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1. Introduction. Let (M, g) be an m-dimensional Riemannian manifold
with (positive definite) metric tensor g. By K(X, Y) we denote the sectional
curvature for a 2-plane spanned by X and Y. Let x be a point of M
and let π be a g-plane at x. Let (eif i — 1, , m) be an orthonormal
basis at x such that eu , eq span π (such a basis is called an adapted
basis for π). S. Tachibana [3] defined the mean curvature p(π) for π by

p(π) = —-1 Σ Σ K(ea, ea) ,
q(m — q) α=<m «=i

which is well-defined, i.e., independent of the choice of adapted basis for
7r. He obtained the following

PROPOSITION A. (S. Tachibana [3].) In an m (> 2)-dimensional
Riemannian manifold {M, g), if mean curvature for q-plane is indepen-
dent of the choice of q-planes at each point, then

( i ) for q = 1 or m — 1, (M, g) is an Einstein space,
(ii) for 1 < q < m — 1 and 2q Φ m, (M, g) is of constant curvature,
(iii) for 2q = m, (M, g) is conformally flat.

The converse is true.

Taking holomorphic 2p-planes, instead of g-planes, an analogous result
in Kahlerian manifolds is also obtained.

PROPOSITION B. (S. Tachibana [4].) In a Kahlerian manifold (M, g,J),
m = 2% ̂ : 8, if mean curvature for holomorphic 2p-plane is independent
of the choice of holomorphic 2p-planes at each point, then

{i) for 1 < p < n — 1 and 2p Φ n, (M, g, J) is of constant holomor-
phic sectional curvature,

(ii) for 2p = n, the Bochner curvature tensor vanishes.
The converse is true.

Proposition A is the best possible. However, in Proposition B the
case m = 4, 6 and the case p = 1 or n — 1 are excluded. We prove for
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p = 1 (or n — 1) and m Φ 4 in Lemma 1, and for p = 1 and m = 4 in
Lemma 3 Consequently we have a generalization of Proposition B:

THEOREM. In a Kahlerian manifold (Λf, g, J), m = 2n ^ 4, ί/
curvature for holomorphic 2p-plane is independent of the choice of holomor-
phic 2p-planes at a point xy then

( i ) for 1 <L p <; n — 1 cmd 2p ^ w, (Λf, #, J) is of constant holomor-
phic sectional curvature at x,

(ii) for 2p = n, the Bochner curvature tensor vanishes at x.
The converse is true.

If mean curvature for holomorphic 2p-plane is independent of the
choice of holomorphic 2p-planes on M, then (i) (ikf, g, J) is of constant
holomorphic sectional curvature, or (ii) the Bochner curvature tensor
vanishes. For (i) the converse is true. For (ii) the converse is true, if
the scalar curvature S is constant.

Since the case m = 2 is trivial, the above theorem is the best possible.

2. The case p = 1 and n Φ 2. Let (M, g, J) be a Kahlerian mani-
fold with an almost complex structure tensor J and the Kahlerian metric
tensor g. Then we have

(2.1) g(X, Y) = g(JX, JY), JJX = -X, VJ = 0 ,

where X and Y denote vector fields on M (or tangent vectors at a point)
and V denotes the Riemannian connection with respect to g. By R =
(ffljki), Ri = (Rjk — Rrάkr) and S = (Rjkg

jk) we denote the Riemannian curva-
ture tensor, the Ricci curvature tensor and the scalar curvature. Then

(2.2) R(X, Y)Z = R(JX, JY)Z ,

(2.3) Rλ{X, Y) = R^JX, JY) .

For a J-basis (eh Jeλ = eλ*, λ = 1, , n) we have

(2.4) Rfa, eλ) = K(eu Jex) + ± [K(el9 eq) + K(el9 eq*)\ .
q=2

Let (X, Y) be an orthonormal pair at x such that g{X, JY) = 0. Then,
we have (cf. for example, R. L. Bishop and S. I. Goldberg [1], p. 517)

K{X, Y) + K(X, JY)

(2.5) = [H(χ+jγ) + H(χjγ) + H(χ+ γ) + H(X- Y)-H{X)-H{Y)} ,
4

where H(X) = K(X, JX) denotes the holomorphic sectional curvature for
X. An adapted basis for a holomorphic 2p-plane π is of the form:
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(βi, , eP9 βi , , ep*, ep+1, , en, e{p+1)*, , en*)

such that el9 , eP9 e&9 , ep* span π. The mean curvature ô(7r) for π is

(2.6) tfπ) - — - ± ± ± [K(ea, eq) + K(ea, ej] .
2p(n — p) Q=9+I «=i

LEMMA 1. If n Φ 2 and if mean curvature for holomorphic 2-plane
is independent of the choice of holomorphic 2-planes at x, then (M, g, J)
is of constant holomorphic sectional curvature at x.

