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1. Introduction. In the present paper, we shall study groups of
*-automorphisms on II-factors, using various topologies.

One of the main purposes is to attack the problem whether every
II,-factor has outer *-automorphisms. In [7], we proved that the sym-
metry on M &Q M is outer for every non-atomic factor M; therefore, it
is very plausible that every II-factor may have outer *-automorphisms.

Now let M be a Il-factor with the separable predual. Let C(M)
(resp. H(M) and T(M)) be the set of all central (resp. hyper-central and
trivial-central) sequences in M. If H(M) S C(M), then by MecDuff’s
theorem [2], M is *-isomorphic to M ® U, where U is the hyperfinite
II,-factor, so that M has outer *-automorphisms.

Among other things, we shall show that if T(M) & C(M), then M
has outer *-automorphisms (Corollary 7).

2. Theorems. Let M be a W*-algebra, and let A*(M) be the group
of all *-automorphisms on M. Let B(M) be the Banach algebra of all
bounded linear operators on M and let M, be the predual of M. By
the standard theory of Banach spaces, B(M) is the dual Banach space
of M@, M,, where v is the greatest cross norm. We shall consider the
topology o(B(M), M @, M,) on A*(M). We call this topology on A*(M)
the weak *-topology and denote it by w*.

PROPOSITION 1. Suppose that a directed set (0.) of elements in
A*(M) converges to p,€ A*(M) in the w*-topology; then for any ac M,
(0.(a)) converges to pa) in the s(M, M,)-topology.

Proor. Let M, be the set of all normal positive linear functionals
on M; then for pe M,,

P((0a(@) — Oi(@))*(0a(@) — pf(@))) = P(0a*a) + pfa*a) — Pu(a*)ola)
— pa*)0.(a)) = P(ofa*a) + pla*a) — pla*)ofa) — pfa*)ola)) = 0.
Similarly,
P((0u@) — po(@))(pula) — po(@))*) — 0 .
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This completes the proof.

Let I*(M) be the subgroup of all inner *-automorphisms on M; then
it is a normal subgroup of A*(M). Henceforward we shall assume that
M is a Il-factor and let = be the unique tracial state on M. Define a
scalar product (, ) in M as follows: (a, b) = v(b*a) (a, be M). Let ZZ
be the completion of M with respect to this scalar product and denote
the norm of 577 by || - |;.. For pe A*(M), 7(o(a)) = 7(a)(a € M) and so the
mapping a — p(a) will define a unitary operator U(p) on 2%, such that
U(p)a = p(a)(a € M). Then the mapping o — U(p) is a unitary represen-
tation of the group A*(M), when A*(M) is considered as a discrete group.
Since  U(0)bU(p)a = U(0)bo™(a) = p(bp~(@)) = pB)a, U(@)bU(p™) = p(b)
(a, be M).

PROPOSITION 2. The mapping o — U(p) of A*(M) with the w*-to-
pology into BY(H.) with the strong operator topology is homeomorphic,
where B*(9.) is the group of all unitary elements in B($9.).

Proor. Suppose that (0,) converges to p, in the w*-topology; then
by Proposition 1, || p.(a) — oa)|l.— 0 for a € M. Therefore, (U(p.)) con-
verges to U(p,) strongly. Conversely suppose that (U(p.)) converges to
U(p,) strongly; then ((o.(a) — 04a))b, b) — 0 for a, be M. Since (0.(a)) is
uniformly bounded, this implies that (o.) converges to p, in the w*-
topology. This completes the proof.

ProrosiTiON 3. {U(p) | pe A*(M)} is closed in B*(9.) with respect to
the strong operator topology.

Proor. Suppose that {U(p,)} converges to v in B%(S#); then
U(0.)bU(0;") — vbv*(be M) (strongly), for U(p,) — v (strongly) implies
U(p.)* — v* (strongly), since U(p,) and v are unitary, and the multiplica-
tion is jointly strongly continuous on bounded spheres of B(577). It is
easily seen that the mapping b — vbv*(be M) is an automorphism on M.
This completes the proof.

