a sequence of X1 is Tn(Xι>C)-

convergent if and only if it is TS(X\ C)-convergent. Let {wC7°} be a sequence
of the unit ball of E and let {V70} be a sequence of 31". From {w(n)} we can
extract a subsequence, still denoted by {wcw)}, converging to u^E' in the weak
topology TS(E", E). Similarly we can extract from {T/70} a subsequence converging
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to vzΨk in the weak topology T,(F',F). Putting JL=u®v,
n=l, 2, , for each T € C(E, F) we have

vW> ' <u,ft><Tbit v>] I
i

= I Σ\<uίn\fi><bi, T*vw> -<u,f t><b i t T*v>]I

Because T € C(E, F), the set {T*v: t; 6 SίJ} is compact in the norm topology of
E. We know that {T*vw}n=ι converges to T^z; in the weak topology TS(E',E).
Hence {T*τ;CίO} converges to T^t; in the norm topology of E. Therefore, for
each £>0 we can choose an integer Λ^ such that if n>Nι we have

i T\vw -v)> I = I <u'a\ T*(vw -v)> I

On the other hand, the convergence of {wC7°} to u in the topology TS(E",E)

means that ί {<^C7°?/f>}Γ=il β l converges to {<w,/i>}Γ=i in the sequence space

λ x x equipped with the weak topology T s ( λ x x , λ x ) . Since [<bl9 T*v>}Γ-i ^ λ x,
we can find an integer N2 such that if n> N2 we have

Then we have, whenever n> N =

^"5/.-«/.)>! ^e
i

Thus the sequence {<̂ ?cw:>} converges to <Jl in Xι(E\ F') equipped with the weak
topology Ts(£\ C). The proof is complete.

NOTES. (1) We assume the normality of the i3i£-sρace λ in order that
the theory of normal spaces of vector-valued sequences developed in [12] could
be applied to the spaces C and X1.

( 2 ) If we require that the Banach space E be reflexive but drop the
condition that the iϊi£-space λ be normal, then we still have Xι = Cx. The
proof is based on a numbr of deep results on topological tensor products of
locally convex spaces. Since, by Proposition 1, C(E, F) can be identified with

E <g) F, it amounts to showing that the dual of E®F is Xι(E, F'). It is an
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immediate consequence of the definition of integral mappings ([2], Chapter 1, page
126, Definition 7) that the dual of E ®F is the space of all integral mappings
from E into F', F' equipped with the weak topology TS(F',F). The dual E
of E is separable in the norm topology. F' is quasicomplete in the weak
topology TS(F'> F) because every closed bounded subset of F' is equicontinuous
and hence weakly compact. Therefore ([2], Chapter 1, page 134, Corollary 3 to
Theorem 10) an integral mapping from E into F' is nuclear. Since a TS(E, F)-
bounded subset of F' is also bounded in the strong Tb(F',F)> the nuclear
mappings from E into F' equipped with TS(F, F) or Tb(F\ F) are the same.

COROLLARY. Suppose that the BK-space λ isometric to the Banach
space E is normal. Suppose also that the Frέchet space F is reflexive.
Then Xι = Xx, i.e., X1 is the space of all F-valued sequences {y'i\ such that
for each T ^ X(E, F) the series ^<Tbi,yi> converges {absolutely).

PROOF. From the theory of sequence spaces we know that

3. We shall now use Proposition 8 to obtain a representation of nuclear
mapping from a reflexive Frechet space F into a reflexive, normal BK-space λ.

Let en= {Sni}Z=i, n=l,2, where δn ΐ is the Kronecker delta. For each
TzX(X,F), the sequence {Ten} belongs to λ x scalarly, i.e., [<Tenyy>}^ι^ λ x

for each y £ F\ We denote by λ x (F) the space of all F-valued sequences
belonging scalarly to λ x. X(X>F) can be identified with λ x(F). In fact, it is
sufficient to verify that for each [yt} s λ x (F) and each {at} e X

.=1

for each £=1,2, •••. Since for each y £ F' the series ^joti<yi9y> converges
and the Frechet space F is reflexive, hence weakly sequentially complete, there
exists y £ F such that

This shows that the mapping y -* {<yi,y'>} from F into λ x is continuous in
the weak topologies TS(F\F) and T,(λ x,λ). Thus the set
is bounded in λ x. Hence

lim sup
JV->oo
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PROPOSITION 9. Let λ be a normal reflexive BK-space and let F be
a reflexive Frέchet space. Let X*(F) denote the space of all F-valued
sequences belonging scalarly to λx. A mapping Jl from F into λ is nuclear
if and only if it is of the form y-+ {<3>,:yί>} where [y^ <Ξ [λx(F)]x.

