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DIFFERENTIAL EQUATIONS
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Several authors have discussed global behaviors of trajectories of functional
differential equations with the phase space considered by Hale ([2], [3], [4], [5]).
The purpose of this paper is to discuss the continuity of solutions on initial values.

Let £ be any vector in R™ and let |x| be any norm of x. Let B=
B((—,0],R") be a Banach space of functions mapping (— oo, 0] into R" with
norm ||+ |. For any ¢ in B and any o in [0, =), let @° be the restriction of @
to the interval (—oo, —g]. This is a function mapping (—oo, —a] into R®. We
shall denote by B’ the space of such functions @°. For any < B°, we define the
semi-norm |7|,. of 7 by

7l 5o = ir;f{ll¢>ll:¢”=n} .

Then we can regard the space B’ as a Banach space with norm [-,. If zisa
function defined on (— o0, a), then for each ¢z in (—co,a) we define the function x,
by the relation z,(s)=x(¢+s), —oo<<s=0. For numbers a and =, a>, we denote
by A.® the class of functions x mapping (— oo, a) into R" such that x is a continuous
function on [7,a) and x.€ B. The space B is assumed to have the following
properties :

(I) If zis in A° then z, is in B for all ¢ in [r,a) and x, is a continuous
function of ¢, where a and T are constants such that r<<a=<<oo.

(II) All bounded continuous functions mapping (— oo, 0] into R" are in B.

(III) If a sequence {@.}, @, € B, is uniformly bounded on (—o0,0] with
respect to norm |+ | and converges to @ uniformly on any compact subset of
(—o0,0], then @ B and ||, —@| = 0 as & — oo,

(IV) There are continuous, nondecreasing and nonnegative functions &(r), c(r)
defined on [0,00), 5(0)=c(0)=0, such that

lel =50 _sup o)1) + c(llell5)
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for any @ in B and any ¢=0.

(V) If o is a nonnegative number and @ is an element in B, then 7,9 defined
by T.p(s)=@(s+0o), s € (—o0, —g], is an element in B".

(VI) |@(0)] =M,|| for some constant M, > 0.

(VIL) |Tpl|l,c =M,| @] for all £=0 and for some constant M;> 0.

REMARK 1. When we discussed the global behaviors of trajectories in the
phase space, the property of the fading memory, that is, |T.@[,. — 0 as o—> oo,
played an important role, but in this paper, this property is not required.

REMARK 2. The class of phase spaces considered by Coleman and Mizel [1]
has the properties (I)~(VII), and hence the result in this paper holds good for this
class of phase spaces.

Consider the functional differential equations

(1) Z(t) = f(t, x,) .

The superposed dot denotes the right-hand derivative and f{t, @) is a continuous
function of (¢, @) which is defined on Ix B* and takes values in R®, where I and
B* are open subsets of [0, ) and B, respectively. We shall denote by x(t,, @) a
solution of (1) such that =z, (¢, )=¢ and denote by x(¢,t,, @) the value at ¢ of

z(to, P).

THEOREM. Suppose that a solution u(t)=ul(t, ty ¢°), (¢, @°) € IXB¥, of (1)
defined on [ty t,+al] for some a>0 is unique for initial value problem. Then
Jor any €>0, there exists a 8(€) >0 such that if (s,¥)e IxB¥, |s—t,| <8(8)
and |[Y—@°|| <8(€), then |lx,(s,¥)—u/(ts, @°)| <& for all te<[max{t,,s}, s +al,
where x(s, V) is a solution of (1) through (s, V).

PROOF. The set {wu,:te(ty,t,+al} is a compact subset of B, and hence
there exists a positive number d such that if ||p—u,||=d and |s—¢|=d, then
(s, @) € IxB* for all ¢ e [ty t,+a], because IxB* is an open subset. Since f is
continuous in (¢, @), we can assume that if |[t—s|=d and |@—u,|=d, then
| f(s, @) —f(t, u,)| =1 for a te[ty, to+al. Thus it follows that

