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ON CLOSED GEODESICS OF LENS SPACES
1
*
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(Received October 31,1970)

We shall consider a generalized lens space L(qi p2> , pn) which is defined as
follows. Let S271'1 be a unit hypersphere in R2n, and G = {T*}β^*sβ-i be a group
of isometries of R2n with
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We assume that px = 1 and pM2^i^n) are relatively prime to q(>2). Then we
define M=L{q; p2> >pn):= S2n~1/G which is a compact Riemannian manifold of
constant curvature 1 with 7tχ{M) = G^ZQ. In this note we are concerned with
the cut locus of a point and closed geodesies of L(q; p2> >pn). K.Shiohama ([1])
has studied the cut locus of L(q; 1). The methods are completely elementary.

1. Let <p: S 2 n " 1 ~>M be a covering projection. Because the diameter of M is
not greater than n/2> no cut point of p € M along any geodesic through p can be
conjugate to p. Thus a point q belongs to the cut locus C(/>) of p if and only
if the following holds.

(*) If we put J>zφ~ι(p)> Qι^φ~ι{q)> then there exist §2 ζ^~ 1(^ r) with qx

and fx € l||/?f qγ \\\ ,r2 £ \\\p, q2 \\\ such that length τi = length τ 2 = d{p, q), where

111̂ , § | | | denotes the set of minimizing geodesies between p and q.

The author wishes to express his sincere thanks to Professor S. Sasaki for the suggestion of
the poblem.
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In this section we shall consider the (tangent) cut locus of m — φ ( l ,0 ,0).

This loses no generality when cos—— = cos (i = 1, , n) hold, since in this

case and only in this case M is homogeneous. (Wolf([2]) The same method is

applicable to more general situation. See the Remark 2 after Theorem 1.

Now the equation of geodesic of S271'1 with initial point m— (1,0, •••>())

and initial direction y = (0,j>2, '
# ,^2n) is given by

(1.1) , y2smi, ,jy2nsirtf).

Then the condition (*) is equivalent to the following: φσ(θ) is a cut point of m

along σ — φσ if and only if

(**) there exisists a unit vector z = (0, z2, , z2n) which is different from y and

such that

(1.2)
cos

2*A*_ sin

sm
27Γ/>i 7

cos— i - L k

q

cost \

z2 sinί

\ z2nsin£ /

sin

q

q

cost

y2sint

holds for some l^k^q—1, and 0<θ^7t/2 is the minimum value of t which

satisfies (1. 2).

Now this t is determined by

(1.3)
2πk . . 2τtk . .

cos cosί — yt sin- srnί = cosί ,
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and z is determined by

405

(1.4)
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πBy (1.3) we have cot t =—y2cot k. Since cott is monotone decreasing for

^7t/2, θ in search is determined as follows:

If y2 = 0: then θ = π/2 and possible k's are 1,2, , g—1 (mod g).

If ^ 2 > 0 : then k = q—1 (mod g), and 0 = cot"11 j>2 cot-^-J.

If ^ 2 < 0 : then ^ = 1 (mod g), and (9 = cot"1 ί — y2 cot-^-j.

Thus we get,

THEOREM 1. Lei M= L{q;p2> ,pn) be a lens space which we have
considered as a compact Riemannian manifold of constant sectional curvature
1. Then the cut point cy of m = φ(l, 0, , 0) along a geodesic σy with the
initial direction y = (0,j>2> •#'?J;2n) is given as follows:

( i) If y'2 = 0, then cy = σy(τt/2) and this point coincides with cZΛ = σZk[π:/2)
with

0, 0,3̂ 3 cos
. 2τtpi 7 27tpn 7 , . 2npn 7 \

-yι s i n — ~ k , — ,yin cos ^^k -\-y2n-i s i n — — k y
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7t
(ii) 7 / ( 1 ^ ) ^ 2 > 0 , then cy=σy[cot~1[y2 cot-^—))and this point coincides

7t
with cz = σz[cot ι[ y2 cot — )) with

= 10, - y^
2n . 2τtp2in—^-

2πpn— ^ -
. 2τtp

(iii) 7/ ( —1^) ^ 2 < 0 , ίAen cy = σy[coΓι[—y2 cot —\\and this point coin-

cides with cz = σz I cot"1 ( —3̂ 2 cot —
TC

REMARK 1. The tangent cut locus of m = ?>(1,0, , 0)is given in Figure 1.

