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1. Introduction. It has been known that every derivation of a
T7*-algebra is inner (as a corollary, every derivation of a C*-algebra is
weakly inner), and every derivation of a simple C*-algebra with identity
is inner (cf. [6]). Moreover it has been shown that for a simple C*-
algebra SI with or without identity, there exists a unique primitive C*-
algebra ®(2I) with identity (called the derived C*-algebra of SI) such that
(1) SI is an ideal of 2)(SI); (2) for every derivation δ of SI, there is a unique
(modulo scalar multiples of identity) element d in S)(3I) such that δ(a) =
[d, a] (αeSI); (3) every derivation of ©(21) is inner ([7]).

These results make the study of derivations in general C*-algebras,
more or less, possible to reduce to the study of derivations in simple
C*-algebras if the C*-algebras have only maximal ideals as primitive
ideals.

However there are many C*-algebras which do not have any maximal
ideal ([3]). For the study of derivations in these C*-algebras, it is de-
sirable to analyse derivations in primitive C*-algebras.

In the present paper, we shall generalize the notion of derived C*-
algebras to primitive C*-algebras to make possible to reduce the study
of derivations in general C*-algebras to the study of derivations in primi-
tive C*-algebas.

We shall explain briefly the main result in this paper. Let SI be a
primitive C*-algebras (more generally, a factorial C*-algebra) and let JD(SI)

be the Lie algebra of all derivations on SI. For an arbitrary faithful
factorial ^representation {TΓ, £} of SI on a Hubert space X, it is known
that a unique (modulo scalar multiples of identity) element dδ in the weak
closure τr(SI) of ττ(SI) such that π(<5(α)) = [dδ,π(a)\ (αeSI). Now we shall
identify SI with π(SI), and let ® (̂SI) be the C*-subalgebra of B(X) generated
by {dδ I d e D(3I)} and l x. Then it is easily imagined that the C*-algebra
S)π(SI) is closely related to the structure of the Lie algebra Z?(SI) and so
we may apply the C*-algebra theory to the study of D(3I). However
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S)π(3ί) apparently depends on the choice of the representation {TΓ, X}. This
is troublesome, since a factorial C*-algebra has generally uncountably
many inequivalent faithful factorial ^representations.

The main result of this paper is that the C*-algebra 3^(31) does not
depend on the special choice of the {π, X}—namely, for an arbitrary faithful
factorial ^representation, we get always the same C*-algebra ®(3I);
therefore we can associate a unique C*~algebra ®(2t) (called the derived
C*-algebra of SI) which is closely related to the structures of 31 and D(3I)
to each factorial C*-algebra 31.

2. Derived C*-algebras. We shall begin with a definition.

DEFINITION 1. A C*-algebra 31 is called factorial if 31 has a faithful
factorial ^representation {TΓ, X} on a Hubert space X—i.e. π is faithful and
π(3I) is a factor, where τr(3I) is the weak closure of τr(3I).

REMARK 1. Every primitive C*-algebra is clearly factorial, and it is
known that every separable factorial C*-algebra is primitive (cf. [2]).

Let 31 be a factorial C*-algebra and let {TΓ, X} be a faithful factorial
^representation of 31, and let D(3I) be the Lie algebra of all derivations
on St. For each δeD(Έ), there exists an element dδ in τr(3I) such that
π(δ(a)) = [dδ9 π(ά)] (a e 31). Suppose that dδ is another element in 7r(3I)
such that τr(<5(α)) = [dj, π(a)\ (a e 31); then [dδ - d'i9 τr(3I)] = 0; hence dδ - d'δ =
λlx, where λ is a complex number and l x is the identity operator on X.
Now let 55,(39 be the C*-subalgebra of £(X) generated by {dδ \ δ e D(3t)}
and l x , then by the above consideration, S)ff(3I) does not depend on the
choices of eZ/s. However it apparently depends on the representation
{TΓ, X}.

In the following considerations, we shall show that the C*-algebra
®ff(3I) does not depend on the representation {TΓ, X} either.