[f(é‘, ¢)l =1+ max{lf(t: ut)l T tet, t0+a]} ’

and hence there exists an M >0 such that |f{s,®)| <M on the set D= {(s,®):
|s—t| =d, \p—wu,)| =d, t [ty t,+al}. Moreover, there is a continuous function
9(t, p) defined on [¢,—d, t,+a+2d]x B such that |g| <M and
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(2) 9(t, @) = flt,p) for (¢, @)eD.
Clearly the solutions of
(3) y(2) = g(t, 3.)
are continuable to £,+a+2d.
Suppose that the conclusion of this theorem is false. Then there exists a positive

number &, & <d, and sequences {p™}, {¢,} and {7,} such that |p"—¢°]—0,
t,—t,, max{t,t,} <7,=t,+a, and 7, —>7,as m—oo and that

(4) [Zenltns @) — e, (20, 2°)| = &
and
(5) 2ty @™) — (0 @°)| < &  for max{t,, t,} =t<w,.

For all sufficiently large m, the function g™(¢, ) given by
gm(t7 ‘P) = g(t+tm—to, (P)

is defined on [ty, 7o+d]xB. Let (¢, ¢,, ™), t,=t=t,+a+d, be a solution of
(3) through (¢,,®™). Then y™(¢) given by

" ] y(E+t,—t ty P™) for tel[t,, 7o+d]
yE) =
] " (t—t,) for te(—oo,t,)

is a solution through (£,, ™) of the functional differential equation
(6) y(t) = 9"t y.) .
We shall show that the sequence {y™(¢£)} is uniformly bounded and equi-continuous

on the interval [t,, 7,+d] for all large m. For all large m we have |@™(0)—¢°(0)|
=M, |p"—@°| =K for some constant K >0 by (VI), and hence

5@ = 19701 + [ 1g™(s.3m)) ds
= [9°0)] + K+ M(ro+d—t,).

Therefore {y™(¢)} is uniformly bounded on [#,, 7o+d]. For any #,,¢,, £, =¢,<¢%,
=7,+d, we have
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157(6) = 5"e)| = [ 1976 3m) 1 ds = Miti—t.),

and hence {y™(¢)} is equicontinuous on [Z, To+d]. By Ascoli-Arzela’s Theorem,
there exists a subsequence of {y™(¢)} which converges to a function y*(¢) uniformly
on [ty, 7o+d]. We shall denote it by {y™(¢)} again. The limit function y*(z) is
continuous and bounded on [¢,, 7, +d].

Define y(t) by

y¥(t) for tel[t,, To+d]

) =
P(t—t,) for te(—oo,t,).

Then y, belongs to B for all ¢ e [2, 7,+d], because y(¢,) = °(0) and y, € A, ~*%
We shall show that y(¢) is a solution of (3) through (z,, ¢°).

First of all, we shall see that the set S={y™;: s< [, T, +d], m; sufficiently
large} is a relative compact subset of B. Take any sequence {y™"}, ¥™e.S. Then,
corresponding to each m, there are k%, and s, such that s, €[4, 7+d], and
Yr=ykn,  If the set {k,;m=1,2,---1} is finite, we can assume that Y"=y¥,
for a specified 2. In this case, it is clear that there is a subsequence of {Yy™}
which converges in S. In the case where the set {&,} is infinite, we can set
Ym=y", . We can also assume that the sequence {y™(£)} converges to the function
»(¢) uniformly on [Z,, 7o+d]. There exists an s, such that s, — s, € [£y, To+d] as
m — oo, Define 2™(¢), £"(¢), z(t) and £(¢) by

y™(¢) for telt, To+d]
»™(0) for te(—oo,t,),
0 for tel[t, mo+d]
@"(t—1t,)—@™(0) for te(—oo,t],
y(t) for te [ty To+d]
»°0) for te(—oo,t,)

and

I 0 for te [ty To+d]

f = L @*(t—t)—9°(0) for te(—oo,1,),

respectively. For any a<€ R", the symbol <<a> will denote the constant function
a such that a(s)=a for all se (—o0,0]. Since y™;,=2"s +£&", and y;,=z;s,+Es,»
we have
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(7) 15" sn= sl = 12" 0u 4+ —20,— &l
= 2" =zl + [E"u—Esll
= 2% —zal + lzsa—2e |l + [E%—Esll + 1Esa—&sl
=06(_ s 15" (snts) = y(smts))

+ (| <@™0)>*7" — <@*(0)>"""l| yopta) + 20, — 2

+56(  sup _[E%(sp+s) — Elsnts)l)

