Téhoku Math. Journ.
25 (1973), 469-479.

ON COMPACT MINIMAL SURFACES WITH NON-NEGATIVE
GAUSSIAN CURVATURE IN A SPACE OF CONSTANT
CURVATURE: 1

Dedicated to Professor Shigeo Sasaki on his 60th birthday

KATsUuEl KENMOTSU

(Received November 29, 1972; Revised June 1, 1973)

1. Introduction. In a series of papers entitled the above, we mainly
treat compact minimal surfaces with non-negative Gaussian curvature in
a space of constant curvature. If the Gaussian curvature is non-negative
and not identically zero, by the Gauss-Bonnet’s theorem, the genus of
the surface is zero. Such minimal immersions have been studied by [7],
[8], [9], especially, Calabi [4] and [5]. Their main results are as follows:
Let SY(1) be an N-dimensional unit sphere in an (N + 1)-dimensional
Euclidean space and let S*— S¥(1) be a minimal immersion of the
differentiable two-sphere in S?¥(1) such that the image is not contained
in a great hypersphere. Then

(1) N is even;

(2) The total area is an integral multiple of 2x;

(3) If the Gaussian curvature K is constant, K = 2/m(m + 1),
where N = 2m. Such a immersion is uniquely determined up to motions
of S¥(1), and the image is the generalized Veronese surface of Bortvka
[3] and Otsuki [15].

(4) There are minimal immersions of S*— S¥(1) of which the induced
metric has non-constant Gaussian curvature.

This article is a first step for the classification of minimal tori in a
Euclidean sphere, i.e., minimal immersions of a torus into S¥(1). Our
main results are as follows: If the Gaussian curvature is identically zero
and the image does not lie in any great hypersphere of S¥(1), then N is
an odd integer, say N = 2m + 1, and under the additional assumption,
the immersion is rigid.

If N =38, the above minimal surface is the Clifford minimal torus
in S%1), and if N =5, such a surface was studied by Boruvka [1]. For
each odd N, we can describe explicitly examples of the flat minimal
surfaces (cf. [15]).

The even dimensionality of S¥(1) in the first case is an implication
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of the topological condition to the effect that the genus of M = 0.
Contrary to it the fact that N is an odd integer in our case is not an
topological implication: There is a minimal immersion of a torus into
S*(1) which is not contained in the S%1) < S%1) (see, Lawson [12, p. 363]).

To study the problem, we adopt Bochner’s method, i.e., we use
scalar fields fi;), K; and Ny, b=2,38,.--, on the surface, which will
be defined later, and calculate their Laplacians. In §2, we fix notations
used in this paper. In §3, we describe the concept of the n-th funda-
mental form and using it, we define above mentioned scalar fields. The
Laplacians of f;, and K, are calculated in § 4, and the Codazzi’s equa-
tion of higher order is proved. We remark that these result in § 4 have
known under a certain global assumption of M, but our works show that
a part of the results in S. S. Chern’s paper [7] is local. In §5, we
assume that M is oriented, compact and of zero Gaussian curvature.

Then an application of the results in §4 gives a proof of one of
our main theorems. In §6, we consider Frenet-Borivka formula of a
flat minimal surface and prove a rigidity theorem. In §7, we consider
the case when the ambient space is the N-sphere. We show that the
generalized Clifford torus on S®~+! is algebraic. In §8, we study compact
minimal surfaces with non-negative Gaussian curvature. §8 is closely
related to the S. S. Chern’s paper [7]. In the Appendix, using an
inequality proved in §3, we show an extrinsic rigidity theorem. This
result generalizes the De Giorgi-Simons-Reilly’s theorem partially. In
the part 1, we treat §1~ § 4.

I want to express particular thanks to Professor S. Sasaki for his
advice and encouragement in the development of this work. I wish also
to thank Mr. T. Itoh for several informative letters. In completing the
present manuscript, the author received considerable help from Professor
T. Otsuki, through his careful reading of the first draft of this work.