Now let δ be a skew-symmetric derivation on 31—i.e. 3* = — δ, where
<5*(α) = δ(α*)* (αeSI). Then there exists a positive element dδ in the weak
closure π(3I) such that \\dδ\\ = \\δ\\, where | | δ | | is the norm of the deri-
vation δ ([5]). (More generally it is known that for each general derivation
δ on 31, there exists an element dδ in ττ(3I) such that π(δ(a)) = [dδ, π(a)]
for ae% and (1/2) \\δ\\ = \\dδ\\ ([4], [5], [8], [10])).

It is clear that such a positive element is unique, since H
\\dδ\\ if λ is not zero and dδ + λ l x ^ 0.

More strongly we have

LEMMA 1 (cf. [1]). If h is a positive element in τr(3I) such that
π(δ(a)) = [h,π(d)] (αeSI) and \\h\\ ̂  \\δ\\, then \\h\\ = \\δ\\.
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PROOF, Suppose that | |λ | | < \\δ\\ and put k = h - (P | | /2) l x ; then
||τr(<5(α))|| = \\[k9 π(a)]\\ ^ ||for(α)ll + \\π(a)k\\. Since π is faithful, \\δ\\ ^
|| A || + || ft || = 21| A — (|| A 11/2)1, | | < 21| A H/2 = | | Λ | | < | | δ | | , a contradiction.
This completes the proof.

Now we shall define

DEFINITION 2. A C*-algebra 35 with identity is called a quasi-derived
C*-algebra of a factorial C*-algebra 21 if it satisfies the following con-
ditions: (1) 21 is a C*-subalgebra of 33; (2) for each skew-symmetric
derivation δ of SI, there exists a positive element dδ in 33 such that
δ(a) = [dδ, a] (ae%) and | | δ | | ^ | |d, | | ; (3) 33 is generated by SI, {dδ\ skew-
symmetric <5eZ)(2t)} and the identity 1.

DEFINITION 3. A quasi-derived C*-algebra 33 of 21 is called a derived
C*-algebra of SI, if there is no non-zero closed ideal J of 33 such that
si n J = (0).

Then we shall show

THEOREM 1. Let 33 be a quasi-derived C*-algebra of a factorial C*
algebra 21 and let {π, X} be a faithful factorial *-representation of 21 on
a Hilbert space X. Then {π, X} can be uniquely extended to a factorial
""-representation {π, X} of 33 on the Hilbert space X such that π(33) £ττ(2I).

Moreover if 33 is a derived C*-algebra of 21, then the extended re-
presentation is again faithful.

PROOF. Since any factorial ^representation is a sum of cyclic fac-
torial *-representations, it suffices to assume that the {π, X} is cyclic
and so {TΓ, 9C} is equivalent to a ^representation {πφ, Hψ) of 21 on a Hilbert
space Hφ constructed via a state φ on 21. Let φ be an extended state of
33 such that φ = φ on 21. Let {TC^, X?} be the ^representation of 33 on
a Hilbert space X̂  constructed via φ. Let E' be the orthogonal projection
of Ίίφ onto the closed subspace [π?(2I)l?]; then the ^representation α—>
π^{a)E'{a e 21) of 21 on E"X; is equivalent to {πφ, X }̂.

Let c(Er) be the central support of Ef in π^(2I)', where 7r?(2I)' is the
commutant of τr̂ (2I) on ϊy.

