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Introduction. Let (M, g) be a Riemannian manifold with positive
definite metric tensor g. Let T(M) be its tangent bundle with the
natural projection 7: T(M)— M. T(M) admits a natural Riemannian
metric ¢g° called the Sasaki metric. S. Sasaki proved in [2] that the
extension X (or complete lift X°) of an infinitesimal isometry X on (X,
g) is an infinitesimal isometry on (T(M), ¢°) and the vertical lift Y* of a
parallel vector field Y on (M, g) is an infinitesimal isometry on (T(M),
g*). In [5] S. Tanno determined the forms of all infinitesimal isometries
on (T(M), g°). In this paper we determine the forms of all infinitesimal
affine transformations on (7'(M), g°). The author wishes to express his
sincere gratitude to Professor Tanno who suggested this topic and helpful
advices.

1. Notations and basic formulas. Let (M, g) be a Riemannian mani-
fold with positive definite metric tensor g. Let T(M) be the tangent
bundle of M with the natural projection =: T(M)— M. For a local
coordinate neighborhood U(z®) in M, let (z'U)(«*, y’) be the natural
coordinate neighborhood, where indices 4, 7, ¥ etc. run from 1 to m =
dim M.

Let X = (X?) be a vector field on M. Then the complete lift X° (in
Yano-Kobayashi [3], the extension X in Sasaki [2]) and the vertical lift
X* are defined by

(1.1) X = (X%, y0,X%),
(1.2) X = (0, X ,

respectively, where 0,X* denotes 0.X*/ox".

For (1, 1)-tensor field C = (Ci) on M, a vector field ¢C on T(M) is
defined by

1.3 «C = (0, Cly") .

For a (1,3)-tensor field T = (T.;") on M, a (1, 2)-tensor field ¢T =
((T)s) on T(M) is defined by



354 K. SATO

(T);f = (D) = (D) = (D) = (D)3 = (T = (D) = 0,

(1.4) L i ) )
(lT)ﬂ: = (T, — Tin' + Tjkra)yr ’
where the unbarred indices refer to ', --., ™ and the barred indices

refer to y', <+, y™.
By V and R = (R,;,*) we denote the Riemannian connection and the

Riemannian curvature tensor of g. By I';; we denote the coefficients
of the connection V of M.

If we put
Rj3 =0, Rji=Ri=R,'y, Rji=Ri=—TiR;'yy,
leﬁ = (Rahkipr,;' + RshjiFTZ)yry‘ )
R,-E = Fuf(stkhFr,l' + Rzajh['rli)yr?/’?/t ’

then the R = (B,?) is a (1, 2)-tensor field on T(M).

By V° and V* we denote the Riemannian connection defined by the
complete metric ¢g° and the Sasaki metric ¢g* on T(M) respectively. If
we denote by f,,‘;~the coefficients of the connection V° (see [3], p. 205),
then coefficients /"% of the connection V* (see [2], p. 352) are given by
(1.5) I =T — Q2)(R)s; + (1/2)Rs5 .

If we denote by L, the Lie derivation by X, then we have the
following lemmas.

LemMA 1.1. Let X be a vector field on M. Then

L;p:ff,% = 0, Lxcl—;'ﬁ: = 0, Lch;'—,:—: LXFJ-;,: ,
Lyl ;i = Ly, Lyl ;i = y0(LxT;}) .
LemMmA 1.2. (Yano and Kobayashi [3])
Ly«(¢R) = ¢((LyR) .
LEMMA 1.3. For R = (R%) we have
LX"R}‘;}' = O, LX"'R;TI: = erXR,‘jki ,
LX"R.?Z = _(Fa:LXCR?}I: + R]TliLXFslf)ys ’
LXch]i = (raf;'LX"RZl‘ci + RTL‘ZLXFSZE
+ 'Ly Ryl + RiiL I )y,
LXch]‘: = —'(['”fLXchZ + RjﬁLX['t;f)yt .

A vector field Z = (Z', Z%) = (Z%) on T(M) with affine connection V*

is an infinitesimal affine transformation if and only if it satisfies
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(1.6) LI = 00,2 + 206,02 + ['30,2* + [ 26,72
— I'pi0, 2 =0.
By (1.5) we have
1.7) L.l = LI — (U2)L,(R)s + (1/2)LRy; .
Thus we have the following lemma.
LEMMA 1.4. Let X be a wvector field on M. Then the X° is an

infinitesimal affine transformation of (T(M), g°) if and only if X itself
18 an infinitesimal affine transformation of (M, g).