Now let A*(M)* be the w*-closure of A*(M) in B(M). It is an in-
teresting problem to investigate mappings belonging to A*(M)*. For
example, if M is asymptotically abelian, then it contains the H-mapping
a—7(a)l (ac M) ([5]). If M is inner asymptotically abelian, then I*(M)*
contains the K-mapping ([8]). A*(M)” may contain another important
class of mappings “into-*-isomorphisms”. We shall show an example of
II,-factors having this property.

ExAMPLE. Let 27 be a Hilbert space and let 2(5#°) be the canonical
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anti-commutation relation algebra (the C A R algebra) over 57 ([3]); then
A(S#) is a uniformly hyperfinite C*-algebra of {2, 4,8, ---}. Let u be a
unitary operator on 5#”; then u will define a *-automorphism p* of AU(S#)
by the relation p*(a(f)) = a(u(f)) for fe 5#, where f— a(f) is a linear
mapping, from 57 into A(S#) such that {a(f), a(9)}. = 0, {a(f)*, a(g)}, =
(9, f) for g, fe 2~ Now let (u,) be a sequence of unitary operators on
&7 such that it converges strongly to an isometry v such that vv* <1,
and let 7 be the unique tracial state on 2(5#°). Since v is an isometry of
27 into 57, it will define a *-isomorphism o° of A(S57”) into WA(>#), by the
relation 0’(a(f)) = a(v(f)) for feZ Since z(a(f)*a(9)) = 1/2(g, f),
I 0*(a(f)) — o(a(f) Il. = AV 2)]| a(ua(F)) — a(@(N . = AV 2) || un(f) —
v(f) |l = 0(n — ). Hence p*(a(f)a(f) - - a(f.) — p*(a(f)a(f) -+ - a(fn)
(strongly) on &#,. This implies that (0*») converges to an into-*-isomor-
phism o° in the w*-topology.

ProBLEM 1. Can we conclude that A*(M)“ contains “into-*-isomor-
phisms” for all II,-factors M?

If we use the strong *-operator topology, then B*(5#)) is a complete
topological group, so that by Proposition 2, {U(p)|pe A*(M)} is also a
complete topological group; therefore by identifying A*(M) with
{U(p)| pe A*(M)}, we can introduce a complete topological group struc-
ture into A*(M). We shall call this topological structure of A*(M) the
strong *-topology of A*(M) and is denoted by s*. It is clear that the
s*-topology is stronger than the w*-topology. If M has the separable
predual, then B*(S#) is a separable complete metric group with respect
to the strong *-operator topology; hence A*(M) is a separable complete
metric topological group.

THEOREM 4. Let M be the hyperfinite 11-factor; then I*(M) is s*-
dense in A*(M).

ProoF. Take a uniformly hyperfinite C*-subalgebra 9 of M such
that 9 is o-dense in M. For pe A*(M), the restriction of o to U will
give a *-isomorphism of % onto o(2). Hence by Powers’ theorem [4],
there is a unitary element w in M such that w*p(Q)u = A. Now put
0'(@) = u*o(@)u (xeW). Then o is a *-automorphism of A. Suppose that
91 = the uniform closure of Jz-,,, where 21, is a type I, -factor (i, < + o),
N, cWu(n=12---) and 1eN,(n =1,2, ---). For U, let {e};]7,7 =
1,2 -+, 4,) be a matrix unit of 9,; then for ¢ > 0, there is an U, and
a finite family of elements {a;;|%,j=1,2, -+, %} in U, such that » <
m and ||p'(el) —aill<e@,ji=1,2 -+, 4,). Then there is a matrix
unit (fi;]4,7=1,2, +-+,4,) in %, and a positive number ¢ > 0 such
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that || o'(e}) — fii 1| < 0, where 6 — 0, when ¢— 0 ([1]).