Since π£(2I)JE" is *-isomorphic to πj:(2I)c(JE"), TΓ^(2I)C(JE") is a factor.
Moreover the ^representation α —• τr?(α)c(£") (αe2I) is faithful, since
a-+πφ{a)Er (αe2ί) is faithful. For each skew-symmetric <5eD(2I), there
exists a self-ad joint element k in πj;(2I) such that τr^(δ(α)) = [&, πj(α)] (αe 21).
Hence [&, πj:(α)] = [πφ(dδ), τrj(α)] for α e 21 and so k — πj(d3) e τrj;(2I)'. Since
τr;(33) is generated by πj(2I), πφ{dδ\ skew-symmetric § G D ( 2 I ) } and 1^, the
central element c{Er) of ττ?(2I) belongs to the center of π^(33).
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On the other hand, iφβE^ and so itj$8)l$ cz c(E')3i$; hence c{E') =
lae?. Therefore the mapping a —> ττy(α) (α e SI) on ϊ p is a faithful factorial
^representation of 21, and so we can choose a positive element h in 7Γ£(2t)
such that 7ry(δ(α)) = [A, π?(α)] (αe2t) and ||Λ|| = | | δ | | .

Let C be the commutative C*-subalgebra of B(3Lφ) generated by
7ϋψ{dδ) — h and laej, and let i2 be the C*-subalgebra of B(ϊy) generated

by τr̂ (SI) and C. Since πy(St) is a factor, i? can be canonically identified
with the tensor product πy(2I) (x) C ([9]).

Now suppose that πψ(dδ) — & has a positive spectrum ^ and take a
character χx on C such that Xι{τίφ{dδ) — h) = μ19 Also take a pure state
φx on ττjr(2t) such that φ^h) = \\h\\. Then we have,

\\d\\ > \\π~ψ(dδ)\\ ^ l9Ί®χi(Λ + *?(4) - *)l

= <PM + £ ( * ? ( * ) - *) = 11*11 + A > 11*11 = 11*11.
a contradiction.

Next suppose that πφ(dδ) — h has a negative spectrum μ2 and take a

character χ2 on C such that χ2(^?(^ί) — h) = μ2. Now we shall show that
Λ, is not invertible in π^(SI). In fact, if Λ is invertible in πy(SQ, then
there exists a positive number λ such that Λ, ̂  λlaε^; hence Λ — λlae- ^ 0
and | |λ - λlsyll < | |λ | | - | |S | | . Since [Λ, τr (α)] = [λ - λla ?, *ry(α)] = π?(δ(α))
for αeSI, and since π^ is faithful on 21, by Lemma 1 \\h — λlaey|| = | | δ | | ,
a contradiction. Hence fe is not invertible in ττ^(2I). Take a pure state
9?2 on 7Γj(S0 s u c h that 9>2(λ) = 0. Then,

<P2 (x) Xzi^ids)) = 9>2(Λ) + X2(πφ(dδ) - h) = μ2 < 0 .

On the other hand, ττj(d3) ^ 0 and <p2 ® χ2 is a state on i?, hence
^ 0, a contradiction. Therefore, πφ{dδ) — h = 0, and so τrj(33) =

Hence [ττy(S5)l?] = [ττ^(2I)l?] = £"3e? = ϊ? . This implies that the
^representation {π ,̂ X?} of 35 can be considered a ^representation {πφ, 2cφ}
of 85 on the Hubert space 3^ such that πφ = πψ on 21 and ίr9(S5)S7Γp(St).

Next we shall show the unicity of the extension. Let {π', Tίφ) be
another "^representation of 35 on the Hubert space ϋψ such that πf = πψ

on 21 and π Ό 8 ) £ π ^ S ) . Then | |π'(d δ) | | ^ | | δ | | and π'(d3) ^ 0. Moreover
[π'(c?3), ττ9(α)] = π'(δ(a)) = πφ(δ(a)) (αeSQ. Hence by the unicity of such
an element, π'{dδ) = πψ{dδ) for all skew-symmetric 5eD(2I). Therefore
we have π' = π^ on 35—i.e. {πφ, Hψ} is unique.

Next suppose that 35 is a derived C*-algebra of 21. Put J={b\ πφ(b) = 0,
6 6 35}; then J is a closed ideal of 35. Since πφ = TΓ̂  on 2t, / Π 21 = (0);
hence J = (0). This completes the proof.

