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1. Introduction. Martin showed the transversality theorem for
homology manifolds. ([4])

THEOREM. ([4]) Let M™, N"cC P’ be properly contained homology
mamnifolds, where M is PL. Suppose that ON L F/L for a normal bundle
F over a cell subdivision L of 0M. Then, if r = 2m + 1, we can make
N x I' transverse to M in P x I", such that making transverse is
relative to 0M im that ON X I" L F @ 6.

In this theorem, he assumes that one submanifold M is a PL-manifold.
We will show an improvement of this.

THEOREM. Let M™, N*C P be properly contained homology mani-
folds. Suppose that ON L F/L for a mormal bundle F over a cell sub-
division L of oM. Then, if r = 2m + 1, we can make N X I" transverse
to M in P X I" such that the making transverse is relative to oM in

that ON x I' LF @ 0.

In Section 3, we will apply this for representation of homology
classes. Similar results have been obtained by Adachi. ([3])

2. Transversality theorem. An ND(r)-space is a polyhedron X such
that Link (o%, X), for every k< r, is (r — k — 2)-connected. X is an
ND(r)-manifold if X is a homology manifold and an ND(r)-space, and
if 0X is an ND(r — 1)-space.

If /1 X— Y is a non-degenerated map, S,(f) is the closure of the
set of points, x € X, such that f'(f(x)) contains more than one. Then
we have the next proposition.

PROPOSITION. (See [4], [8]) Let Y be an ND(r)-space, let X © P* be
polyhedra with p < r and let f: P— Y be a map such that f| X is non-
degenerated with dim (S,(f|x)) < 2p — r. Then there exists an arbitrary
close mon-degenerated apploximation g to f such that 9| X = f| X and
dim (S;|9) < 2p — 7.
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If M is a closed homology n-manifold, and if H.(M; Z) = H.(S"; Z),
we call M a homological homology n-sphere. A homological homology
n-disk is an orientable homology nm-manifold M with boundary, such that
H.(M;Z) = 0. An ND(r)-manifold M is called an ND(r)-homology sphere
or disk if M is a homological homology sphere or disk.

We call a cone of homological homology sphere v.-M a homology cell.

A simplicial complex K is called a homology cell complex if it is a
union of homology cells, such that:

(1) each simplex is the interior of exactly one cell;

(2) if a-M is a cell, then a-(0M) and M are union of cells;

(3) there exists a total ordering of the vertices of K such that if
a-M is a cell and be M then b < a.

Let K be a homology cell complex. A polyhedron E is called a space
over K if FE is the union of compact polyhedra E(C), for each cell C of
K, such that:

(1) if Cc D are cells of K, then E(C) is a PL-subspace of E(D);

(2) for cells C, D in K, E(C)N E(D) = U E(B), where B run over
all cells in CN D.

DEFINITION. (See [5]) A space E over K is an S"homology or
homotopy cobordism bundle, if

(1) for m-cell C in K, E(C) is an (m + m)-homology manifold with
boundary E(0C), where E(6C) = UE(D), for all Dc C, D+ C;

(2) for each cell C, there is a space G over K such that G(C) is
an H-cobordism or h-cobordism between E(C) and C x S".

Similarly, we define a D"-homology or homotopy bundle over K,

(1) for m-cell of K, E(C) is an (m + m)-manifold, whose boundary
contains E(dC) as a submanifold of codimension 0;

(2) there is a space G over K such that, for each m-cell C of K,
G(K) is an H-cobordism or h-cobordism of triads between (E(C); E(3C),
E(C)) and (C x D", aC x D*, C x S8**) where E(B) = cl. (0E(B) — E(6B)).

We can define an oriented bundle too.

Let BHML(k) be the classifying space of D*-homology bundles and
BSHML(k) be a classifying space of oriented D*-homology bundles.
EHML(k) is the total space of the universal bundle 7(k) over BHML(k)
and ESHML(k) is the total space of the universal bundle over BSHML(k).

Maunder proved the next theorem. ([6])

THEOREM. Let M be a homology m-manifold. Then there exist
a homology wm-manifold N, which is an ND(m — 3)-space and has
0M = 6N, and a homotopy resolution f: N— M such that f|oN s the
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rdentity.
We prove the next lemma from this theorem.

LEMMA. Let E* and E'* be S*-homology or homotopy bundle over a
homology manifold M™ and G be an isomorphism between E and E'.
If E*(0%) and E'*(¢*) are ND(r — m + i)-manifolds for all 1 £ m where
r<m -+ k — 2, there exists an isomorphism G between E and E' such
that G'(¢*) is an ND(r — m + © + 1)-manifold for all i < m.

This lemma is induced by next lemmas.

LEMMA;, ( =0, -+, m). Let E* and E'* be S*-homology or homotopy
bundles over a homology manifold M™ and let G be an isomorphism
between E and E'. If E*(0) and E'™(0*) are ND(r — m + i)-manifolds
for all i < J where r < m + k — 2 and j < m, there exists an isomorphism
G; between E and E' such that G;(o%) is an ND(r — m + © + 1)-manifold
for all © < j and there exists a space J; over M such that G;(o*)C J;(c*)
18 homotopy equivalent and the mext conditions are satisfied;

1) E@nJdiB) = reLaan E(z)

E'(a) N Ji(B) = ,elajm E'(z)

2) G@)Nn Gip) = wl:lnp (E(x) U E'(7))

3) Gl@)nJip) = ,el,;an G(z)

4) Gia)NnJi(B) = ,elajnp Gi(z)

5) Gia)NGiB) = feL:!m G;(7)

6) J@NJ®= U Ji).