Next we shall determine the infinitesimal affine transformation Z of

T(M) which are of the form (1.3). By a straightforward calculation we
get the following lemmas.

LEmMMA 1.5. Let C = (Ci) be a (1, 1)-tensor field on M. Then we have
Lol =0, Lel5 =0, Lol 5t = ViCi, Lol 3i =0,
L.T;i = (R,;i'C* + R;,'Ci + V;V,Ci
+ 'V Ci + T'av,Cy .
LEmMMA 1.6.

LLC(ZR)G‘% = LzC(lR)}_I: = LlC(‘R),‘I_’i = LlC’(‘R)in = 0 ]
L.(tR);i = (Ruii'Ct + Rin'Ci + Rui’Ch + Rui*Ciy” .

LEmMmA 1.7.

LR =0, LoRii = (Ri:'Ch — Run’CHY"

LoRii = — (R;\V,Ci + TiiLoBi)y*,

LR} = (RiiV,Ct + I':LoRii + RiiviCt + T LcRijy*
L(ch;i = — (R,};l.:VhCi£ + Fh;;chR?k)yt .

Thus we have the following lemma.

LEMMA 1.8. Let C=(C}) be a (1, 1)-tensor field on M. Then the vector
field ¢«C on T(M) is an infinitesimal afiine transformation of (T(M), g°)
if and only if it satisfies

(i) V.Ci=0, and

(i) R.;’Ct — R;.'C} = 0.

ProoF. Suppose that ¢C be an infinitesimal affine transformation
on (T(M), ¢*). Putting a = i,8=13,7v=k, and Z = ¢C in (1.7), we have

ViCi + (1/2)LRs = 0.



356 K. SATO

Hence we get (i). Putting ¢ =4,8=3,v =k and Z=¢C in (1.7), we
have
(Rui'Ct + RrhkiC;L)yr =0.

Hence we have (ii).
Conversely, suppose that C satisfy (i) and (ii). Then we have

Lol = (1/2)(Run’Ct — R Cly
By (i) and the Ricci’s identity we obtain
R,;,'C' — R,;,"C; = 0.
Thus we see that LI, = 0. q.e.d.

2. General infinitesimal affine transformation of T(}M). Let K =
(K?) be a (1, 1)-tensor field on M. Then the vector field *K on T(M)
(S. Tanno [4]) is defined by

(2.1) K = (K", —I'Ky'y) -

For a vector field Y = (Y?) on M and a (1, 1)-tensor field K on M
we put
(2.2) X(Y,K)=Y"+ *K .

First we shall determine the infinitesimal affine transformations Z
of T(M) which are of the form (2.2).
By a straightforward calculation, we have the following lemmas.

LEmMMA 2.1. (Yano and Kobayashi [3])
Lyvf;-% = Lyvf?;ﬁ = LYvF’JE = Lyvfj]i = 0 y
Lyvfj,f—: Ly jl‘i .
LemMaA 2.2. (Yano and Kobayashi [3])
Ly.(tR);; = Ly(¢R)zi = Lyv(lR);-,:T = Ly.(tR);i =0,
Ly.(R);i = (R.ji' + R Y" .
LEmMmA 2.3.
Lva;.% = 0, Lvaj;ﬁ = Rh]'ki Yh ’
LyoRsi = — (RVW Y + y'I,iLyR3))
LywRji = RiiV;Y* + Riiv, Y* + (I'):Lyo Ry + 'Ly Ry,
LY”Rin = — (R]ﬁvh Yi + yt['t}fLvaji) .

LEMMA 2.4.
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Lyl = 0, L5 = VK5,
Lxl5 = — (RuiK! + Roi'K} + TV KDy,
L*Kfjli = (thkiKrh + Rirthz + VijKi
+ TAVKS + IV KDy,
L*Ksz = (R.'V;K! + R,V KMy y* — y,rhiL*Kij
+ (Boi’K5 + Ru KD yy°
+ (B.;'K5 + B, KN 2y'y
+ (ViBu' + ViR,.HKyy° .
LEMMA 2.5.

