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1. This article presents the proof of the following result;

THEOREM. Let 0<p=06<1 and let P=pX,D,, X', D,., X") be a
pseudo-differential operator whose symbol belongs to S35. Then P can be
extended to a bounded map in L2

When 0 <0< p <1 similar results are obtained by Hormander [4]
[5] and Kumano-go [6] and when p = § = 0, by Calderdn and Vaillancourt
[1]. In [2] they proved also the boundedness of »(X, D,, X’)eS;; in
L? provided that 0 < p = 6 < 1 and that its symbol p(z, &, ') has compact
support in &, On the other hand, Hormander proved in [5] that this need
not be true if 0 < p < 6 < 1, and Chin-Hung Ching, in [3], proved the
result also fails if p =6 = 1.

In the proof of our Theorem we shall use the result in [2] and the
simplification theorem and the expansion formulas proved in [6].

2. Let .&¥ be the space of C~-functions defind in R™ whose derivatives
decrease faster than any power of |x| as |x| — co. For ue.&” we define
the Fourier transform #%(5) by

w(E) = Sei“'“u(x)d:c (@, &) = @& + o0 + 3,8,
and by H,, —o < s < o, we denote the completion of & in the norm
[|wlls = S(E)“iﬁ(é)lzdé, & = (1 + |EP, de = (2m)~"dE .

We shall use notation
0,; = 0/ox;, D, = —i&,j; afj = 0/0¢;, D, = — 0;; =12« m.
0F = 05t =+ O5n, 02202 00 = 0205070208
@) =a + e +a,

where x, o', 2", &, & are points in R* and «,a’,a”, 8, 8’ denote n-dimen-
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sional multi-indices of non-negative integers.

DEFINITION i). We say that a C=-function p(x, &, &'), defined in the
whole (z, &, 2')-space, belongs to S,,0<0<1,0=<6<1, if and only if
for any integer 7 = 0

|pl5h.s = Max Sup {|0520ip(x, &, &) [(E)7m7olere*rIE} < oo
lata’+gl<] (%,§,2')

and define the corresponding operator p(X, D,, X') (we denote p(X, D,, X') €

Si:) by

(X, D,, X"')u(x) = “e“""“”p(w, g 2\u@)de'ds, wues .

ii). We say that a C>-function p(z, & o', &, 2"”), defined in the whole
(x, & a', &, «")-space, belongs to S”™, 0<0=<1,0=<6<1, if and only if
for any integer j =0
Iplias = Max  Sup {052 08 p(, &, o, &, a")]
lata’+a’’+p+p" =7 (2,6,27,§,2')

o (EYTmAIaI+RIBI((EY 4 (EY)TIWILEN Tl I+elR 1} & oo

and define the corresponding operator P = p(X, D,, X', D,,, X") (we denote
PeSm™) by

Pu(x) = SgSSe“"‘”"5>+"<’°""”'5’>p(x, & o, &, 2 ul")de"dE'dx'dE
e .

We shall consider S, and S as the linear topological space with
countable norms |p|{?, ; and |p|™r), 5 =0,1, .-, respectively.

iii). For p(z, &, o', &, 2") e S™™ we may define a new symbol p.(w, &, a')
(we call it the left simplified symbol of »(z, &, o', &, z")) by

pil@, & %) = | [ X0y x DYy (o, € + 0 + 0, &, ) dwdC

where %, is an even integer = n + 1. By means of Theorem 1,1 in [6],
which is still true even if o = 0,0 < ¢ < 1, we can see that p.(X, D,, X') =
»X,D,, X', D,, X") and p.(», &, ') € Spi™ ",

REMARK. By Theorem 1,2 in [6] each operator p(X, D,) eSSy, is
continuous map from .5 into itself and can be extended to a bounded
map from H,,,..s+1+, into H, for any real s.

In particular

2,1 12X, Dulle = Cl o2 nsi || %|lminss for we”

where C is a constant dependent on m and % but not on p. This remark
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means that each operator p(X, D,, X', D,,, X") e Sr™ is continuous map
from &7 into itself and can be extended to a bounded map from
H, .\ imin@ssn+: into H, for any real s.

Then we have the following simplification theorem which is improved
slightly on the Theorem 1,1 in [6].