REMARK 2. Let J be a closed ideal of a quasi-derived C*-algebra 35
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of 21 such that St Π I = (0); then the quotient C*-algebra 35/J can be
considered again a quasi-derived C*-algebra of St, since 31 can be identified
with SI + ///. By the unicity of the extension in Theorem 1, π(I) = 0.
Now put Jo = {x\π{x) = 0, xe 33}; then Jo Π 31 = (0). Therefore Jo is the
greatest closed ideal of 33 in all closed ideals / with If] SI = (0). Clearly
85/Jo is a derived C*-algebra of the C*-algebra SI.

Hence we have the following result: Let 35 be a quasi-derived C*-
algebra of a factorial C*-algebra SI; then there exists the greatest closed
ideal Jo of 33 in all closed ideals I with JΠSI = (0), and the quotient
C*-algebra 35/J0 is a derived C*-algebra of St.

THEOREM 2. Let SI be a factorial C*-algebra and let φ be a factorial
state on SI such that the factorial ""-representation {πφ, Ίίφ} of SI is faithful,
and let 35 be a quasi-derived C*-algebra of St. Then φ has a unique state
extension φ to 35.

Moreover if 35 is a derived C*-algebra of St, then the extended state
φ satisfies again the condition that the representation {TΓJ, %φ} of 35 is
faithful.

PROOF. By the considerations in the proof of Theorem 1, we showed
that for an arbitrary state φ of 35 with φ = ψ on St, {TΓJ, Ϊ J } = {πφ, %φ}
with πφ = πφ on SI and π>(35) ϋ£(3I), and moreover {τtφ,Tίψ} is unique.
Hence φ must be unique. Moreover if 35 is a derived C*-algebra of
St, then {πφ, Hψ} is faithful. This completes the proof.

REMARK 3. From Theorem 2, we can conclude the results of the
author concerning simple C*-algebras ([6], [7]). In fact, suppose that 31
is a simple C*-algebra and let I be the least closed ideal of a quasi-derived
C*-algebra 35 of SI containing St. Let S be the set of all bounded self-
adjoint linear functionals / on 35 such that /(SI) = 0 and | | / | | <; 1. If
SlgiJ, there is an extreme point g in S such that g(I) Φ (0). Let
Q = Qι — & be the orthogonal decomposition of g with gu g2 ^ 0, \\g\\ =
11 & 11 + ll&ll* and let ξ = gγ + g2. Let {πζ, ϊ j be the *-representation of
35 constructed by ζ. Then the extremity of g implies that 7̂ (31) is a
factor if 7̂ (31) Φ (0) (cf. [6], [7]). Since St is simple, {πξ, XJ is faithful,
factorial on St; hence by Theorem 2, g1 = g2 on 35 and so g = 0 on 35, a
contradiction. Hence ττe(SI) = 0 and so πζ(I) = 0. This implies g(I) = 0,
a contradiction. Hence 31 = J. If 31 has an identity, then SI = 35, and if
SI has no identity, then SI is an ideal of 35. Moreover if 35 is a derived
C*-algebra of the simple C*-algebra SI in the sense of this paper, then
35 is primitive and so it coincides with the derived C*-algebra in [7].

Now we shall show a general method to construct quasi-derived C*-
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algebras and derived C*-algebras of SI. Let 21 be a factorial C*-algebra,
and let {πu Ϊ J be an arbitrary faithful (not necessarily factorial) *-
representation of 21 on a Hubert space 3^. We shall identify 21 with
^(21). Then for each skew-symmetric δe Z>(21), there exists a positive ele-
ment eδ in 7̂ (21) such that ^(8(a)) = [e^π^d)] (αG 21) and \\eδ\\ ^ P | | ( [5]) .

Let 33 be a C*-subalgebra of Z?(3y generated by ^(21), {eδ\skew-
symmetric δ e D(2t)} and 1&. Then clearly S3 is a quasi-derived C*-
algebra of 21. Moreover, by Remark 2, there exists the greatest closed
ideal 70 of 93 in all closed ideals / such that / Π 2C = (0).