PROOF. By (2.6) and p = 1 we have

(2.7) * Σ [K{eu eq) + K{eu ej[ = p(π) = p .
2(n — 1) α=2

By (2.4) and (2.7), we have

(2.8) 2(n - l)p = Rfa, e,) - K(ely JeJ .

Since K(elf Jeλ) = JT(βi) and since jθ(π) = p is independent of π, we have
for any unit vector X at x

(2.9) 2{n - ΐ)ρ = ie,(X, X) - ίf(X) .

Since Rλ satisfies (2.3), we have a J-basis (eλ, Jex) such that R1 is diagonal
with respect to {eh Jeλ). Putting X = s i n ^ + cos^β2 in (2.9), we have

2(tι - l)p = sin %ΘRγ{eu e,) + cos 2ΘRx(e2, e2) — H(sin θe1 + cos 0e2) .

Applying (2.9) again to eι and e2, we have

(2.10) iϊ(sin θeλ + cos θe2) = sin ^iϊίeO + cos 2ΘH(e2) .

More generally, for X = Σ ( ^ ^ ; + J B ^ ) , Σ(-Aϊ + ^ 2 ) = !> w e h a v e

(2.11) H{X) = Σ (^2 + Bf)H(eλ) ,

where we have used H(eλ) = H(Jex). By (2.10) or (2.11), we have

# ( * + Λ f ) = ijT(eO + 4"iϊ(β?) , etc.

Therefore, (2.5) gives

(2.12) K(el9 eq) + JBΓίβ,, ej = L[H(ed + H(βf)] .

Putting (2.12) into (2.4), we have

± + ± H(eq)] .
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The last equation and (2.8) give

(2.13) S(n - l)p = (n- 2)H(ei) + ± H{eλ) .
λ
±

(2.13) holds for e2, -••, en. Thus, n Φ 2 implies

H(ex) = H(e2) = . . . =H(e%).

Then (2.11) shows that (M, g, J) is of constant holomorphic sectional
curvature at x.

3. The case p = 1 and n = 2. Most part of the proof of Lemma
1 is valid in this case too. Let (elf e2, ex*, e2*) be a /-basis at x which diago-
nalizes Rί9 By (2.3) if we change (e2y e2*) —• (e2, e2*) by e2 = ae2 + βe2*, a2 +

β2 = 1, Rλ is still diagonalized with respect to (eu e^, e2, e2*). We choose
a so that K{eu a!e2 + β'e&) takes the maximum for a! = a. We write
(eu βi , β2, β2*) again by (el9 e^e2j e2*). We need the following well known
lemma (cf. for example, R. L. Bishop and S. I. Goldberg [1], p. 512).

LEMMA 2. Let ei9 ej9 ek be part of an orthonormal basis. If K(eif eό)
is critical in K(ei9 cos θeά + sin θek), then Rijik = 0 (where Rim =
g(R(ek, ei)es, e,)).

By our choice of the /-basis and by Lemma 2, we have

(3.1) Λ1212* - 0 .

By (2.2) and (3.1), we have

(3.2) -^121*2 — Rχ*2*12* — -βi*2*l*2 = 0 .

