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Introduction. Let Mn be a connected ^-dimensional Riemannian space. A
unit Killing vector field ξh is called a Sasakian structure if it satisfies

where g5i is the Riemannian metric and Vj means the Levi-Civita covariant
differentiation15. Recently Y. Y. Kuo proved that if Mn admits two Sasakian
structures orthogonal to each other it admits one more Sasakian structure orthogonal
to them50.

Our interest and purpose of this paper are to study Mn admitting (i) r( > 3)
Sasakian structures orthogonal to one another and (ii) 2 Sasakian structures not
orthogonal to each other.

1. Preliminaries. Consider a Riemannian space Mn with a Sasakian structure
ξh. If we put ψih = VίP, the following relations hold good:

= -φtj

Let Mn+1 = MnxR be the product manifold of Mn with a line, and define
a tensor Φ of type (1,1) by

Φ =

\ξ 0

1) We follow the notations in [5] and [6].
2) Y.Y.Kuo, [1].
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then Φ is an almost complex structure on Mn+\ i. e., Φ 2 = — 7 holds good, where
/ means the unit tensor3\

Suppose a Riemannian space Mn admits 2 Sasakian structures ξh and ηh

which are orthogonal to each other (at every point). Putting φt

h = Vt£Λ and
ψih = VίVh we know that ζh defined by ζh = ξrψr

h is Sasakian too and constitutes
an orthonormal field together with ξh and ηh. We shall represent this process by
{£> v] — ζ' They satisfy the following equations:

ΘS ~ Viζ" = - Θ^S

^,Λ = φfψS - ξiV

h = - ψjφr

h + ηtξ
h .

Here ξ> η and f appear symmetrically. Hence if {ξ9 η] = f, then {«?, ξ} = ξ and
(f> 1} = V We call the collection {£, 77, f} of such properties a Sasakian 3-structure.
This case the dimension n must be of the form w=4/>+3 for a non-negative
integer ^>4).

We need the following lemma later.

LEMMA. Let M be a differentiable manifold with an almost quaternion
structure Φ ( λ ) , ( λ = l , 2,3), i.e., three almost complex structures satisfying
ΦC1)Φ(2) = —Φ(2)Φ(D = Φ<3) Then there does not exist an almost complex
structure Φ ( 4 ) such that Φ ( λ ) Φ ( 4 ) = — Φ(4)Φ(λ), λ = 1, 2, 3.

In fact, we have

Φ(3)Φ(4) = ΦC1)ΦC2)Φ<4) = -Φ(1)Φ(4)Φ(2) = Φ<4)Φ(l>Φca> = Φ(4)Φ(3)

2. More than one Sasakian structures.

THEOREM 1. There does not exist a Sasakian structure ξC4) which is
orthogonal to every £ ( λ ) of a Sasakian 3-structure {fα),fc2>, fcs>}.

PROOF. Assume the existence of f(4) and let ΦCλ) be the almost complex

3) S. Sasaki and Y. Hatakeyama, [4].
4) Y. Y.Kuo, [1].
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structures on Mn+1 = MnxR corresponding to £ ( λ ) , λ = 1, 2, 3, 4. Then Φ ( λ ) for
λ = 1, 2, 3 gives an almost quaternion structure. As | c ) and ξω produce another
Sasakian 3-structure, we have Φα>Φ(4> = ~" ΦCOΦCD and similarly Φ(λ)Φ(4)
= — Φ(4)Φ(λ) hold good for λ = 1, 2, 3. Thus we have a contradiction by virtue
of Lemma.

REMARK. The corresponding theorem holds good for the case of almost
contact 3-structures.

Now suppose that Mn admits r Sasakian structures £ ( λ ), (λ = 1,
which are orthogonal to one another and that there exist no more Sasakian
structures orthogonal to every ξa> Consider η = {£CD, ξw) and put /a> = <η9 £a>>
for λ = 3, , r, where < , > denotes the inner product. We assume that all
/α> a r e constant.

If η is of the form

(2)
λ = 3

we can find a Sasakian structure ζ orthogonal to each member of the 3-structure
ίlci)) £(2)> v} for r > 3 which lead us to a contradiction, and for the case r = 3
we have η = ±£ ( 3 ).

If η is not of the form (2), we define ζ by

( r

λ=3

v-
λ=3

where \A\ means the length of A. ζ is Sasakian and orthogonal to £α),λ = l, •••,*%
which is a contradiction too.

Thus our structures reduce to a Sasakian 3-structure except the case when at
least one of /(λ> is not constant.

Hence it comes into a problem to study a Riemannian space admitting 2
Sasakian structures whose inner product is not constant.

3. Condition to be a sphere. Consider a Riemannian space Mn which
admits 2 Sasakian structures ξ and η. Assuming that P=<ξ,v> is not constant,
we shall get the differential equation for p to satisfy. We have

where * means the sum of terms which are obtained from terms written exactly
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in the same side by interchanging ξ and η.

As f, 77 satisfies ( 1 ) and the equation

we can get

(3) ViVΛ + 2 f t ^ + ft^; + psgιk = 0 .

On the other hand the following theorem is known.

THEOREM (Obata [2]). Let M be a complete simply connected Riemannian
space of dimension n. In order that M admit a non-trivial solution p for
the system of differential equations

V* V*ft + c(2ptgk) + pkgu + p5gιlc) = 0, c > 0, ps =

it is necessary and sufficient that M is isometric with a sphere Sn of radius

\l*J~c~ in the Euclidean (n + ϊ)-space En+1.

Thus we get

THEOREM 2. Let M be a complete simply connected Riemannian space
of dimension n. If M admits Sasakian structures ξ and η with non-constant
<ξ>V>> then M is isometric with a sphere of radius 1 in En+ι.

Taking account of the argument in §2 we have

THEOREM 3. Let Mn be a complete simply connected Riemannian space.
If Mn admits r ( > 1) Sasakian structures orthogonal to one another, then
either r = 3 and n is equal to 4p+3 for a non-negative integer p or Mn is
isometric with a unit sphere in En+i.

REMARK. The equation (3 ) has appeared in Okumura's paper [3], in which
he states that if a Sasakian space admits an infinitesimal projective transformation
X = (|Λ) then its associated function ( = div X) satisfies (3).

We shall generalize the above theorem, by taking notice of the fact that the
constancy of \ξ\ (or M ) did not play any role in the proof.
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Let uu...ίr be a Killing tensor field in a Riemannian space. It is defined as a
skew symmetric tensor whose covariant derivative is skew symmetric5*.

We call a Killing tensor uh...ir is special if it satisfies

VαVi«i,..(r = -

where c is a constant and ih means that ih is omitted.
In a space of constant curvature, any Killing tensor is special with c = R/n(n — l),

where R is the scalar curvature.6*
By the similar way as the proof of Theorem 2, we can get the following

THEOREM 4. Let a complete simply connected Riemannian space Mn admit
special Killing tensor uiγ...ir and viχ...ir with a positive constant c. If
uu...irv

iχ'"iτ is not constant, Mn is isometric with a sphere of radius 1/*J c
in En+1.

COROLLARY. If a complete simply connected Riemannian space Mn

admits a special Killing tensor with c>0 of non-constant length, it is
isometric with a sphere of radius 1/'\J c in En+1.
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