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Introduction. Let (Mf g) be a Riemannian manifold with positive
definite metric tensor g. Let T(M) be its tangent bundle with the
natural projection π: T(M) —> M. T(M) admits a natural Riemannian
metric g8 called the Sasaki metric. S. Sasaki proved in [2] that the
extension X (or complete lift Xc) of an infinitesimal isometry X on (M,
g) is an infinitesimal isometry on (T(M), g8) and the vertical lift Yv of a
parallel vector field Y on (ikf, g) is an infinitesimal isometry on (T{M),
gs). In [5] S. Tanno determined the forms of all infinitesimal isometries
on (T{M), g8). In this paper we determine the forms of all infinitesimal
affine transformations on (T(M), g8). The author wishes to express his
sincere gratitude to Professor Tanno who suggested this topic and helpful
advices.

1. Notations and basic formulas. Let (M, g) be a Riemannian mani-
fold with positive definite metric tensor g. Let T(M) be the tangent
bundle of M with the natural projection π: T(M) —• M. For a local
coordinate neighborhood U{xι) in M, let (π'1 U)(x\ yι) be the natural
coordinate neighborhood, where indices i, j , k etc. run from 1 to m =
dim M.

Let X = (X1) be a vector field on M. Then the complete lift Xc (in
Yano-Kobayashi [3], the extension X in Sasaki [2]) and the vertical lift
Xv are defined by

(1.1) Xc - (X\ 2/ r W ,

(1.2) Xv = (0, X*) ,

respectively, where drX
ι denotes dX^dx*.

For (1, l)-tensor field C = (Cj) on M, a vector field cC on T(M) is
defined by

(1.3) cC = (0, CftΛ)

For a (l,3)-tensor field T = (Tijk

h) on ikf, a (1, 2)-tensor field cT =
((tT)%) on T{M) is defined by
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{ ' }

ήi = (cT)Jk = (cT)jl = {iT)s{ = (*T),ί - 0 ,

where the unbarred indices refer to x\ « ,α;w and the barred indices
refer to y\ , ym.

By V and R = (Rijk

h) we denote the Riemannian connection and the
Riemannian curvature tensor of g. By Γόi we denote the coefficients
of the connection V of M.

If we put

Rfi = 0, Rji = R^ = RrJky, Rj* = Rϊ = -ΓARriuΎv8 ,

Rjl = (R^ΓJi + R.hi*ΓΛ)vrv ,

R3Ϊ = Γti{Rιsk

hΓr) + RufΓrJto'v y' ,

then the R = (Rfi) is a (1, 2)-tensor field on T(M).
By Vc and V8 we denote the Riemannian connection defined by the

complete metric gc and the Sasaki metric g8 on T(M) respectively. If
we denote by Γβ

a

r the coefficients of the connection Vc (see [3], p. 205),
then coefficients Γfc of the connection V8 (see [2], p. 352) are given by

(1.5) Ffi = Γβ"r - (l/2)(cR)β"r + (l/2)Rβ

a

r .

If we denote by Lx the Lie derivation by X, then we have the
following lemmas.

LEMMA 1.1. Let X be a vector field on M. Then

Lz.Γfs = 0, LχCΓΊi = 0, LzcΓg^LzΓά ,

LχCΓ5i = LxΓji, LχCΓ;t = yrdr(Lxrji) .

LEMMA 1.2. (Yano and Kobayashi [3])

Lχc(cR) = c(LxR) .

LEMMA 1.3. For R = (Rβ") we have

LzeRfi = 0, LzcRji = yrLxRrj1; ,

LχcRjl = -(ΓALχcRfk + RfkLxΓj)ys,

A vector field Z = (Z\ Zτ) = (Za) on T(M) with affine connection Vβ

is an infinitesimal affine transformation if and only if it satisfies
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(1.6) LzΓβ« = dβ3rZ« + PdJΓfi + PgdβZ* + ΓfλdγP

- Γβ

λ

rdxZ
a = 0 .

By (1.5) we have

(1.7) LzΓβ«r = LzΓβ«r - (lβ)Lz{tR)f7 + (l/2)LzRβ«r .

Thus we have the following lemma.

LEMMA 1.4. Let X be a vector field on M. Then the Xc is an
infinitesimal affine transformation of (T(M), g8) if and only if X itself
is an infinitesimal affine transformation of (M, g).

