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1. This article presents the proof of the following result;

THEOREM. Let 0 ^ p = δ < 1 and let P = p(X, Dx, X', Dx,, X") be a

'pseudo-differential operator whose symbol belongs to Spfδ. Then P can be
extended to a bounded map in ZΛ

When 0 ig δ < p ^ 1 similar results are obtained by Hbrmander [4]
[5] and Kumano-go [6] and when p = δ = 0, by Calderόn and Vaillancourt
[1]. In [2] they proved also the boundedness of p(X, Dx, X') eS°p>δ in
L2 provided that 0 ̂  p = δ < 1 and that its symbol p(x, ξ, x') has compact
support in ξ. On the other hand, Hormander proved in [5] that this need
not be true if 0 < p < δ < 1, and Chin-Hung Ching, in [3], proved the
result also fails if p = δ = 1.

In the proof of our Theorem we shall use the result in [2] and the
simplification theorem and the expansion formulas proved in [6].

2. Let Sf be the space of C°°-functions defind in R% whose derivatives
decrease faster than any power of \x\ as |x\ —> °o, For ue£f we define
the Fourier transform u(ξ) by

(x, f > = Xιζt + + xnξn

and by i ϊ s , — CXD < s < oo, we denote the completion of Sf in the norm

|tf(f)|f«ff, φ - (1 + |f|2)1 / 2, dξ = (2π)-cK .

We shall use notation

3Xj = d/dxh DXj = -idXj; dξj - d/dξif Dξ. = - idξj , j - 1, 2, . . . , n .

\a\ = aγ+ ••• + oίn

where x, x', x", ί, ζ' are points in Rn and a, a\ ar\ β, β' denote w-dimen-
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sional multi-indices of non-negative integers.

DEFINITION i ) . We say that a C°°-function p(x, ξ, x'), defined in the
whole (x, ζ, a/)-space, belongs to S™,δ, O^ρ^l,O^δ<l, if and only if
for any integer j ^ 0

\\ft)tj = Max Sup {|dϊ °:dξp(x, ξ, %') |<£>—-Ί«+«Ί+,I,I} <

and define the corresponding operator p(X, Dx, X') (we denote p(X, Dx, X
f) e

S?,δ) by

p(X, Dx, X')u{x) = \ \e<χ-*'^p{x, ζ, x')u{x')dx'dζ , u e & .

ii). We say that a C°°-function p(x, ξ, x', ξ\ x"), defined in the whole
(x, ζ, x', ζ', £")-space, belongs to S™f', O^p^l,O^δ<l, if and only if
for any integer j ^ 0

Max Sup {|d^^d^pix, ξ, x', ξ', x") \
"+β+'\£j (x,ξ,x',ξf,x")

and define the corresponding operator P = p(X, Dx, X\ Όχl<i X") (we denote

PeS™;δ

m') by

Pu(x) = f ί f L*<—'.f>+*< '-".e'>p(a.> ξψ x>9 ς>9 x")u{x")dx"dζ'dx'dζ ,

We shall consider S*δ and Sffi' as the linear topological space with
countable norms |p|(*«>,,- and \p\\™;™',},3 = 0,1, •••, respectively.

iii). For p(x, ξ, x', ζ\ x") e S™;t' we may define a new symbol pL{x, ζ, x')
(we call it the left simplified symbol of p(xf ξ, x', ξ\ x")) by

ί < ω ' c > <ω>-χA> % 0 ^(^, f + C, x + ω, ί, α;')

where ^ 0 is an even integer }>n + l. By means of Theorem 1,1 in [6],
which is still true even if p = 0, 0 ̂  3 < 1, we can see that 2>L(X, A>, -X"') =
p(X, Da, X', D.., X") and pL(χ, ζ, α?1) 6 S;,J-'+-.

REMARK. By Theorem 1,2 in [6] each operator p(X, Dx) e S™δ is
continuous map from Sf into itself and can be extended to a bounded
map from H8+m+n{δ+ί)+1 into Hs for any real s.

In particular

(2,1) \\p(X9Dx)u\\0^C\p\\Zu^\MUn+, for ue^
where C is a constant dependent on m and n but not on p. This remark
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means that each operator p(X, Dx, X', Dx,, X") e S™;δ

m' is continuous map
from Sf into itself and can be extended to a bounded map from
H8+m+m,+n{3δ+1)+1 into H8 for any real s.

Then we have the following simplification theorem which is improved
slightly on the Theorem 1,1 in [6].