2. Preliminaries. Let I/ be an n-dimensional Riemannian manifold
of constant curvature ¢ and e,, A, B, --- = 1,2, ++- N, local orthonormal
frame fields on M. The Levi-Civita connection defines the covariant
differentials

(2°1) De, = EB) W4B€p 5

where w,; + wyz, = 0. If wy, is a coframe field dual to e,, the structure
equations of the space are

(2.2) de = EBJ Wg /\ Wpg4 »
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(2.3) dwap = D, Wag N\ Wep — CW4 N\ Wy«
¢

Let M be a two dimensional oriented Riemannian manifold and

(2.4) w: M—M

be an isometric minimal immersion of M into M. In this paper we will
agree on the following ranges of indices: 1 <14,7,:--<2; 3@, B, --+ =
N. To study the geometry of the immersed surface M we restrict our-
selves to orthonormal frame fields over M such that e; are tangent
vectors of M at each point of its domain of definitions. Then we have

(2.5) We = 0.

By (2.2) and the Cartan’s lemma, we can put

(2'6) Wie = 2 haijwj ’ huij = haji .
J

The condition that x is minimal is expressed by
(2.7) Z ha.;@: = 0 .

We define the covariant derivatives h,;;,’s of h.;’s by

Dhyij = 3 haij Wy,
(2.8) *
= dhaij + 2 hasjwsi + 2 haiswsj + Eﬁ:‘ hﬁiﬂ'wﬂa .

Taking the exterior derivative of (2.6) and using (2.2) and (2.3), we get
3 Dhei; A\ w; = 0, and so

(2.9) Pasie = hair,i

As the dimension of M is 2, we see by (2.7) that (2.9) is equivalent to
(2.10) heny = Rags,y s Ry = — e,y -

We put

(2.11) ¢ = w, + 1w, ,

(2.12) H?® = hgy, + they and HE, = heyy + thas,, -

By (2.8) and (2.10), we obtain

(2.13) dH? + 20HPw,, + ; HPw, = H2S .

From (2.13) we derive

(2.14) 43 (HP)? + 413 (HPYw, = 23, HPHL$ .

By the structure equations of M, we find
(2.15) d¢ = _iwu AN ?,
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(2.16) duw, = —(%>K¢ NG,

where K denotes the Gaussian curvature of M.

REMARK 1. The formula (2.14) gives a local differential geometric
characterization of the formula (48) in [7].

3. Higher osculating spaces and n-th fundamental forms. In the
study of minimal surfaces with higher codimension in a space of constant
curvature, the concept of osculating spaces plays an important role. In
[2] Boruvka studied such spaces extensively. At present there are good
descriptions of osculating spaces in [7], [10], and [15]. For the purpose of
our calculations, we shall adopt the notation developed in the paper [7] and
we define the covariant differentiation of n-th fundamental tensors: Let
x(s) be a smooth curve C through e M parametrized by its arc length.
By the covariant differentiation along C we get the vector fields

(3.1) Dz Dw |, D=,

ds’ ds* ds™
The first n vectors in (3.1) at s = 0 are said to span the osculating space
of order » of x(s) at # = x(0). The n-th osculating space T'™ of M at
x e M is defined to be the space spanned by all the osculating spaces of

order » at x of curves through z and lying on M. We then have
T(=T)cT®PC ++o CcT™C --.. Put

p_y(x) =0, po(x) = 2,
2o(2) = dim. T¢Y — dim. T, a = 1,2, «++,m — 1.

Then we have

(3.2)

(3.3) dim. T® = }j Pa(®) (m=1).

A point we M is called a regular point of order b, if p,(x) is constant
for each ¢ = 1,2, -+, b — 1, in a neighborhood of x.

Suppose now that x is a regular point of order » — 1= 2. We shall
use the following ranges of indices:

— b—2
1+ b_Zspa(x)ém_zégopa(m), b=28, 0,0,
(3.4) ‘:;z

14+ 3 p(@) =M= N.