Next we shall determine the infinitesimal affine transformation Z of
T(M) which are of the form (1.3). By a straightforward calculation we
get the following lemmas.

LEMMA 1.5. Let C = (Cj) be a (1, l)-tensor field on M. Then we have

L(CΓ3l = 0, LιCΓfk = 0, LcCΓjί = v*C}, LιCΓ5i = 0 ,

LιCrόl - (ΛWfc*c* + Rjrk

hct + v / ^ c ;
+ r£VkCi + ΓuΊFjCDy' .

LEMMA 1.6.

LtC(tR)fi = Lt0(cR)Ίi = LcC(cR)jl = LtC{cR)άi = 0 ,

LccicRύ = (RhJk*Ch

r + Rjrk

hCi + RhkfC
h

r + RkrJ

hCi)y* .

LEMMA 1.7.

LtCRfi = 0, Lt0R7i = (RkjSCΪ - RM

ιC))yr,

LtQRjl - - (R£VhC* + ΓhiLiCR
 h

k)y8,

y ί + ΓάLtcR^y1 .

Thus we have the following lemma.

LEMMA 1.8. Let C = (Cj) 6β α (1, lytensor field on M. Then the vector
field cC on T(M) is an infinitesimal affine transformation of (T(M), g8)
if and only if it satisfies

(i) vfcCj = 0, and

(ii) Rhik*Ch

r - RurJC) = 0.

PROOF. Suppose that cC be an infinitesimal affine transformation

on (T(M), g8). Putting a = ϊ, β = J, 7 = fc, and Z = rC in (1.7), we have

(l/2)LtCRjϊ = 0 .



356 K. SATδ

Hence we get (i). Putting a = i, β = J, 7 = k, and Z = cC in (1.7), we
have

(R^Q + ΛrM*C})jΛ - 0 .

Hence we have (ii).
Conversely, suppose that C satisfy (i) and (ii). Then we have

By (i) and the Ricci's identity we obtain

Thus we see that LcCΓβ

a

r = 0. q.e.d.

2. General infinitesimal affine transformation of T(M). Let K =
(K)) be a (1, l)-tensor field on M. Then the vector field *K on T(M)
(S. Tanno [4]) is defined by

(2.1) *K - (K*ry'9 -ΓhlK
h

sy
ry*) .

For a vector field Y = (F*) on Λf and a (1, l)-tensor field K on M
we put

(2.2) X(Y,K)=YV + *K.

First we shall determine the infinitesimal affine transformations Z
of T(M) which are of the form (2.2).

By a straightforward calculation, we have the following lemmas.

LEMMA 2.1. (Yano and Kobayashi [3])

ΪΎvΓ ft = LyvΓ-jί = LYυΓjk = LyvΓjl = 0 ,

LγvΓjl = LγΓjl .

LEMMA 2.2. (Yano and Kobayashi [3])

3ΐ = Lγυ(cR)fk = Lγv(cR)7ϊ = L^cRU = 0 ,

LEMMA 2.3.

Lr Λ^ = 0 , 1 ^ . ^ = 1 2 ^ F * ,

F« + y'Γ^L^

LEMMA 2.4.
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.κΓ-l = 0, L.κΓΊl = VkK) ,

L.κΓ3i = (RuSKΪ + Rjrk

hKi

L.KΓ3J = (Rr^jKi + Rr^VkKl)yry° - VΓk

l.L.κΓJi

+ (Rr^Kl + R^'KDΓWy

+ (RπSKl + Rhj;KΪ)Γk»y*y°

+ piRnS + ViRrifiKϊtfy .

LEMMA 2.5.

L.κ(cR)7l = 0, L.κ{cR)ji = 0 ,

L.κ(cR)jt = {cR)hΪKf, L.κ(eR)ji

L,κ(cR)3ϊ= (VM + VhR.3

+ [((cR)hJΓ/r

LEMMA 2.6.

L.κRΊi = (Rr^K) + Rrj{Kh

h)y\ L.κRg= - y'Γε;L.κRfk ,

L,κRfk = (JΓίV^ft* - Rrilc

hVkKi + Rri&tKiyyy

+ yT.lL.xRa ,

L,KR7Ϊ = Rπu'R^Kivyy - yTtiL.χRil ,

Ϊ + Γr^kK1 + ΓjΓjKΐ

L.KR3Ϊ = (Γt\R/ίVhKl - Rm%lK^yψ - yT.iL.xRji .