LEMMA 1. Let 0<p=<0<1 and let p(x,& o', &,a")eSy™. Then
its left stimplified symbol p.(x, &, x’) belongsto Syy, m" = m + m' + (0 — O)n
and satisfies

o150 = Clol@ee s 3 =0,1,400,
where j' = max (3n,, 2n, + 2 + [(L — 0)'(Im| + |m'| + 05 + on, + n + 1)])
and C is a constant dependent on n, m, m', 0,0 and j dbut not on p.
Proor. For each indices «a, a”, B set
Jarar5(@, &', 0, §,0) = (0)"(Dym05: 0k, £ + {2 + 0, §,2) .
Then by integrating by parts we have
05s otp.(e, &, &)

= 5[ feeo + @¥on = + @(= 20y, sd0ds

where A, = {G; [{] =<&6)/2}, A, = ({2 = [{]| =<K8/2), A, = {G<8/2 <
€]} and 4, = 32, 0°/0C%. Since for some constant C > 1

CKE =<KE+ D = K& when [{] =<&)/2
K€+ 0 =00 when [{| = (§)/2

I

we have
(2,2) 10602 Ja,arr,5(@, &'y @, &, 0) |
=< const | P lerartarr+848714m,
<$>m+1n’+6Ia+a'+a"l—-plﬁ+p’l when ICI < <§>/2
' {<c>m++m’++"'“+“'+a"'<w>-"° when [C] = (8)/2
where m, = max (m, 0) and m/, = max (m»/, 0).

We shall estimate for each I;. Since
L= | [eren( + @*|op il + (= 405, sdeod
4

from (2,2) and n, = n + 1 we have

(2,3) | I,| < const | D hiarrssi42n,CE)™OH O™
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where m, = m + m' + é|a + a”| —p0|B]-
By integrating by parts we write

L= | Jeren@ i + oy

* (1 + E*(—4))™" aarr, s} de0dl
so that from (2,4) and p < ¢

(2,4) | L| = const | D5 rarr+a1+3ng <C>_”°<5>_””+f"“l'+6Iaé|+m0dc

|a;+azé‘fsno SICIgG)"/z
=< const |p|Es’f‘,’a’)’ﬁlx’+ar'+m+sn0<$>"‘°+"’“”” .
Let k be an integer such that
(2,5) 20—k +m, + m, +ola+a’|+n+ 1+ on,
< m_+ m_ — p|B]|
m_ = min (m, 0), m_ = mim (m/, 0) .

By integrating by parts we write
L=, feren@m Dy + riw
4g

* (1 + <$>2p(—AC))”OIZJa,a”,ﬂ}dwdC
so that from (2, 2) and (2, 5)

(2,6) [ I;| < const [ D[ arar+8i+2rtang L Yy Dkteongtmytmytojataig
3

=< const [ P[5+ a1 +2kran KED™ «
Hence from (2, 3), (2, 4) and (2, 6) we have p,(z, &, ') €Sy, and then com-
pletes the proof.

The following two Lemmas 2 and 3 are proved by Calderén and
Vaillancourt [2] and by Kumano-go [6], respectively.

LEMMA 2. Let 0 p0=0<1 and let p(z, & a")eS;,;. Suppose that
p(x, &, 2') has compact support in & Then the operator p(X, D,, X') can
be extended to a bounded map in H, and its operator morm ||p(X, D,, X')||
satisfies

(X, D., X)|| = CP|@s.5,

where j, = 4 + 2[n/2] + 2[6n/4(1 — 6)] and C is a constant dependent on
0 and m but not on the support of p.

LEMMA 3. Let 0<0<1,0=<0<1, and let p(x, & e ST, q(x, &) € S
Then the left simplified symbol r(z, &) of ¢(X, D,)p(X’', D,.) has the form
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r(z, §) = Il§<JN(—“»')‘”'/Cﬂaé’q(oc, §)osp(, &) + ry(x, &)
ry(x, &) eSry, m" =m+ m' + (0 — )N, N=12 ...,
and satisfies
[ryleas = Claled,seil DI 5050 s T =0,1, 00,
where
7’ =N+ [n]l+ 1+ n,,
J"= N+ [nd] +8+[A—=0)'(m| + |m'| + o[nd] + 6N + 0 + 7 + n + 1)]

and C is a constant dependent on n, m, m’, 0,0, N and j but mot on p
and q.

In [6] Kumano-go proved this result for the wider class when
0<1,0<0=1 but in this proof there is no difficulty even if p =
,0<6< 1.