LEMMA 1. Let 0 ^ p ^ δ < 1 and let p(x, ξ, x', £', x") e SJΓ Γ' Then
its left simplified symbol pL(x, ζ, x') belongs to S™'δ', m" = m + m! + (δ — p)n
and satisfies

\PL\(p,δ),j ^ v\p\lP,i)tJ'+j> , ^ — υ , l , ,

where f = max (3n0, 2^0 + 2 + [(1 - δ^Qml + \m'\ + δj + pn0 + n + 1)])
α̂ cZ C is a constant dependent on n, m, m', p, δ and j but not on p.

PROOF. For each indices a, α", β set

Ja,a»,β(x, »', ω, ί, Q - <ω>-o<Z)c> o3:;i7"3^(aj, ί + ζ, a; + ω, ξ, x9) .

Then by integrating by parts we have

d*.$'dlpL(x, ί, x9)

= Σ
3 = 1

where A, = {ζ; \ζ\ ̂  <f>'/2}, Λ = {ζ; <ί>s/2 ^ | ζ | ^ <ί>/2}, Λ = {ζ; φ/2
I ζ |} and z/c = Σΐ=i 3!/3ζj . Since for some constant C > 1

C-^f) ^ <f + O ^ C<f> when | ζ | ^ <|>/2

<f + O ^ C < ζ > when

we have

(2,2) \d:'di'ja,a,,,β(χ,χ',o),ζ,Q\

^ const \p\\™;™Ja+a,+

«'+«"'<α>>-*o when | ζ | ̂  <f>/2

where m+ = max (m, 0) and m\ = max (m', 0).

We shall estimate for each Iά. Since

from (2,2) and n0 ^ n + 1 we have
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where m0 = m + m' + <5|<x + a"\ — p\β\
By integrating by parts we write

so that from (2,4) and p ^ δ

(2,4) |Z,| ^ const |2>|{r.i7;.U-»+ui+.-o Σ (

Let k be an integer such that

(2,5) - 2 ( 1 - δ)k + m+ + ra'+ + 5|ct + a"\ + w + 1 + pn0

^ m_ + mL — p I β \

m_ = min (m, 0), mL = mim (m', 0)

By integrating by parts we write

so that from (2, 2) and (2, 5)

l

^ const |p|(ί?/«T.ι«+«''+iii+«*+2»o<f>*0

Hence from (2, 3), (2, 4) and (2, 6) we have pL(x, ξ, a?') e S£'/ and then com-
pletes the proof.

The following two Lemmas 2 and 3 are proved by Calderόn and
Vaillancourt [2] and by Kumano-go [6], respectively.

LEMMA 2. Let 0 ^ p = <? < 1 αwd Zeί p(α?, f, x') e S°p,δ. Suppose that
p{x, ξ, x') has compact support in f. Then the operator p(X, Dx, X') can
be extended to a bounded map in Ho and its operator norm \\p(Xf Dx, X') \\
satisfies

where jQ = 4 + 2[w/2] + 2[5n/4(l — δ)] and C is a constant dependent on
δ and n but not on the support of p.

LEMMA 3. Let 0 ^ p ^ 1, 0 ^ δ < 1, and let p{x, ξ) e SjΓfί> q(x, ξ) e S?;o.
Then the left simplified symbol r(x, ξ) of q(X, Dx)p(X', Dx) has the form
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Φ, f) = Σ (-ϋM/«ldfq(x, ξ)dζp(x, ζ) + rN(x, f)
\a\<N

rN(x, ξ) e S%, m" = m+m' + (δ-l)N, N = 1, 2, . . ,

and satisfies

\rN\[?,;Li ^ C|g | ί? fy ϊ f i + i, |p | ί- )a ϊ iy+ i . , j = 0, 1, . . . ,

j' = N+ [nδ] + l + n0,

j" = N+ [nδ] + 3 + [(l-S)- 1 ( |m| + \m'\ + δ[nδ] + δN+δ+j + n + l)]

and C is a constant dependent on n, m, m', p, δ, N and j but not on p
and q.

In [6] Kumano-go proved this result for the wider class when
O^δ<l,O<ptίl but in this proof there is no difficulty even if p =
0, 0 ^ δ < 1.

3. By the simplification theorem in [6] and Lemma 1, in order to
prove Theorem, it is enough to show the following;

THEOREM. Let 0 <: p = δ < 1 and p(x, ξ) e S°Pfδ. Then the map p(X, Dx)
can be extended to a bounded map from HQ into itself and satisfies for

\\p(X, D.)u\\0 £ CJpϋJUJ

where j 0 is the integer given in Lemma 2, j is some large integer and
Ck, k = 1, 2, are constants dependent on δ and n but not on p.

COROLLARY. Let 0 ^ p = δ < 1 and p(x, ξ, x', ζ', x") e S™Γ'. Then the
map p(X, Dx, X', Ώx,y X") can be extended to a bounded map from Hm+m,+8

into H8 for any real s.