Thus we have the following lemma.

LEMMA 2.7. Let X(Y, K) be an infinitesimal affine transformation
of (T(M), g'). Then

( i ) LYΓ3\ + (l/2)(iW + RihC) Yh = 0,
(ϋ) vhκ) + (i/2)βM»*y» = o,
(iii) Rrjk*VhY

t + Rktr

tKi = 0,
(iv) Rrt&iY* + firM*V*r* + 2V3VkKi + 2Rhjk

iKh

r - Rkjr

hK\ = 0,
(v) KTVhRr3k

ι + Rrjk*VkKΪ — Rr3k

hVhKi is skew-symmetric in r and s.
Conversely, if Y and K satisfy (i) ~ (v), then the vector field X( Y, K)

defined by (2.2) is an infinitesimal affine transformation of (T(M), g').
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PROOF. Putting a = i, β = j,7 = ic and Z = X( Y, K) in (1.7) we

have

(2.3) R^KΪ + R^Kl^O.

Putting a = i, β = J,7 = k and Z = X(Y,K) in (1.7), we have

(2.4) (VkK) + (1/2)5^ Yh) + (1/2)(JTJV J2,y*'

+ Rm'VuKi - Rrjk

hVkKi)yry° = 0 ,

where we have used (2.3). By (2.4) we have (ii) and (v).

Putting α = ϊ, β = /, 7 = &, and ^ = X( Γ, if) in (1.7), we have

-(ΛW/JE* + Λ W ' * J + ΓhίVkKW + (1/2)L*KRΊI

Using (2.3) and (ii) this is written as

(2.5) - (Rrik'Vk Y* + Rkkr'KW + L*κRjJ = 0 .

Then we obtain (iii). Putting α = i, β = j, 7 = Jc and Z = X(Y, K) in
(1.7) and using (ii), we have

(ΛrM'VyΓ* + Rru*VkY> + 2VyVifcJΓ«

+ 2Rm

iKi - Rkjr

hKi)yr + L*KRA = 0 .

Hence we have (iv). Putting α = ΐ, β = i, 7 = fc and Z = Z(Γ, if) in
(1.7), we have

)^5J= 0 .

Using (2.3), (ii), (iii) and (iv) this is written as

LγΓ3i - (1/2)(2W + Rhk/)Yh + (1/2)L,KR3Ϊ = 0 .

Hence we get (i).
Conversely, suppose that Y and K satisfy (i) ~ (v). From (iii) we obtain

(2.3). By the preceding argument we see that Lχ{γ>K)Γβ

α

r = 0. Thus we
have completed the proof.

Next we shall determine the forms of all infinitesimal affine trans-
formations on (T(M), g8).

Let Z = (Zh, Zh) = (Zα) be an infinitesimal affine transformation on
M), g>).

By the Taylor's theorem we have
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(2.6) Z\x\ y") = Z\x«, 0) + d-rZ\x\ 0)yr + (l/2)d-rd7Z
k(x», ϋ)yry>

+ (l/G)d-rdϊdτZh(x«, 0)yy>y< + (*)* ,

(2.7) Z\x\ yv) = Z\x\ 0) + d-rZ\x\ 0)yr + Q.I2)d-rd-tZ\x\ 0)y*y

for (x, y) = (xu, y") in the neighborhood of the 0 section, where (*)x is of
the form

-rd&d-Z>(x», θ(x, y)yv)yry'y'yp .

Then we have the following lemma.

LEMMA 2.8. (S. Tanno [5])

X = (X*) = {Z\x, 0)), Y =(¥") = (Z\x, 0)),

K = (if?) = φ-rz\x, o))( E = (EA) = iβ-rd-sz\x, 0)),

F = (Frst

h) = (d-rd7dτZ>(x, 0))

are tensor fields on M. Furthermore, if Zh(x, 0) = 0, then

p = (Pi) = {d-z\x, o))

is a tensor field on M.

Putting a = i, β = j and 7 = k in (1.6), we have

(2.8) dβjP + ZλdλΓji + ΓύdjZ* + Γ$h& - Γ&Z1 = 0 .