PROOF. Jl is nuclear if and only if its transpose JL* is nuclear ([11], page 483,
Propsition 47.4). By the corollary of Proposition 8, Jl* is nuclear if and only if
{JPeά £ X x = [λ x(F)] x. On the other hand, Jl is the mapping y -* {<y, Jl*et>].
In fact, for each [βi] z λ x we have

=Σ.<y> ~ W ^ ) > = Σβt<y,Jl*ei> = < {&}, {<y,Ji*ei>}

4. Let {ut} be a sequence of elements of E such that 2Zl|wJ < °o. For
each seminorm pk on F, the function T —> ΣPKP^UI)' is a seminorm on X{E, F).

i

We call the topology on X(E, F) determined by these seminorms when pk runs
through the sequence of seminorms determining the topology of F9 and {wt} runs
through the set of all admissible sequences (i.e., X^HwJ <°o) the von Neumann
topology (von Neumann [6] called it the strongest topology, Dixmier [1] translated
that term into "tσpologie ultra forte"). Since ^pk{Tuι) g qk(T) ΣWUΛ> w e

i i

see that the von Neumann topology of X(E>F) is weaker than its metrizable
topology. We transfer to X the von Neumann topology of X(E, F).

PROPOSITION 10. Suppose that E is a reflexive Banach space such that
the BK-space X isometric to it is normal. Suppose that the Frέchet space
F is reflexive. Then the dual of X{E, F) equipped with the von Neumann
topology is X\E', F'). The canonical bilinear form is

(Ί\ a) -> Σ < Γ 6 4 , Jlft>, Tz JXE, F), Jl ^ X\E\ F).

PROOF. Let JL=^ui®vi, where [tit] is a sequence in E with ^ | | « i | |<oo,
and [Vj] is contained in an equicontinuous subset of F', be an element of
X\E\ F). Since, for each T e X(E, F), we have by Proposition 7

for a suitable norm pk on F and a certain constant M, the von Neumann topology
on X is finer than the weak topology Ts{X,Xι). Hence the proposition is
proved if we show that the von Neumann topology is coarser than the Mackey
topology Tk(X,Xι). We recall that for each £ = 1 , 2 , we put 51*= [y :yz F,

)=ί} and denote by 31? the polar set of 9ίΛ in F. Since
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Γ6t, JLfO =

for each <JL=Σui®vi£ X\E\F') it is sufficient to show that for each fixed
sequence {w(} C.E with Σ I W I ^ 0 0 ' ^ s e t Γfc (£=1,2, •) of all sequences {<Jί/i}
where c J ^ Σ ^ i ® 1 7 * w i t n v i running through 9ί° for each z = 1,2, is an
absolutely convex and relatively Ts(Xι, _Z?)-compact subset in X1. That it is
absolutely convex is clear. Just as has been pointed out in the proof of
Proposition 8, it is sufficient to show that ΓΛ is relatively, sequentially Ts(Xι, X)-
compact. Let cj?cn) = Σui® ϋ/°> # = 1, 2, , be a sequence of ΓA. Using the

j

weak compactness of SI" and the diagonal process we can extract from {<̂ ?Cn:>} a
subsequence, still denoted by {cJ?n} such that for each j = 1,2, , {t$°} «=i
converges to an element vi € Si" in the weak topology Ί\(F\ F). Let cJ?=^z/7 Θ^.j.
For each T s X(E, F),

as

Hence by Lebesgue's dominated convergence theorem

converges to 0 as n->oo. Thus Jl is the limit of the sequence {c_/?C7°} in the
weak topology TS(X\X).

COROLLARY. Suppose that E is a reflexive Banach space such that the
BK-space λ isometric to it is normal. Suppose that the Frechet space F is
reflexive. Then J2{Ey F) is quasicomplete in its von Neumann topology.

PROOF. The von Neumann topology on X is finer than the normal topology
Tn{X,Xv) and coarser than the Mackey topology Tk{X,Xι) as we just saw in
the proof of the proposition. On the other hand X is quasicomplete in the
normal topology Tv(X,Xι) ([12], Proposition 5), hence the statement.

PROPOSITION 11. Suppose that both E and F are reflexive Banach
spaces, E has a shrinking Schauder basis. Then the bidual of C(E, F) can
be identified with X(E, F).