Let 2, = A, X A, NA,), and let B be the C*-subalgebra of A gen-
erated by {fi;[4,5=1,2, -+, 4,}; put A, =B R (B N A, and {(e)) = fis
#,7=12 +--,4,). Then { can be uniquely extended to a *-isomorphism,
denoted again by &, of U, onto B. Let {, be a *-isomorphism of (A,N2A,)
onto (B’ N W,); then { &® {, will define a *-automorphism of 2, onto A,.
Since 2, is a type I-factor, every automorphism of it is inner; hence
there is a unitary element v in such that { & {(x) = v*av for xec U,.

l’(o’(eZ)_v*eZL]vnéa ('L,]:l, 21 Tty in)'

Hence,
[l o(e;) — uwv*elvu® || = [|u*o(ef)u — v¥e,;v ||
= ”p’(efj) - v*e?jv ” < 0 (”’, .7 = 17 27 cc ’l,,,,) .
From this, we can easily conclude that for a, a,, *--, a,€ ¥,
inf max || o(a;) — L(ay) =0
LeI*(M),1<jsm
and so we can easily conclude that for &, ¢, ---, é,.€ 57,

inf max [[(U(0) — UQ); |l =0.

CeI*(M),1S5sm
This implies that there is a sequence (p,) in I*(M) such that U(p,)
U(p) (strongly) and so U(p,)* — U(p)* (strongly). This completes the
proof.

THEOREM 5. Suppose that M is a Il-factor with the separable pre-
dual and T(M) = C(M). Then the set {U(p)|pec I*(M)} is complete with
respect to the strong operator topology. In particular, I*(M) is com-
plete with respect to the s*-topology and I*(M) is closed in A*(M) with
respect to the w*-topology and s*-topology respectively.

Proor. Let (0,) be a Cauchy sequence of inner *-automorphisms on
M. Put p,(a) = u,*au,(a € M), where w, are unitary in M. Then,

| ukaw, — Untty ||, = || @u,ur — uuna |, = || [@, wux]|l:— 0 (m, n— ).
Since T(M) = C(M), || uuy — t(uu2)L|]; — 0 (0, m — ).
| Unthn — T(Uaum)L |y = ||ty — T(UsUn)thm [l — O (1, M — o0) .

Since ||u,uX|l, = 1, |7(#,u%)| —1 and so there is a double sequence of
complex numbers (%, .) with |, .| =1 such that ||u, — 4 nUnl|l:—0
(n, m — ). We can choose a subsequence (n;) of (n) such that

Z ”un: - #nj,nj+1'unj+1 ”2 < —,—OO .

Jj=1
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By induction, we shall define a sequence of unitary elements (v;) in M.
Put v, = u,; suppose that (v;) (i < j) are defined; then take a complex
number A;.i(| M | = 1) such that inf,o, [|v; — Mty b = 105 — Ngarti, ., Il
and define v;,, = NjiUn, - Let j =k; then

=k i=k
v, — vl = 1; [ Virs = Verici |l = igl. Vv — Nt iUy g Il

k

g
é ” vk+i—1 - #”k+i~l'”k+i)\lk+i_1u"k+i ”

e

o,
Lol
ES

= 4 ” u’k—l—i—l - ‘u"lc+i—-1’”k+iu”k+i ”2 - 0 (jy k - OO) .

o,
Il

Therefore, there is an isometry v belonging to M such that ||v, — v ||, — 0.
Since M is finite, v is unitary. Moreover,

[[viav; — v*av ||, = ||us,au,; — v*av|l,—0(aec M) .
| wrarn — ux o, |l + || wrot,;, — v*av |, — 0 (m — oo, n; = m) .
This completes the proof.

REMARK 1. This theorem implies that a sequence of inner *-auto-
morphisms on a Il -factor M satisfying T(M) = C(M) can not approach
to an into-*-isomorphism on M in the w*-topology. In fact, suppose that
a sequence (o,) of inner *-automorphisms on M converges to an into- *-
isomorphism o in the w*-topology; then U(p)a = p(a) (a € M) will define an
isometry of 277 into 2. Since (U(p,)a, b) = (0.(a), b) = 7(b*p.(a)) — (o(a), b)
(a, be M) and || 0,(@) [li=(0.(a), pa(@)) =T(0.(a*a))—7(p(a*a)) = 7(0(a)* p(a)) =
| p(@) 113 || U(p,)a — U(p)a ||, — 0 (n — ). Therefore, {U(p,)} is a Cauchy
sequence in the strong operator topology.

Next we shall show the converse of Theorem 5 to be true.