3. By the simplification theorem in [6] and Lemma 1, in order to
prove Theorem, it is enough to show the following;

THEOREM. Let0 <0 =0<1and p(, & eS);. Then the map p(X, D,)
can be extended to a bounded map from H, into itself and satisfies for
%e

I2(X, Dyulle = Ci|P[@ardll %o + Col PIE0,5 1% |l

where j, is the integer given im Lemma 2, j is some large integer and
C., k =1,2, are constants dependent on 6 and n but not on p.

COROLLARY. Let 0 <0 =0<1 and p(x, & o', &, a")e S/™. Then the
map p(X, D, X', D,., X") can be extended to a bounded map from H, ., +,
into H, for any real s.

PRoOOF OF THEOREM. At first we note that there is a partition
{i37=1,2 ---,} of R" into closed cubes such that (i) for some constant
c>1,

CK& = diam (@) = €6 for fe@f =12,

(ii) there is a bound on the number of overlaps of QF. Here we denote
by QF the double of Q,;. For example such partition can be constructed
as follows. Let a, =(8/2), v=1,2 ---. Set Q = {§{max|&| = a.
Suppose that {& max|&.| < a,} has the partition {@, Q.sN=v,Jj =
1,2 ---,6" — 4"}, Then we may define the partition {Q...,;;J =
1,2 04,6 — 4" of Ur—i {850, = 16, S @y, 6] = a0y, 8 # 7} by
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{E; av é S’r é av—H, lsa‘v/z é Es é (1 + la)a’v/z’ S :'t /r}
{5; _a/y+1 é ET é —a'v, laa’u/z é Ea é (1 + ls)ay/zy s #* /r}
rs=120m, l,=—8 —2 . 2.
Then {Q,} is given by {Q, Q,,;;v =2,8,+++,7=1,2, -+, 6" — 4"}, It is
easy to see that {Q,} has the properties (i) and (ii). Take ¢ € C*(R") such
that 0 < ¢ <1, ¢(6) = 1 on max |&,| <1 and the support of ¢ is contained
in max |§,] < 3/2. Set
$:i(€) = ¢((§ — &i2)/ds), ¥i(€) = ¢;(E)/(Z;:65:(€))"* .

Here &, is the center of @; and d; = diam (Q,)/2V n. Then we have,
from property (i) of {Q;}, {+;(¢)} is bounded in S?, and

3,1) lim sup
N—oo

|g%(px)u”0 > ||ull, for ue.s”.
For
|& vs0an|[ = [(vs0) 100 ra

N
2 |7 2@ e
Let p;(x, &) = p(x, &)+4s(8) and let ¢;(x, &) be the left simplified symbol
of v;(D,)p(X’, D,)). From Lemma 3, we write
0,9 = 2,9 + 3 (=) alrsa@, & + 1@, §)
75,0, ) = 0i93(€)05p(x, §) € SPTV, riu(w, €) € SPTV .
From properties (i) and (ii) of {Q; and suppv,;C QF, for each k =2
(i pi@, £); N = 1}, {5 rial®, KOs N2 1} and {355 75w, £);

N =1} are bounded in S}, S!, and S{;*, respectively. So that from
Lemma 2

N
(42 || 20X, Du|| < const | pi@asliule,  N=1,2--,

33) [|S 75X, D < const IplBmsrallulls,  N=1,2 e,
1= |al<Ek
for ue.s”. On the other hand, if we take k so large that
G-Dk+n+1<6—1

from the inequality (2,1) and Lemma 3 we have for ue.&¥

GO S, D

| < const [p[Zusllulis s N=12--,
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for some large j. Hence from (3, 1), (3, 2), (3, 3) and (3, 4)
N
12X, D.yul, < lim sup |35 v,(DP(X", D.u|

= const | D[4,/ %l + const [p |Gl %ls—s «
This completes the proof.

PrOOF OF COROLLARY. Let p,(x, &) be the left simplified symbol of
the left simplified symbol p.(z, &, ') of »(z, &, 2, &, 2”). By Lemma 1 we
have p,(x, &) eSri™. Let pJ(x,%) be the left simplified symbol of
{D,y'p, (X', D,). Then by Lemma 3 we can write

Pu(®, §) = Dy(, O™ + pyfw, LG
v, 8) eS8y, k=3,4.

So that the result follows from Theorem.
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