τr/2

(cost, sin/j ^

f[t) = cot"ι(cosί cot

Figure 1.

REMARK 2. Let ft, •• ,41;41+i> •• ,it i ; ;ί*..»+i» >ί*. =
of {1, , n} such that

be a partition
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2τtpu Pkl mc o s — — = = cos — = cCΌ ,
q q

K+1cos ^ ^ = = cos
q q

and ca\ •• ,c C α ) are all distinct. Now fix any sz {1, , α}, then for every point

?>(.£!, , x2n) with Λ:si_i = jr2 j = 0 for j € {1,2, , Λ} — {/*,_i+i> * # ' ' *"*.}» c u t I 0 0 1 1 8

of this point may be determined by the same way.

Next we consider the angle between the geodesies when they meet at their

cut points.

THEOREM 2. Let σy(θ) be the cut point of m — φ{l, 0, , 0) along the
geodesic σv with the initial direction y = (0,y2, * ^y^n)- Then σy(θ) = σz{θ) holds
where z has been determined in Theorem 1. Now the angle a between σv{θ)
and σz[θ) is determined as follows.

( i ) If y'2 = 0, then the angle ak between σy{n/2)and σZk(π/2) is given by

{2τrk/qy if k/q^ 1/2,
(1. 5) ak =

I2π(q-k)/q, if k/q > 1/2 .

(ii) If y*Φ 0, then we have

(1. 6) cos a = cos 2τt/q — (1 + cos2τr/g):y2.

PROOF. Since φ*%y{θ) = (φoTk)Jry{θ) = φ#(Tk*σy(θ)), we have

COS a = < φφy{θ)9 φ*σz(θ) > = < TkJry{θ), hz{θ) > .

In case y2 > 0, we get
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where we have put ck = c o s — — , sk = sin for the sake of simplicity. In case

of y2 < 0 or 3̂2 — 0, the same calculation is valid, q. e. d.

REMARK 3. If σy(θ) = σz[θ) be the cut point of m along geodesies σy and σz

respectively, then the initial directions y and z are at an angle β with cos/3

= <y,z> = —yl+ X) (yla-i+yla) c o s — ^ — . In particular let the initial directions

be given by (0, ± 1 , 0 , « ,0), then<σy(τt/q), ^z{π/q)> = —l holds, and we have a
simple closed geodesic of length 2τt/q.

2. Closed geodesies. Next we shall consider closed geodesies of M=L{q\p2>—φn).

First, note that every geodesic Loop in M of length θ may be obtained as follows.

Let p€ M and p <= φ~ι(p), then the geodesic with initial point p = (x19 , x 2 n )

and initial direction y = (y19

 mm

9y2n)
 1S given as follows.

(2.1)

+y1sint

x2ncost + y 2nsmt'

Now σ=φσ- is the geodesic loop of length θ with base point p if and only if there
exists some integer k determined by modulo q such that



ON CLOSED GEODESICS OF LENS SPACES 409

(2.2)
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holds where we put c\ = cos——k and 5̂ = sin π^i k. Since<x, y> = 0, and

||^:|| = 1 holds, we have easily from (2.2)

(2.3) COS0 = {x\ + X\)c[ Λ h [Xln-i + x\nYn .