Next for an orthonormal pair (X, Y), we have

K(X, Y) = —[3(1 + cos θfH{X + JY) + 3(1 - cos Θ)Ή(X - JY)
(3.3) 8

- H(X+ Y) - H(X- Y) - H{X) - H(Y)\ ,

where costf = g(X,JY) (cf. R. L. Bishop and S. I. Goldberg [1], p. 516).
Putting X = e2 and Y = cos te2* + sin teί in (3.3), we have

(3.4) K(e2y cos te2* + sin tej = —[(1 + 7 cos2 t)H(e2) + sin2 tH(ej\ ,
o

where we have used (cf. (2.11))

H(e2 — cos te2 + sin te^)

1

2(1 - cos t)
[(1 - cos t)2H(e2) + sin2 tH(eJ\ , etc.
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By (3.4) we see that K(e2, e2*) is critical in K(e2, cos te2* + sin tet). Hence,
Lemma 2 gives

(3.5) R22*21 = 0 .

Similarly we have

ίl22*21* = Xίii*i2 = Λii*i2 — 0 ,
\O Ό)

JK22*2*ι* =z -tt22*2*l ~~ J%n*i*2* -— IXn*ι*2 — U

By (3.3) and (2.11) we have

(3.7) -Rm2 = ±-(H(ed + H(e2)) = - i ? 1 2 . I 2 . = -B1W .
o

Of course, H{e^} = — Rn*n* and £Γ(e2) = — i222»22.. By (2.13), we h a v e Sp =
H(ed + H(e2). (2.9) gives

(3.8) Hie,) -

We write Rfa, es) = Ri3: Then the scalar curvature S is given by

(3.9) ZmM + WM

by (3.8) and (2.3). Hence, by (2.9) again, we have

Rn = i2in* = H{e^ + — S,

(3.10)
jp _ τ> __ rτ/Λ \ i 1

On the other hand, g and J have components:

(3.11) gij = δ€i,

tf X* — ft/ 2 3* ~~~ """"8/2*5 ~ ~ ~~" J- j

(3.i2) ia . j A

The Bochner curvature tensor {Bl
m) is given by (cf. S. Tachibana [2],

K. Yano and S. Bochner [6])

1
A-Kjkyu ~- -Kjiyik "Γ gjkJ^u ~~

m + 4
+ JjkRirJ

rι — J5χRi7J
r

k

o p 7"i*r 97? Tr T \
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LEMMA 3. Let m = 2n = 4. If mean curvature for holomorphίc 2-
plane is independent of the choice of holomorphic 2-planes at x, then
Ban = 0 at x.

PROOF. Since Bim is a ίΓ-curvature-like tensor in the sense of
S. Tachibana [4] and indeces 1 and 2 are reversible, it suffices to show
Bun = 0 for the following six cases:

(ijkl) = (11*11*), (11*12*), (11*12), (1212), (1212*), (12*12*) ,

because, for example, (11*22*) is verified by (1212) and (12*12*) by the
Bianchi identity and (2.2). Verification is made applying (3.1), « ,(3.12)
to (3.13) with m = 4.

4. The converse. If a Kahlerian manifold (Λf, g, J) is of constant
holomorphic sectional curvature H (at x, or on M, resp.), for any J-basis
(β i, Jeλ), we have

( 4 # 1 ) K{eh ej) = — H for i Φ λ* .
4

Hence p(π) is constant (at a?, or on M, resp.).
Next, assume that (M, g, J) has the vanishing Bochner curvature

tensor at x. Take any J-basis (eλ, Jeλ). Then (3.13) gives

(4.2)

where X =£ μ. Let π be a holomorphic 2p-plane spanned by (elf •• ,ep9

e,*9 •• , e p ). Since K(eλ,eμ) = —Rχμχμ, by (2.6) and (4.2) we have

2 |

- J>) Σ R., + v Σ
p(n — p)Lm +

_ y(w - y)
(m + 2)(m + 4)

Therefore, if n — p = p, i.e., 2p = w, we have

(4.3) rt*) - m + 2 " 2^ g = I S .
2(m + 2)(m + 4) 4 ( + 1)

Thus, ρ(π) is constant at OJ. p(π) is independent of the choice of points
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x and the choice of holomorphic 2p-planes π at x, if and only if S is
constant.

REMARK. Typical examples of Kahlerian manifolds with vanishing
Bochner curvature tensor are

( 1 ) (M, g, J) of constant holomorphic sectional curvature,
( 2 ) product manifold (Mu glf Jλ) x (M2, g2, J2) of two Kahlerian mani-

folds of constant holomorphic sectional curvature Hx = H and H2 = —H
(cf. S. Tachibana and R. C. Liu [5]).
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