THEOREM 6. Suppose that M is a Il-factor with the separable pre-
dual. If I*(M) is closed in A*(M) with respect to the s*-topology, then
T(M) = C(M).

Proor. It is easily seen that if every central sequence of unitary
elements in M is trivial, then T(M) = C(M) ([2]). Suppose that I*(M)
is s*-closed in A*(M). Then I*(M) is a separable complete metric topo-
logical group with respect to the s*-topology. Let M* be the group of
all unitary elements in M. For u, ve M*, we shall define a metric
d(u, v) as follows; d(u, v) =||w — v|;,. This is equivalent to the s*-
topology on M®, for M is finite. Hence M* is a separable complete
metric topological group. For we M*, define p,(a) = wau* (e € M); then
0. is an inner *-automorphism on M. Consider a group homomorphism
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@:u—p, of M* onto I*(M). Then clearly @ is a continuous mapping
of M* with the s*-topology onto I*(M) with the s*-topology. Hence
the kernel K of @ is closed in M* and so the quotient group M*/K is
again a topological group with the second countability axiom, and the
canonical isomorphism @ of M*/K onto I*(M) defined by @ is continuous.
Let (a,) be a set of elements in M* which is s*-dense in M*. For an
arbitrary positive number ¢, let V, be the set of elements in M* such
that V, = {u|d(, u) < ¢, ue M"*}. Since d(xa, ya)=||(x—y)al| .= —y]|.
for a, x, ye M*, V.a, = {w|d(a,, w) <e, we M*}. Clearly Us-. V.a, = M*
and so Uy, 2(V.a,) = Up- 2(V)2(a,) = I*(M). Since I*(M) is a com-
plete metric space, it is of the second category. Hence @(V.a,) is not
nowhere dense for some #,. Hence the s*-closure @(V,)®(a.,,) of &(V.)?(a,,)
contains an open set. Since ?(V,)9(a,) = @(V.)9(a,,), ?(V.) contains an
open set. For V, there is a V, such that V.V, c V.. Since V, = V;‘,
@( )@( .,) contains an open set containing the umt 1. Since &(V,) )@(V )C
@(V,), ®(V.) contains an open set G containing the unit. Let o, G; then
there is a sequence (,) in V, such that o, — 0,(s*). Therefore, || urau, —
v*av|l;— 0 (n — o). Since u,€ V., ||u, — 1|, < ¢; hence for ac M*,

luraw, — v*av|l, = || (w.v*)*a(w,0) — a |l = || a(u.0*) — (U,0%)a |, —0 .
Therefore,
[lav* — v*all, = ||a(l — u,)v* — (1 — u,)v*a + au,v* — u,v*a ||,
< lle@ — w,)v* — 1 — u)v*a ||, + || au,v* — u,v*a ||,
= 2lalll|1 — u,llz + || @upv* — u,v*a ||, < 2¢ + || au,v* — w,v*a ||, .

Hence ||av* — v aHz__<= 2¢. Therefore, ||av*a* — v*|, < 2¢ for ac M*.
Hence || z(v*)1 — v* ||, < 2¢ and ||7(v)1 — v]|, < 2¢. Since

llz(w)1 = v} = o((v* — c(@)1)(v — T(v)1))
=71+ [t(@) 1 = [7() 1 = [z(v) 1) = A = [2(v) [) = 4¢*,

(v)l I B B _ _
"11(@)1 ”"2‘1“ |z(w)| — | 2(v)| = 201 — |z(v)])

=21 — [z() )1 + |z(v) | < 8¢*.

Hence inf ;_, d(v, M) < 3e. This implies that &' is continuous; hence @
is homeomorphic. Especially, if o, — 0.(s*) (v,€ M*), then there is a
sequence of complex numbers (A,) with |A,| =1 such that d(v,, \,1) =
|v, — Au1]le—0. If (w,) is a central sequence of unitary elements in
M, then |[[[z, w.]|l. = [law, — w2, = [|wizw, — x|, —0(n— ) and
[|w,gwy — «|l, = ||* — wizw,|;; hence p, — 0,(s*). Therefore, we have
T(M) = C(M). This completes the proof.
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COROLLARY 7. If T(M) & C(M) for a Il -factor M with the separable
predual, then M has outer *-automorphisms belonging to the s*-closure
of I*(M).