Put 2 (̂21) = SB/Jo. Since St Π /0 = (0), we can identify 2t with the
image in ®i(2t) under the canonical mapping. Then we can easily see
that ©^St) is a derived C*-algebra of SI.

Now we shall show

THEOREM 3 (The unicity of the derived C*-algebra). Let 2C be a
factorial C*-algebra; then there exists a unique derived C*-algebras ©(21)
o/2t in the following sense: Let S ) ^ ) , ©2(3t) be two derived C*-algebras of
2(; then there exists a *-isomorphism Φ of S)1(2I) onto ©2(2t) such that (1)
φ(a) = a for αe2ί; (2) Φ(dδΛ) = dδ)2 for δeD(W) with dδti^0,\\dδ}i\\ = \\δ\\
(i = 1, 2), where δ(a) = [dδ)1, a] (αeSt) in ®x(2[) and δ(a) = [dδ,2, a] (αe2t)
in ®2(2t).

Moreover, let {π, ϊ} be a faithful factorial *-representation of 2t on
a Hilbert space £, and let S3 be the C*-subalgebra of B(£) generated by
{dδ I δ G JD(SQ} and 1%; then S3 is the derived C*-algebra ©(SI) of SI, ^Λe^
21 is identified with the image ττ(2t).

PROOF. We have shown already that there exists a derived C*-
algebra ©x(2ί) of 21. Now let {TΓ, X} be a faithful factorial ^representation
of 21 on a Hilbert space X; then by Theorem 1, it can be uniquely ex-
tended to a faithful factorial ^representation {TΓ, X} of ©^Sl). The image
π(©!(S0) is clearly the C*-algebra generated by {dδ\δeD{%)} and lχ.
Moreover by Lemma 1, it is easily seen that π(dδil) = dδ if dδΛ ^ 0 , dδ ^ 0
and | |d a f l | | = \\dδ\\ = | | δ | | for all skew-symmetric <5eZ>(2t).

This completes the proof.

Now let 21 be a factorial C*-algebra and let {π, 21} be a faithful
factorial ^-representation of 21. We shall identify 21 with the image ττ(2l).
If SI is a simple C*-algebra with identity, then ®(St) = 21. If SI is a simple
C*-algebra without identity, then ®(®(Sί)) = ®(2ί).

We shall denote ®(©(SQ) - ®(2)(2C), ©(©(©(SQ)) = ®(3)(2(), and so on.
Then the following problem would be interesting.

Problem 1. Does there exist a primitive C*-algebra 21 such that
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2)(2)(3I)?
Problem 2. Does there exist a primitive C*-algebra 21 such that

©(n)(2t)^3)(%+1)(31) for all positive integers ni

REMARK 4. By using the operation ®, we can obtain an increasing
family of C*-subalgebras {SI,} (0 ^ p ^ a) of τr(SC), indexed by the ordinals
/O between 0 and a certain ordinal α as follows: (1) % = 3Ϊ; (2) 2t,+1 = ©(SI,)
if p is not a limit ordinal; (3) 31, = the uniform closure of \JP<P%P> if
p is a limit ordinal; (4) 2)(2Γβ) = Stβ This is clear, since ®(π(3I)) = τr(3I).
However 3Iα does not generally coincide with τr(SC). For example, let M
be a non type /-factor on a separable Hubert space X and let 31 be a
uniformly separable C*-subalgebra of M which is weakly dense in M.
Let % — {Bβ}βen be a family of C*-subalgebras of M such that 21 ce^ for
/3 G //, and for each faithful factorial *-representation {π0, 9c0} of 21, there
exists a unique ^representation {π0, 3c0} of ê  such that π0 = π0 on 2ί
and τco(εβ) c τro(3I). We shall define an order in f$ by inclusion, and let
Si = {^J^ei^ be a linearly ordered subset of g and let ε be the C*-sub-
algebra of M generated by {Jβ^ii^βj then it is clear that ε belongs
to $. Hence by Zorn's lemma, there exists a maximal element in %.
Clearly % e % for all p with 0 ^ p ^ a.