Let e, be local orthonormal frame fields, such that e;,e,, -+, ¢; span
T¢*Y, b=0,1, -+, n — 2. We then have
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=0, fora=b,b+1,+-+,n— 2,

wzb—11a+l
3.5),_
(3-8, b=1,2+-+,n—2.

By the exterior differentiation of (3.5) and making use of (2.3), we get
xzwzb—lxb/\wlbibﬂzo’ b=1,2,--,m—2,
b

where the sum extends over the range of indices of )\, not in the range
of b. This allows us to introduce recurrently the quantities &, ;q,...i,.,
defined by the equations

(3'6) %‘ hlbixiz"'5b+1wzb2b+1 = iglz hzb+1"1~"’:b+2w‘5b+2 .
ha,. iyo-iys, are symmetric in the set of indices 1,1, ««-, %4,. Let 2, be
the open set of all regular points of order b. We set Q =M. Then
(3.7) 02.200,00DD02,_,.
We find
Z hl_-;‘...;wi "‘w,;,ifa:b‘—l, bﬁn,
3.8 e, . D) = {i o : b—1%1"""% TN b =
(38) (e, Do) = 55 az=b n>b,

which are differential forms of degree b and are to be called the b-th
fundamental forms of M into M.

From (2.7) and (3.6) it follows that
(3.9) ; h’zbjjia'“’:b+1 = 0, b = 1, e, — 1.

Since hy;,...;,,, are symmetric in the 4, +--, %,,,, the same relation holds
when contracted with respect to any two Latin indices. The integer
D.(®) is equal to the number of linearly independent vectors among -

(3.10) S i i a S 0 S 0 S o s
Therefore, at each point of 2,, we have
(3.11) () =2, a=1 00, m—1.
Let
(3.12) HY = s + thagose, @ = oy
b b—1
where 4, = 3128 po(®) + 1. We define the covariant derivatives h;,...;,,."s

of hui1~~~£b’sy = My, by
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(3 13) Dh’ail---ib = Zk' hail...,'b,kwk = dh'“‘:l""‘:b + ; husiz"‘ibw3i1 + e
. + ; ha,-l...ib_l,w.,-b + s Z hﬂil---ibwﬂa .

SHp—1
Then we have
(3.13)' dHY + biH»w,, + , >V HPwp, = HYw, + HYw, ,

By
where HY), = gy + Way..rg e
LEmMmA 1.
(8.14) HY =HP™W, HY =4H/;Y, azt.,, n=bz=3.
Proor. From (3.6) we have
(3.15), S H W wy = HL G,  b=2,3+0,m,

Ap—2
where we have put H” =1 and H{" = 4. Since H{~) =0, by (3.8), we
get

(3.16) STHGT w, = Hp w;,_,,, and HP7" =0 fora=b.
- . ,

From (3.15) and (3.16) we get (3.14). q.e.d.

Now we shall construct scalar invariants of the isometric minimal
immersion z. The vector E, = e, + 1e, is defined up to the transforma-
tion E, — E* = ¢E,, where 7 is real. Under such a change,

(8.17), HY — HY = ¢ HY

In fact, by a direct calculation, we have (3.17),, When b = 3, from (3.15),

we get (3.17), by an induction for b.
The system of normal vectors {e,}, aey_,, is defined up to the

transformation
(3.18) C.= >, Agpeps, ey,

Bepy—y
where (4,;) is an orthogonal matrix. Under such a change we have

Hzib) = 2 AaﬂHﬁ(ib)’ AE My,

Bepy—y
and so
(3.19) 3 (HPp = S Hpy
It follows from (3.17) and (8.19) that the real valued scalar field,
(3.20) fo= (3 @) (3 @)
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is globally defined on the connected components of 2, ,, being inde-

pendent of the choice of the frame field. f, is a globally defined smooth
function on M.