PROOF OF THEOREM. At first we note that there is a partition
{Q3 ; j = l9 2, ,} of Rn into closed cubes such that (i) for some constant
O l ,

C-\ξ) ^ diam (Qj) ^ C(ξ> for ζ e Qf j = 1, 2, . ,

(ii) there is a bound on the number of overlaps of Qf. Here we denote
by Qf the double of Q3-. For example such partition can be constructed
as follows. Let α, = (3/2)% v = 1, 2, . Set Q, = {ξ; max | £* | ^ α j .
Suppose that {ζ max | ζk \ ̂  α j has the partition {Qu Qλ>j; λ ^ v, j =
1, 2, , 6n - 471}. Then we may define the partition {(λ+i,,; j =
1, 2, , 6* - 4*} of U - i {£; α, ^ |f rI ^ αv+1, \ξ.\ ^ αv+1, s Φ r] by
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{ξ; a^ξr^ o»+1, lβaj2 ^ ξ. ^ (1 + l.)aJ2, s Φ r]

{ζ; -o , + 1 ^ fr ^ -a,, ί.a>/2 £ £. ^ (1 + Z.K/2, s Φ r}

r , s = l , 2 , " , n , I. = - 3 , - 2 , •-, 2 .

Then {Q,} is given by {Qu Q,ti; v = 2, 3, , j = 1, 2, . , 6" - 4"}. It is
easy to see that {Qs} has the properties (i) and (ii). Take φ 6 C""(Rn) such
that 0 ^ φ ̂  1, jδ(f) = 1 on max | ξk | ^ 1 and the support of 0 is contained
in max | ζk \ ̂  3/2. Set

ΦJ(O = Φ((ξ - ξ(i>)/dj), jrj(ζ) = ΦM)l{Σi.φΛζ)Ύlt -

Here £(i, is the center of Qs and dj = diam (Qj)/2vrϊϊ. Then we have,
from property (i) of {Qs}, {f,(ξ)} is bounded in S°o and

(3,1) l imsup| |ΣtyΦ.)w| | ^ I|M||O for ueS* .
jv-.~ Ili=i llo

For

Ji=i

Let py(α?, ξ) = p(x, ζ)ψi(ξ) and let qά{x, ξ) be the left simplified symbol
of ψj(Dx)p(X', Dx). From Lemma 3, we write

, £) = J>y(s, £) + Σ (-ί)Iβ7α!ryfβ(a?,f) + ri>4(α?,f)
l^ |α|<fc

r,,.(*, 5) = 3f^(f)3ίP(*, f) 6 S^1 ) | α |, rift(a;, f) 6 Sftr1'*.

From properties (i) and (ii) of {Q, } and suppψ^ cQ*, for each A; ̂  2
ίΣf-i PJ(*. £); iv ^ l}, {Σf=i rUx, f)<f>(1-"lβl; ^ ^ 1} and {Σf=1 r,,»(», I);
JV ̂  1} are bounded in S°PlS, S},, and S^j1'*. respectively. So that from
Lemma 2

(3.2) | | g PA*, ^ . ) « | ^ const | p |ί%,.,01|«11., iV = 1, 2, ,

(3.3) Igry,«(^, Dm)u\[ < const |p|{?,,).y.+ι.ιl|M|l»-i » 2V = 1, 2, ,

1 ^ | α | < ft

for w e £*. On the other hand, if we take k so large that

(8 - l)ft + » + 1 ^ 8 - 1

from the inequality (2,1) and Lemma 3 we have for u e S?

(3.4) | |Σr,,*(X, Z?.)«|| ^ const |p\?UiII»ll.-i . JV = 1, 2, ,
lli=i llo
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for some large j . Hence from (3, 1), (3, 2), (3, 3) and (3, 4)

\\p(X, Dz)u\\0 ^ l imsup| |Σ^Φx)ί>(^', Da,)u\\
l l i = i Mo

^ c o n s t \p\{°P\δ),JQ\\u\\0 + c o n s t \p\[%fj\\u\\δ^ .

This completes the proof.

PROOF OF COROLLARY, Let p^x, ξ) be the left simplified symbol of
the left simplified symbol pL(x, ξ, x') of p(x, £, x', ξ', x"). By Lemma 1 we
have pY{x, ξ) e S™im'. Let p2(x, ξ) be the left simplified symbol of
(DxYp^X', DX). Then by Lemma 3 we can write

P.(s, S) = V*(x, f)<?>m+m'+8 + Λ ( » , f)<f>-+-'+ + ^

pk{x,ξ)eS°P,δ, fc = 3 , 4 .

So that the result follows from Theorem.
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