Now let ε0 be a maximal element in % such that 2tαgΞε0. Since 31
is separable, it is primitive. Now let {πl9 XJ be a faithful irreducible
*-representation of 21; then 3̂  is separable. If ε0 = M, then M have an
irreducible ^-representation on a separable Hubert space. Since any *-
representation of M on a separable Hubert space is σ-continuous ([11]),
πλ{M) is weakly closed; hence π^M) = B^). This contradicts that M is
a non type /-factor. Hence 3ϊ«ξiM.

The following problem would be intresting.

Problem 3. Let G be a countable, discrete group such that every
conjugate class is infinite except for the conjugate class of the identity,
and let U(G) be the TF*-algebra generated by the left regular represen-
tation; then U(G) is a Πrίactor. Let 31 be the C*-subalgebra of U(G)
generated by the left regular representation. Then what is 3ία?; what
is ε0? Let τ be the unique trace on U(G) and let τ be the restriction of
τ to 31. Then by Theorem 2, τ must be uniquely extended to 3tα. Can
we conclude §tα = 31?

Next we shall investigate a certain class of derivations. Let ®0(2t)
be the subset of all elements d in S)(2t) such that [d, 31] c 31—i.e. the d
will define a derivation δ on 31; then 350(3I) is a self-adjoint closed linear
subspace of 35(31) and moreover it is a Lie subalgebra of ®(3I) with the
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Lie product [x, y] = xy — yx (x, yeΦ(2I)).
Let Jo be the least closed ideal of St such that [21, 21] c Jo. Then

the quotient C*-algebra 2t//0 is commutative and so δ\%/J0 — 0 for all
δeD($ΐ)j where <?|2Ϊ//O is the derivation on St/J0 induced by (5. Now let
cZ be an element of 35O(2I); then it is easily seen that there exists the
least closed ideal J(d) of 21 such that [d, 21] c J{d). Clearly J(d) c JQ and
δ\$ί/J(d) = 0, where <5 is the derivation on St defined by d.

Now we shall show

THEOREM 4. Lei d be a self-adjoint element of 3)(SI). Suppose that
d and d2 belong to S)0(St); ίftew d J(d)czJ(d) and J{d)*daJ{d).

PROOF. Let © be the C*-subalgebra of ®(2C) generated by J(eZ), d
and 1, and let $ be the C*-subalgebra of © generated by J(d) and 1.
Let 9f be the least closed ideal of © containing /(d). Let S be the set
of all self-adjoint linear funct ional/on © such that f{$t) = 0. If J ( d ) g ^ ,
then there is an extreme point g in S such that gQ) Φ (0). Let g — g^ — gi
be the orthogonal decomposition of g and put ξ = & + gr2. Let {π>, XJ be
the ^representation of © then π^(l) is a factor (cf. [6], [7]). If πξ(J(d)) Φ (0),
then πξ(J(d)) = τrf(β). Take self-adjoint elements fe, fc such that he πξ(J(d)),
k e πξ(J(d)Y and πς(d) = h + k. Then πξ(d2) = πξ(d)2 = h2 + 2M + fc2. Since
d2e®0(%), [hk, πς(J(d))] c [fe2, π,(J(d))] + [fc2, π,(J(d))] + [πξ(d2), πξ(J(d))]cz

πξ(J(d)). Hence [Λfc, πζ(J(d))] c πξ(J(d)).
On the other hand,

= [h, x]k for a? e πξ(J(d)) .