Lx(tR)£ = 0, Lx(tR)j = 0,
L.x(R);i = (¢(R),iK}, L.x(¢R),i = — (tR);1K} ,
L*K(ZR)J-;ET = (ViR + VhR,k?-)Ki‘y’y“
+ (R + (RMWTE + ((R)EMDKY
+ (R),iV;K! + (¢R), ™V KMy .
LEMMA 2.6.
L*KRjé = (B.u'K} + R, iKY, L.KR;'E: - ysrs;L*KRﬁ: ,
L.xR;i = (KIV.R,; — R,.;'V,Ki + R’V .KNy'y*
+y'I sﬁthRﬁ: y
L.xR5i = R’ R,'Klyy'y' — y' il B3},
LxR;i = (I'4V;K! + 'V K} + I 2lGKY
+ IilRKD R, + KRy Rai,” + Ropi'Rig,”
+ IAVWR, + THV R, — (B T
+ R,,i"DV.Kiyyy'
L*KRIE = (Ft;.Rjﬁthvl. - thziRszﬁ)ytyu - yuru}thxRﬂ .
Thus we have the following lemma.
LEMMA 2.7. Let X(Y, K) be an infinitesimal affine transformation
of (T(M), 9°). Then
( i) Lyrﬂi + (1/2)(Rkh.7'i + Rihki) Y =0,
(ii) VK + (/2R Y =0,
(iii) Rrjkhvh Yi+ thriK;'L =0,
(iv) R..'V;Y" + RV, Y* + 2V,;V, K} + 2R,;,’K} — R;,* K}, = 0,
(v) K',R,;' + R.;'V.K!— R.;»V,K: is skew-symmetric in rands.
Conversely, if Y and K satisfy (i) ~ (v), then the vector field X(Y, K)
defined by (2.2) is an infinitesimal affine transformation of (T(M), g°).
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PrROOF. Putting a =4, 8=7,v=Fk and Z= X(Y, K) in (L.7) we
have

(2.3) .Zz,-k},,‘.K:,;l + RrjhiK}]: = 0 .
Putting @« =, 8=7,v =k and Z = X(Y, K) in (1.7), we have
(2.4) (VK5 + (1/2)R,:* Y™ + (1/2)(K}V, R

+ R’V K} — BV, K)y'y' =0,
where we have ufed (2.§). By (2.4) we ha_ve (ii) and (v).
Putting a =, 8 =73,7v=k, and Z = X(Y, K) in (1.7), we have
—(Rui*K: + Ren'K} + DUiVEDY + (12) LR
—(/2)(R, iV, Y + IR, Yhy'
—(1/2)(Rui’ + R)Kiy™ = 0.
Using (2.3) and (ii) this is written as
(2.5) — (R, Y + R 'Ky + LRy = 0.
Then we obtain (iii). Putting @« =4, 8 =4, v =k and Z = X(Y, K) in
(1.7) and using (ii), we have
(R1'V;Y* + R,V Y + 2V,V, K]
+ 2R;;i’ K} — Ry " Ki)y"™ + L*K}—Bﬁ =0.
Hence we have (iv). Putting a =4,8 =4, v=%k and Z = X(Y, K) in
(1.7), we have
Ly T — (12)(Bis + Bu) Y™ + (1/2)LoxRyi
+ Lul;i — (1/2)Lex(¢R);i + (1/2) Ly R;i = 0 .
Using (2.8), (i), (iii) and (iv) this is written as
LT = (U2)(Ras’ + B Y* + (U2 LB = 0.

Hence we get (i).

Conversely, suppose that Y and K satisfy (i) ~ (v). From (iii) we obtain
(2.3). By the preceding argument we see that Lz [ = 0. Thus we
have completed the proof.

Next we shall determine the forms of all infinitesimal affine trans-
formations on (T(M), g°).

Let Z = (Z* Z*) = (Z*) be an infinitesimal affine transformation on
(T(M), g°).

By the Taylor’s theorem we have
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(2.6)  ZMa", y’) = ZMx", 0) + 0;ZM(x*, 0)y" + (1/2)0;0;Z"(x", O)y"y*
+ (1/6)07050: Z*(x", O)y"y°y* + (*)*,
@.7)  ZMa*, y’) = ZMa*, 0) + 3:Z%a", O)y" + (1/2)3;0;Z%z", O)y"y*
+ (1/6)3;0:0: Z%(x*, 0)y"y*y* + (+)*,

for (», y) = (¢*, ¥°) in the neighborhood of the 0 section, where (*)* is of
the form