Secondly we calculate the angle a between σ(0)=3> and &(θ). By the same
way as the proof of Theorem 2 (§1), we get

cos a —

Sn Cn

jΛ,(5/ - cf) + A^cosfl + — ^
cos2ι9)cos#

^

3=1

sin2tf

n \ 2

where we put Aj= aξj^+zξj. Note that 2Z Λ^ = 1, O g A ^ l , and cos# =
3=1

hold by virtue of (2. 3). In particular, for a = 0 it is necessary and sufficient that

(2.4)

holds. On the other hand by Cauchy-Schwarz ineqality we have

3=1 j=l
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3=1

where eqality holds if and only if (VA?^)/VA? = constant. / = 1, •••, n. And in

this case we have cos# = ^Af] = c o s — — k , where p0 is one of pjm

j

Thus closed geodesies on M of length<2π and multiplicity 1 are given as
follows:

1) Case of po = l. If q is odd, then k=l or q — l(mod. q) and θ = 2τt/q holds.
If q is even, then £ = 1 , or g/2 (mod. g), and θ = 2π/q (corresponding to the
case & = 1 or q — 1) or θ = π (corresponding to the case k = q/2) holds.

2) Generally, since p0 is relatively prime to q, there exists an integer s0 (mod.

g) such that PQSQ + qt=l holds for some integer t. Thus cos θ = cos — — s0

= cos holds. So we get the following: if q is odd, & = 50 or q—s0

(mod. g) and we have θ = 2π:/q. If q is even, then k = s0, q—s0, or <7so/2
(mod. g) and we have θ = 2π/q (corresponding to the case k = s0 or q—s0)
or θ = 7t (corresponding to the case k = qsQ/2).

Now we introduce the following equivalence relation ~^ in [plf •• 9pn}. Let
5i(mod. q) be an integer such that PiSi + qt^l holds for some integer £t(z"=l, ,w).

Then we define pt^pj if and only if c o s — ^ - ^ = cos ^ = cos-^-holds. Let

{pi=Ph> >Pjmy>PJm_1+ι,- ->Pjm>=Pjn} be a partition of {A>-">A}> with
respect to this equivalence relation. Then we have

THEOREM 3. (i) Case of odd q. Fix any se {mv ,mb}, then through

every point <p{xv —, x2n) with χ2j_Ί = χ2j=0 for p3 <= {ρ19 —, pn] - {Am< i + ] , —, pim),

there exists a unique simple closed geodesic with initial direction φ*(x2>

—xv , x2n—x<ιn-\) and of length 2π:/q. Another geodesies are closed geodesies

of length 2τt and of multiplicity 1.

(ii) Case of even q. Fix any s € {mv , mb], then through every point
<p(xv ,x2n) with x2j.λ = x2j = 0 for ρ,z{pv 9pn} - ίAw,.1+1, >P)m)> there

exists a unique simple closed geodesic with initial direction <pχ(x2, —Xv >x2n>

—x2n-i) and of length 2τr/g. Another geodesies are closed geodesies of length

n and of multiplicity 1.

Finally we shall treat some special cases. We put ci = c o s — ^ - ( i = 1, , n).
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COROLLARY 1. If cx = c2 — •= cn holds, that is, if pt=l or q—l[mod. q),
then through every point of M, there exists a unique simple closed geodesic of
length 2nlq. If q is odd (^respectively even,) another geodesies are closed geodesies
of length 2π [respectively n) and of multiplicity 1.

COROLLARY 2. Let q be a prime, and \iλ, , ikι; ikm.ι+1. , ikm = in} be
a partition of {1, , n] such thatcu = = cUχ = cCΌ; cika_1+1> = cika = cCα)

holds andcCO, , cCα) are all distinct Fix any 5 € (1, , a], then through every
point φ(xu •"> Xtn) with X2J-I=^2J=0 for j £ {1, , n] — {ikt_ι+1, , ik,}, there
exists a unique simple closed geodesic of length 2π/q. Another geodesies are
closed geodesies of langth 2πand multiplicity 1,

REMARK 4. (i) cλ = = cn holds if and only if M is homogeneous.
(ii) {(.Zi,— ,X2n)\x2j-i=X2j=0for j <ΞΞ [ 1 , — ,n] — {/fcl_1+i>•••,/*,}}« a homogeneous

totally geodesic submanifold of M which is isometric to L(q 1, , 1)
of dimension 2(ks — ks-1) — l. *.-*-i
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