If fc = λl£ f for some complex number λ, then πξ(d) e πζ{J(d)). Hence
πξ{%) c πξ(J(d)). This implies that g(®) = 0, a contradiction. Let C be
the C*-subalgebra of B(£ζ) generated by k and l#e; then dim (C) ^ 2.
Since πζ(J(d)) is a factor, the C*-subalgebra i? of ^( ϊ ί ) generated by
πξ(J(d)) and C is canonically identified with πξ(J(d)) ® C Since A: and

are linearly independent, [h, x]k e πξ(J(d)) implies [hy x] = 0 for x e πξ(J(d))
and so h — λ l ^ for some complex number λ. Hence [πξ(d), πξ(J(d))\ = 0.
Since J{d) is a closed ideal of St, the *-representation {TΓ̂ , 36J of J(cZ) can
be uniquely extended to a *-repesentation {πζ, Hξ} of 2J such that τff(St) c
πξ(J(d)) (cf. [7]). Let J^ be the kernel of πξ; then [πζ(d), τrf(2I)] =
7Γf([d, SI]) = 0 and so [d, S I J c J ^ Hence JγZDj{d) and so πξ(J(d)) = 0, a
contradiction. Therefore πζ(J(d)) = 0; hence 7Γe($) = 0 and so gffi) = 0,
a contradiction. This completes the proof.

COROLLARY 1. Let % be a general C*-algebra with identity on a
Hilbert space 36, and let δ be a skew-symmetric derivation on 21. Suppose
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that there exists a self-adjoint element h in B(£) such that d(a) = [h, a]
(a e 31) and [h2, 31] c St. Then if J{h) = SI, the δ is an inner derivation.

This is clear, since we do not use the fact that SI is factorial in the
proof of Theorem 4.

THEOREM 5. Let 2 be a C*-subalgebra of 3)(3I) such that Sic8cS o (SI);
then 2J0dJ0 and J02czJQ.

PROOF. Let © be the C*-subalgebra of ®(3I) generated by Jo, S and
1, and let ίΐ be the C*-subalgebra of @ generated by J o and 1. Let S
be the set of all self-adjoint linear functionals / o n © such that /($) = 0.
Let 3f be the least closed ideal of © containing Jo. If J o §Ξ $, then there
is an extreme point g in S such that g(!$) Φ (0). Let g — gγ — g2 be the
orthogonal decomposition of g and put ξ = g1 + g2. Let {π>, XJ be the
^-representation of © then πξ(St) is a factor. If πξ(J0) Φ (0), then πξ(J0) =

For each cZ e S, there exist two elements /&d and Λrf such that
hdeπς(J0), kdeπξ(Joy and πξ(d) = hd + kd. Since S is a C*-algebra con-
taining SI, πξ(ad) = πξ(a)hd + πζ(a)kd for α e St. Since [πξ(ad), πζ

[πξ(a)kd, πζ(J0)] c πξ(J0).
On the other hand,

[πζ(a)kd, x] = [ττf(α), α;]fcd for xeπξ(J0) .

Suppose that d is self-adjoint, and let C be the C*-subalgebra of B(£ζ)
generated by kd and l$r Let i2 be the C*-subalgebra of Bβζ) generated
by 7cξ(J0) and C; then i2 = πζ(J0) ® C If kd = Xl%ξ for some complex
number λ, then πζ(d) e 7τf(J0). If πξ(d)eπξ(J0) for all self-adjoint cZeS,
then πf(@) c π f(J0) and so βr(@) = 0, a contradiction. Hence there exists
a self-adjoint element d in £ such that kd Φ l# f for all complex number
λ. Then fcd and ls f are linearly independent, so that [πξ(a), x]kd

for a? G τrf(JQ) implies [πe(α), α;] = 0 for all αeSI and xeπζ(J0). Therefore
[τΓc(SI), 7cξ(J0)] — 0. Since πξ(J0) contains l%ξ and since πξ(^L)πζ(J0) =

c TΓ^JO), π ^ ) - π^77). Hence [71,(31), τr,(SI)] = 0 and so the kernel
of πζ in SI contains [SI, SI]; hence JQCZJ^ Therefore πξ(JQ) = 0 and so

= 0, a contradiction. Hence Jo = ^ . This completes the proof.

COROLLARY 2 Suppose that SI is α factorial C*-algebra with identity
such that the smallest closed ideal of SI containing [31, 31] is St. Then if
®o(St) = 35(31), then ®(3I) = 31—namely, every derivation of 31 is inner.
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