We have the following decomposition of f,,, on 2,_;: Let

K(b) = E (hill + h?n---lz) and
adi \ =
(3.21) ,
No= 3 RS hops — (z‘, hagsha) -
aepy T a b‘_f_-i a T r:l
Then we have, by a direct calculation,
(3.22), fow =K —4NyH =0, b=238,-+-,1n,

where K, and N, are also invariants of the isometric minimal immer-
sion & of M defined on 2,_,. Especially we have

1 1 2
(3.23) K, = o a%}j hZi; Ny = 16 a%’j R »

where R.p; = i (Paishsje — hpihej,) are components of the curvature
tensor of the normal connection w,s

When the differentiable 2-sphere is minimally immersed into a space
of constant curvature, we have f,, = 0, b = 2,3, -+-. This fact is essential
in the papers of S. S. Chern [7], [8]. Geometrically f;, = 0 means that
the vectors 32, . ha..i6e and 32, ha...6, in the osculating space of
b-th order are perpendicular to each other and are of the same length.
On the other hand, N, = 0 means that the above two vectors are linearly
dependent, by the Cauchy-Schwartz equality. Moreover, for the geometric

meaning of K,; and N,, we have the following lemma by T. Otsuki
([15, p. 96]).

LEMMA 2 (T. Otsuki). If M= Q, and Ny >0 and K4y = 0 on M,
then there is a 2b-dimensional totally geodesic submanifold of M such
that M is contained in the submanifold.

If M= Q,, and N, =0 and K; > 0 on M, then there is a (2b—1)-
dimensional totally geodesic submanifold of M such that M is contained
n the submanifold.

4. Laplacians of f; and K. We use the operators 9, 0 relative
to a complex structure induced by an isothermal coordinate on M and

(4.1) d° =10 — d) .
For any real valued smooth function f its Laplacian 4f is defined by



476 K. KENMOTSU
e __ 7’ z
(4.2) ddf = <—2—)Af¢ AS.

The following lemma is usefull to the study of fi;.

LEMMA 3. Let M be a 2-dimensional oriented Riemannian manifold.
Let H be a complex valued smooth function on M and f = HH. Suppose
that

(4.3) dH + niHw, = Ag

holds, where n is a real constant and A is a smooth function M. Then
we have

(4.4) Af = 2(nfK + 244},

(4.5) dlogf =2nK, if f+0.
PrOOF. By (4.3), we have

(4.6) df = HdA + HdH = AHp + AHp,

and so

(4.7) d*f = i(AHg¢ — AHgp) .

Taking the exterior derivative of (4.3) and making use of (2.15) and
(2.16), we get

(4.8) dAN G = widH A w, — 1Aw, A ¢ + —gHKgb AJ.

From (4.3), (4.6), and (4.8), we derive
(4.9) dAH)A G — d(AH) A ¢ = idf N w, + (nfK + 244)p \ & .

Thus (4.4) follows from (2.15), (4.7) and (4.9). (4.5) follows from d°log f =
i(Ag/H — Ag/H) and

(4.10) d(%) AJ— d(%) Ag=idlogfAws+nKsAd. qed

The Codazzi equation (2.10) implies (2.13). In general we have

(4.11), {dH,;“ + DH P w, + 3 H;Hw,,a} AF=0, for a=py,.

Bty

To prove (4.11), by an induction we assume, noting that (3.13),
(4.12) HY =4HEY, for a= 4y, .

Then we see
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4.13)  dHO™ +i(b — DHIPw, + >, HP Vw,, = HYOF

Bzppy—9

where & = p,_, and b = 3. We put

(414) AHED + DHwe + 3 HE M ws, = Hibw, + Hibw, .