Substituting (2.6) and (2.7) into (2.8) and taking the part which does not
contain yr, we have

d&x* + xhdhrάi + rhidjXh + rάidkx
h - r ^ x * - o.

Hence X = (X1) is an infinitesimal afϊine transformation on (M, g). By
Lemma 1.4, Z — Xc is also infinitesimal afϊine transformation on (T(M), g8).
Hence we may assume that

(2.9) Zh = Kh

xy
r + (l/2)Er

h

8y
ry8

(2.10) Z~h = Yh + PΛ

rι/
r + (l/2)Qr

h

8y
ry8

where P = (Pϊ) is a tensor field on Λf and

Qr* = W ( » , o), srst

h = d-d-sdτz\x, 0).

Puttting a = i, β = j and 7 = k in (1.6) we have

(2.11) Edi + (l/2)(12rW%* + i2riA*JSΓi + 2Frifc

ί)i/r + (- - -)yry8 = 0 .

Hence we see that

(2.12) Ejl = 0 .
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Putting a = i, β = J, and 7 = A; in (1.6) and using (2.12), we have

(2.13) VkK) + (l/2)Λω 'Γ* + (l/2)(Rrhh*P) + Λ ^ ' W

+ (- - - W = 0 .

Hence we have

(2.14) V ^ J + (l/2)ΛW4'r* = 0,.

(2.15) Λ r M 'P ; + ΛwίP* - 0 .

Putting a = T, β = J and Ύ = k in (1.6) and taking the part which
does not contain yr, we have

(2.16) VkP) = 0 .

Hence cP is an infinitesimal affine transformation of (T(M), gs) by virtue
of the Lemma 1.8. By denoting Z — cP again by Z, we may assume that

Zτ^ Yh + (l/2)Qr

h

sy
rys + ( l/6)S r f l VW + (*)* .

Putting a = i, β = j and 7 = & in (1.6) we have

Q/k + rhtκ} + Λίz? + s r i 4 v + (- - -)yrvs = 0,

where we have used (2.12). Hence we have

(2.17) Zτ = Yh- Γι

h

rK\yrys + (*)* .

Putting a = i, β = j, and 7 = fc in (1.6) and using (2.14), we have

+ ( — ) y r y = 0 .

Hence we get

(2.18) Rrjk»Vh Y* + 2Bkhi

tKi + R^K] = 0 ,

(2.18') Rjrk»Vh Y* + 2Rkhr

iKΪ + Rkh/K> = 0 .

Forming (2.18) + (2.18') we have

(2.19) βkhr*K$ + RM

ιKΪ = 0 .

This is equivalent to (2.3). By (2.18) and (2.19) we have

(2.20) Rrih*VhY* + Rhk*K) = 0.

By (2.11) and (2.19) we have

(2.21) Zh = Kh

ry
r + (•)* .

Studying the case (α = i, β = j, 7 = h), (a = i, β = 3, 7 = k) and (α =
i,β = 3,Ύ = k) we have (i), (iv) and (v) of Lemma 2.7. Therefore, X(Y,
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K) is an infinitesimal affine transformation on (T(M), gs).
If we put Z = Z - X(Yf K) = {Z% then we have

(Z% = (dβZ% = 0

for a = i, i and β = j, j at a point p = (x0, 0). Since an infinitesimal
affine transformation is determined by the value of its components and
their first partial derivatives at a point (cf. Kobayashi and Nomizu [1],
p. 232), we have Z = 0 on T(M).

Thus we have the following theorem.

THEOREM. Let (T(M), gs) be the tangent bundle with the Sasaki
metric of a Riemannian manifold (M, g). Let

(a) X = (X{) be an infinitesimal affine transformation of (M, g),
(b) C = (Cf) be a (1, l)-tensor field on M satisfying (i), (ii) of Lemma

1.8,
(c) Y = (Y*) and K = (K)) be tensor fields on M satisfying (i) ~ (v)

of Lemma 2.7.
Then the vector field Z on T(M) defined by

(2.22) Z = Xc + cC + X(Y9 K)

is an infinitesimal affine transformation on (T(M), gs).
Conversely, every infinitesimal affine transformation Z on (T(M), gs)

is of the form (2.22).
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