Now let I*(M) be the s*-closure of I*(M) in A*(M). Since I*(M)
is a normal subgroup of A*(M), I*(M) is also a normal subgroup of
A*(M). Let IT be the group of all finite permutations of all positive
integers N onto itself, and let U(Z7) be the Il -factor generated by the
left regular representation; then by Theorem 4, I*(U(Il)) & IT*(U(Il)) =
A*(U(IT)). Next let G, be the free group of two generators; then by
Theorem 5, I*(U(G,) = I*(U(G,)). Moreover, it is well known that
I*(U@G,) & A*(U(G,)). Now we shall show the following theorem.

THEOREM 8. There are three 1l -factors M,, M, M, such that
1. I*(M) & I*(M) = A*(M,);
I*(M,) = I*(M,) & A*(M);
3. I*M,) & I*(M;) & A*(M,).

PrOOF. It is enough to show the3. Let I'; =G,(j =1, 2, ---); then
U, @ ;) is asymptotically abelian ([5]), but by Zeller-Meier’s theorem
it is not inner asymptotically abelian ([8]). Let (0,) be a sequence of *-au-
tomorphisms on U3, I';) such that || [0,(a), 8] [|;—0 (a, b U .D1;)).
Now suppose that I* (U =, D ;) = AX(UCS =, D I';)). Then for each
0., there is a sequence of inner *-automorphisms {{, .} on U, @ 7))
such that

N

1an@) = 0@ [, =0 (m— o=, ze U( S @ 17)) -

Let {x;|t=1,2, ---} be a subset of U >, P ;) which is dense in
P, D I';). For each positive integer k, there is a positive integer
m,, such that ||, .(®) — o.(x)]]. <1l/kforallm = m,andn =1,2, -+, k,
1=1,2 +---, k. We may assume that m, < m,,,.. Put v, = { ., then
we can easily see

1 17@), 8] 1l: < 11 [7u(@) — pu(a), bl 1l + || [ou(a), B [l.
< 2|0l 7a) — @) I + || [oxa), b]]l.— 0

(a,be U(g@r,-)).

This implies that U, @ I';) is inner asymptotically abelian, a con-
tradiction. Hence I*(UC,=. D ) & A*(UCS = @ I';)). On the other
hand, T(UEx @ ) S QU D I'y)) and so IN(UXL D 1)) S
I*(UXz=. @ I;)) by Theorem 6. This completes the proof.
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Finally we shall state some problems. Let Q(M) be the w*-closed
convex subset of B(M) generated by A*(M). Then it is easily seen that
Q(M) can be identified with the weakly closed convex subset of B(5%7)
generated by {U(p) | pe A*(M)}. Under this identification, the w*-topology
on Q(M) is equivalent to the weak operator topology. Therefore, if M
has the separable predual, Q(M) is a compact metric space with the w*-
topology; hence we can apply the Choquet theory to Q(M). Therefore,
it is an interesting question to determine extreme points in Q(M). It
is clear that all *-automorphisms and all into-*-isomorphisms belonging
to Q(M) are extreme. Are there other extreme points in Q(M)? Let
@ be a state on M and consider a positive linear mapping ¥ of M into
M as follows: ¥(a) = #(a)l for ac M. Then it is easily seen that ¥
belongs to Q(M) if and only if @ = 7.

Let N be a W*-subalgebra of M; then there is the unique canonical
conditional expectation P of M onto N such that 7(P(a)z) = t(ax) for
aceM and xeN. If N=Mn(N'N M), then it is easily seen that P
belongs to Q(M). Can we conclude that P belongs to Q(M) without the
assumption N = M N (N'N M)'? If Q(M) contains an into-*-isomorphism,
then by the standard theory of locally convex spaces A*(M)” contains
it. Therefore, if I*(M) = A*(M), then Q(M) can not contain an into-*-
automorphism, by Theorems 5 and 6. Hence it is a quite interesting
question whether Q(M) contains an into-*-isomorphism for every II,-factor
M.

In conclusion, we notice that much part of this paper can be ex-
tended to infinite factors with minor modifications.
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