Ztp—2

Taking the exterior derivative of (4.13), we have
AHIw, A\ w,
= (b — DVEHY Pw A w, + 4 3 H,;b-w( S wa A wB,,> ,

Bz uy—g Belp_s

(4.15)

where N, = {A|1 < A < 328 p.(w)} and
(4-16) AH(b_l) = (hal “1,1,1 + ha1 122) + "/(hal -12,1,1 + hcu 1222)

b—-2 b

(4.15) implies 4H?™ = 0 for a = 4, by (3.4),_; and (3.7). By Lemma 1
and (4.16), we get (4.11). The formula (4.11) is the Codazzi equation of
higher order. (4.11) implies

dH® + biHPw, + 3, HPws = HYG ,

B2pp—1
and thus we have
(4.17) d > (HLY)Y + 2600 3 (HPYw, = Apd
where
(4.18) Ay =2 > HPH.
azpy

From (4.17) and Lemma 3, we have
(4.19) Af = Hbf K + AnAp), b=2,3,+¢,m.

By the Lemma 2, we shall study the case of N, # 0, for 6 =2,38, ---,
n —1. Then we have p(x) =2, for b=1,++, 0 —2,20+1=Z N
206 +2, 2 — 1< N, < Nand a = Y, is equivalent to a = 2b — 1.

Next, we calculate the term >, wss A Wy, in (4.15): From (8.15),_,
with N_, = 2b — 3 and its conjugate, we have

(4.20) {B(b o Wa—s—s = HGHHEG — HEDHE e ,
BopooWopsps = HEHHGG — HEDHGS,
where
(4.21) {Bw = HESHES — HERAGS = — 20V N,
o -l/N(b—Z) - h(zb—b)l...1h(2b._4)1...12 - h(25_5)1...lgh(zb_q,_...l .
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From (3.15),_, with »,_, = 2b — 2 we find

(6—2) FT(b—1) (b—2) F (b—1)

(4.22) By Wizp—s) 2020 = H 26—4) (2b—z)¢ HEAHG™
° 7] (b—2) FT(5—1) He-2 [7 (b—1)
(b—Z)w(Zb—l)(Zb 2) — H(Zb—ﬁ (2b—2) (2b-5)H(26—2)

By (4.20) and (4.22), we have

ASTo—4 B, B:,_,,
By (4.21) it follows that
> Wap-na N\ Wagr—sy = —MVN(b—l)wl A wy, for b= 3,
Aszb—4 (b—2)

where we have put HY =1, HY =14 and thus N, =1, K,, = 2.

we find

(4.23) 3 HOAHI = (b — DEK oy — 2152 Ny -

a=2b—3 (5—2)
On the other hand, by virtue of (4.13) and (4.14), we have

Ao = > {HOPHE™Me + HEHET8)
dd'Kyy =1 > (HEVAHS + 2HIPHS S A 6
az2b—

3

(4.24)

From these formulas, (4.23) and Lemma 1, we get

SRy = (b= DEK oy = 2R00N ) + 2Ky + 2 3 (B

(b—2)

Summarizing these results, we get

(b—2) 2 (b—2) 2 — -
D Wes-na A\ Weapgya = {H }{(”_5) I + [ Héiy || }3(5-1)925 No.

Thus

Ho-0
p—2il/

THEOREM 1. Let M be a minimal surface in a space M of constant
curvature. Then on a meighborhood of a regular point of order m — 1=

2, we have
(4.25) H) = iHY, for a = pty, and b=2,8,+++,n;
(4.26), Af oy = Hbf K + A(b)A—(b)} ’
"I*AKU:) = "‘2&1{0—1) + bKK ;) + 2K 344
(4.27), 2 (-1

+22( 1(:.)_11 x(:)_II,?/fN(b_l)io, 2sbs=n-1.

REMARK 2. If M is a 2-sphere, then (4.27) is proved by S. S. Chern

[7, p. 38].
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Added in proof (May, 1973). Since the completion of this paper, the author obtained
n-dimensional generalizations of (4.25) and (4.27); the details are to appear in a sequel.