—(Sm—t0)=$=0

+ (| Tsp-teE™ty — Tspmss Elo”B’m-tn) + &, —Esll -
And hence, we have

(8) I9"—yu =b(  sup _ |y™(ro+d+s) — y(ro+d+5)])

—(ro+d—1to)=8=0

+ (M| <@™(0)> — <@°(0)> )+ (125, —2s, |
+ c(MLIE™—Exl) + 1Es—Eall 5

because we have 0=s,—f,=7,+d—t, and because £™(¢) and £(¢) are identically
zero on the interval [¢,,s,]. Since y™(¢) converges to the function y(z) uniformly
on [ty, T7y+d] as m — oo, the first term on the right-hand side of (8) tends to zero
as m—oco, By (III), the second term also tends to zero, since |@™(0)—@°(0)|
=M, |p"—¢°| by (IV). We have 2, €< A,~*%, and therefore the third term and
the fifth term tend to zero as m—oo by (I). The fourth term also tends to zero
as m—oo by (III), because

€™ —Eull = @™ —@°ll + | <@™(0)> — <@°(0)>] .
Thus we have
I]ymsm‘"yson —0 as m — oo,
which shows that S is a compact subsat of B, whare S is thz closure of thz set S.

Therefore g™(¢, ) is a uniformly continuous function on [£°, 7o+d] X S. Since
y™(¢) is a solution of (6) through (¢, ™), we have

(9) () = 97(0) + [ g™(s. ™) ds

for all ¢e [, m,+d]. The left-hand side of (9) tends to y(¢) as m—co. The first



570 Y. HINO

term on the right-hand side of (9) tends to @°(0) as m—oco. Noting the uniform
continuity of g™(t,®) on [t,, To+d] xS, we have

¢ ¢
fy’"(s,y"‘s) ds—f g(s,ys) ds
to to

13
éf lim|g™(s, ™) — g(s, 35| ds
Lo

lim

Mm—so0

<fhmg@ m) — gls,5™)| ds

flmM& )~ gl 21 ds

t
and hence the second term on the right-hand side of (9) tends to f g(s,y,) ds as

m— oo, Since y™,, —>@°® as m— oo, y(£) is a solution of (3) through (¢, #°) which
is defined on £, =¢=7,+d, and hence y(¢) can be expressed by y(z, z,, @°).

y(t, t,, @") is clearly a solution of (1) through (¢,,®™) until (¢ y,(t. ™))
leaves the domain D by (2). Since (¢, z,(t,, #™)) belongs to D on [¢,, T,] by (5),
we can assume that

y(t’ L ‘pm) = z(¢, t™, ‘Pm)

for te[t,,m,]. Thus clearly y(¢, ¢, @°) is a solution of (1) through (Z,, ¢°) defined
on [Z, m]. On the other hand, we have

(10) [Zen(Ems ™) — e, (20, 2°)]
= Vet @) — e, (L0, @)
= Y et teta = Uen(tor @°)]
= 1™ nttomtn — Yeoltor 2°)
+ [ Yeo(E0r P°) — e (£0, 2°)
+ Nty (80 P°) — e, (80 2°) 5

and hence it follows from (4) and (10) that



CONTINUOUS DEPENDENCE 571

(11) & = Y enttemta — Yoltos @)l

+ 1Yalte @°) — (b, @) + tees(b0 9°) — e (0, 2°)]

Taking sufficiently large m, we have s, = 7,+t,—t, €[ty To+d] and s,—7, as
m—oo, and hence the first term on the right-hand side of (11) tends to zero as
m—oo, as in the calculation of (8). The third term on the right-hand side of (11)
also tends to zero by (I). Thus we have

& = ”yr.,(to, ®°) — ura(to’ 2.

It follows from (III) that

& = ”yfo(to’ ¢0) - uro(to’ q,o) ”
=06( sup | Y(To+5, 2o, @°) — wu(To+s5, £0, @) 1) »

—(ro—t0)=8=0

and hence there exists an s* € [— (7—%,), 0] such that
ly(To +t*, toy ¢0) - u('To_I_s*, to, ¢)0) l # O F)

which contradicts the uniqueness of the solution %(¢). This proves Theorem.
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