PROOF. Since E is reflexive ,{/*} is a shrinking Schauder basis of E\
Hence, by Proposition 1, a compact linear mapping from E' into an arbitrary
Banach space G is the limit in the norm of continuous mappings of finite rank.
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Thus (E')' = E has the approximation property (cf., e.g. [10], Expose 14). Therefore

the natural imbedding of E®F' in X(E\ F') is one-to-one. Since E has the

approximation property, on E®F' the trace norm is equal to the norm induced

by the strong dual of C(E,F)=E'®F [3]. Thus E®nF' is the normed dual of

C(E,F). The dual of E&UF' is the space B{E,F') of all continuous bilinear
forms on ExF'. B(E, F') can be identified with X(E, F) because F is reflexive.

NOTES. (I) For Jl= ΣUJ®VJ
 € E®F\ T € JXE9 F) the canonical bilinear form

for the duality between E®F' and X(E, F) is (Jl,T)-*Σ <Tujyv5>. We wish
to point out that only under the additional assumption that the BK-space isometric
to E be normal, have we managed to prove that yy

f<Tuj,vi> = y^J<Tbif Jlf{>.

(II) If in addition to the hypotheses of Proposition 11, the normality of
the UK-space isometric to E is also assumed then the fact that X(E, F) is the
bidual of C(E9 F) can be proved directly without using the deep properties of
the Banach spaces with approximation property. As should be expected, the
direct proof is rather long compared with the proof given above. It amounts
to showing that if JL^X\E\F') then in X\ = άu?i\ Cx of C, by Proposition 8),
the sequence (of finite sequences) {\Jlfu <Jtf2, , Jlfn, 0,0, }} ~=i converges to
{<-̂ ί/n} n=i in the norm topology of £x> considered as dual of C, for then the dual
of the Banach space X1 is its associate (~Cι)x = -£*. For this purpose one shows
that the set

is a relatively compact subset of X equipped with the normal topology Tn(X,Xι).
One then makes use of the fact that in the space I1 of convergent scalar sequences
a subset S is relatively compact if and only if

lim sup I Σ I χ ι I : ixί} £ S\ = 0 .
l i-n )

p

As we have pointed out in the proof of Proposition 8, to show that 0 is
relatively TV(X, X^-compact, one only has to show that O is relatively
sequentially compact in the weak topology Ts(X,Xι).

REFERENCES

[ 1 ] J. DlXMIER, Les fonctionnelles lineaires sur Γensemble des operateurs bornes d'un espace
de Hilbert, Ann. of Math., 51(1950), 387-408.



SPACES OF MAPPINGS AS SEQUENCE SPACES 393

[ 2 ] A. GROTHENDIECK, Produ'ts tensoriels topologiques et espaces nucleaires, Mem. Amer.
Math. Sec. No. 16, 1955.

[ 3 ] A. GROTHENDIECK, Resume des resultats essentiels dans la theorie des produits tensoriels
topologiques, Ann. Inst. Fourier, 4(1954), 73-112.

[ 4 ] G. KOTHE, Topologische lineare Raume I, Springer Verlag, Berlin, 1960.
[ 5 ] G. KOTHE AND O. TOEPLITZ, Lineare Raume mit unendlich vielen Koordinaten und Ringe

unendlicher Matrizen, J. Reine Angew. Math., 171(1934), 193-226.
[6] J. VON NEUMANN, On a certain topology for rings of operators, Ann. of Math., 37(1936),

111-115.
[ 7 ] F. RiESZ AND B. V. Sz. NAGY, Leςons d'Analyse fonctionnelle, Akademiai Kiado, Budapest,

1953.
[ 8 ] A. P. ROBERTSON AND W. ROBERTSON, Topological vector spaces, Cambridge Tracts No.

53, 1964.
[ 9 ] R. ScHATTEN, A theory of cross spaces, Princeton University Press, 1950.
[10] L. SCHWARTZ, Produits tensoriels topologiques, Seminar Notes, Secretariat Mathematique,

Paris, 1954.
[11] F. TREVES, Topological vector spaces, Distributions and Kernels, Academic Press, New

York, 1967.

[12] N . P . C A C , Sur les espaces parfaits de suites generalises, Math. Ann., 171(1967), 131-143.

DEPARTMENT OF MATHEMATICS
THE UNIVERSITY OF IOWA
IOWA CITY, IOWA, U. S. A.