() = (1/24)070;0:0;Z(x", O(x, Y)Y )Y Y'Y'y” -
Then we have the following lemma.
LEmMMA 2.8. (S. Tanno [5])
X = (X" = (Z"g, 0)), Y = (Y*) = (Z"(x, 0)) ,
K = (K}) = (0:Z"=, 0)), E = (E,)) = (0;0:Z"(x, 0)) ,
F = (F,.") = (0:0;0:Z"(x, 0))
are tensor fields on M. Furthermore, if Z"(x, 0) = 0, then
P = (P¥) = (5:2%(x, 0))
18 a temsor field on M.
Putting a =14, 8 =7 and v =k in (1.6), we have
(2.8) 0:0,Z% + Z0, ;i + Mo, 2% + IM'jio, 2" — I';jo.ZF = 0 .
Substituting (2.6) and (2.7) into (2.8) and taking the part which does not
contain y", we have
0,0, X% + X*0, ;i + I'jo; X" + I'jio X" — I';h0,X* =0.
Hence X = (X*) is an infinitesimal affine transformation on (M, g). By

Lemma 1.4, Z — X° is also infinitesimal affine transformation on (7'(M), g°).
Hence we may assume that

(2.9) Z' = Ky + 1Y2)E;y'y* + 6)F . yy'y' + (1),
(2.10)  ZF =Y*+ Py’ + (12)QLyy" + (1/6)S. 'Yy + (+)F,
where P = (P!) is a tensor field on M and
b= 0:0;2%, 0), S,* = 0;070: 2", 0) .

Puttting @« =4, 8 =7 and v =k in (1.6) we have
(2.11)  Eji + 1/2)(B,’K} + Ro’Ki + 2F 3 )" + (---)y'y* = 0.
Hence we see that
(2.12) Ei=0.
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Putting @« =i, 8 =7, and v =k in (1.6) and using (2.12), we have
(2.13) V.K; + (1/2)Ry;* Y™ + (1/2)(R,1* P} + Ry Ph)y”
+ G-y =0.
Hence we have
(2.14) V.K:+ 1/2)R,;iY" =0,
(2.15) R, P! + R,;iP: = 0.

Putting @ =1, 8 = and v = k in (1.6) and taking the part which
does not contain y", we have

(2.16) V.Pi=0.

Hence ¢P is an infinitesimal affine transformation of (T(M), ¢°) by virtue
of the Lemma 1.8. By denoting Z — (P again by Z, we may assume that

ZF=Y" + (1/2)Q v + (1/6)S.. 'y v’y + (+) .
Putting @« =1, 8 =7 and v = k in (1.6) we have
Qi + IuiKj + IiiKl + S,n'y" + (---)y'y* =0,
where we have used (2.12). Hence we have
(2.17) Z¥ =Y*h — I'' Ky + ().
Putting a = f, B =7, and v =k in (1.6) and using (2.14), we have
—(1/2)(R.;x"V, Y? + 2R, K? + Rui, K}y
+ -y =0.
Hence we get

(2.18) R,; 'V, Y + 2R,,; K" + R,,,’)K! =0,
(2.18) R;, 'V, Y* + 2R, K} + R, K: =0
Forming (2.18) + (2.18’) we have
(2.19) R, K" + R,,;K} = 0.
This is equivalent to (2.3). By (2.18) and (2.19) we have
(2.20) RV, Y + R,.,'’K! = 0.

By (2.11) and (2.19) we have
(2.21) Z* = Kty™ + (%)*.

Studying the case (@ = 1,8 =4, v=k), (@ =4, 8 =4, v=k) and (a =
1, 8 =J,7 = k) we have (i), (iv) and (v) of Lemma 2.7. Therefore, X(7,
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K) is an infinitesimal affine transformation on (T(M), ¢°).
If we put Z =2 — X(Y, K) = (Z%), then we have

(Z_a)p = (aﬂZa)p =0

for ¢ =4,% and B =3, 7 at a point p = (2, 0). Since an infinitesimal
affine transformation is determined by the value of its components and
their first partial derivatives at a point (cf. Kobayashi and Nomizu [1],
p. 232), we have Z = 0 on T(M).

Thus we have the following theorem.

THEOREM. Let (T(M), g°) be the tangent bundle with the Sasaki
metric of a Riemannian mantifold (M, g). Let

(a) X = (X?) be an infinitesimal affine transformation of (M, g),

(o) C = (C) be a (1, 1)-tensor field on M satisfying (i), (ii) of Lemma
1.8,

() Y =(Y) and K = (K%) be tensor fields on M satisfying (i) ~ (V)
of Lemma 2.7.

Then the vector field Z on T(M) defined by

(2.22) Z =X+« + X(Y, K)

18 an infinitesimal affine transformation on (T(M), g°).

Conwversely, every infinitesimal affine transformation Z on (T(M), g°)
18 of the form (2.22).
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