We will prove the lemma, by the induction. We divide the proof
into two step.

1-st step. G(0°) is k-dimensional homology manifold with boundary

E(c°) U E'(6°) which is an ND(r — m)-manifold. By Maunder’s theorem
and r — m < k — 2, there exists a homotopy resolution

S+ Gi(0°) — G(0°)
such that Gy(¢°) is ND(r — m + 1)-manifold and the restriction of f to
the boundary is an identity map. We define Jy(¢°) by the mapping
cylinder of f. We put
Gy(0°) = 0J,(0°) — Int. G(a°) .

G, is an isomorphism between E and E’' over a 0-skelton M° of M
and J, is a space over M° such that Gy(¢°) C J,(¢°) is homotopy equivalent
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for o€ M°. For any cells «¢c M and B, Y€ M’ the next conditions are
satisfied,

1) E@nJE=_U Ee);

E'(a) N J(B) = TeLajnﬂ E'(7);

2) G@NGE = U (B UEE)

3) Gl@)NJ(B) = reL&,np G(7);

4) GB) NJ(7) = reLﬁJﬂr G\(7);

5) GENGM = U G

6) LB NJM= U J).

2-nd step. We assume G, is an isomorphism between E and E’ over
s-skelton M* of M and J, is a space over M* such that Gy(o) C Jy(0) is homo-
topy equivalent for any e M*. And we assume that next conditions are
satisfied for any cells «ec M and B, 7Y€ M?,

1) E@nJig)= U E@)

E'(a) N J(B) = teLﬂan E'(7);
2) G@NGW= U (BE)UEE)
3) G@nJg)= U G
4) GyB) NJ(7) = relﬁjm G.(7);
5) G(B) N G(7) = "l;gjm G(7);
6) J(B)NJ(Y) = fel_/_’jm Jy(7).
We put Ji(C) = Usec Jo(0) and Gy(C) = U,eo Go(0) for (s + 1)-cell v-C.
We define

Jy(v-C) = (G- C) a%]) Jo(C)) x I

G(v-C) = (G(C)U E(»-C)UE'(v-C)) X I
UJy(C) X {1} U G(v-C) x {1} Jy(v-C) .
We identify Jy(C) to Jy(C) X {0} and we put Jy(¢) N J(6) = U:econs Jo(z) for
any (s + 1)-cells ¢ and o.
Let @, u-C, v-D be cells.
1) If dimu-C=s+ 1, we have
E(@)NJy(u-C) = E(@) X {0} N (G(u-C) U J(C)) x I
= (E(a) N (G- C) U J(C))) x {0}
= rearLP.ju-C E(T) fH\G E(T) = reaLﬂJu-C E(T) ’
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Similarly we have
E@ndwu-C)= U E'(a).

2) If dimwu-C=s -+ 1, we have
G(@) N G(u-C) = G(a) X {0} N {(G(C) U Euw-C)U E'(w-C)) x I
U J(C) x {1} U G(x-C) x {1}}
= {G(@) N (G(C) U E(u-C) U E'(w-C))} x {0}
= U E@ U Bk U (Er)UE )

= U EQOUEE).

3) If dimu.-C=s + 1, we have
G@)NJ(u-C) = Gla) X {0} N (Gu-C) U J(C)) x I
= {G(@) N (G(»-C) U J(C))} x {0}
= U G U G@)

Tealu

= U Gk).

4) If dimu-C=s+1 and dimv-D < s, we have
Gy(u-C) N Jy(v-D)
= ((G(C)UEw-C)U E'(u-C)) X IUJ(C) X {1} U G(v-C) x {1})
N Jy(v- D) x {0}
= {(G(C) U E(u-C) U E'(»-C)) U Jy(v- D)} x {0}
=.J,60. Y, E)UVED)
= U G).

If dimu-C<s, dimv.-C=s+ 1, we have
Gy(u-C) N Jy(v-D)
= Gy(u-C) X {0} N (G(v-D) U J(D)) x I
= {Gy(u+C) N (G(v-D) U J(D))} x {0}
Ljn D (E’(T) U E'(T)) feHﬂD G(z-) = reuH\v-D G(T) ‘

Teu-CNv
If dimu.C =dimv.-D =3+ 1, we have
Gy(w-C) N Jy(w-D) = Gy(u-C) N Jy(u-C) N J(v-D)
= G(u-C) N mgjm_p Ju()
= U Gf).

reu-ONv-D
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5) If dimu-C<s and dimv.-D =s + 1, we have
G(u-C) N Gy(v-D) = Gy(u-C) N Jy(u-C) N Gy(v-D)

= Gw-0n(_U G)

teu-Cho-

= U G().

teu-CNv-D

If dimu-C =dimv.-D =38+ 1, we have

G(u-C) N Gy(v+D) = Jy(u-C) N Gy(u-C) N Jo(v-D) N Gy(v-D)
= (Go(u-C) N Jy(v- D)) N (Go(v-D) N Jo(u-C))

(U _ao)n( U o)

teu-0(v-D teu-ONv-D

= U G).

6) If dimu-C<s and dimv-D = s + 1, we have
J(u-C)NJy(v-D) = Jy(u-C) x {0} N (G(v-D) U J(D)) x I
= (J(u+ C) N (G(v-D) U J|(D))) x {0}
Y., 66 Y 5

te€u-0Nv-D

= U Jf).

teu-0ONv-D
We have homology or homotopy equivalent maps
Ew-.-C) = E(»-C) x {0}
c E(v-C) x {0} U G,(C) x {0}
C(E@-C)UG(C)) xI
C(E@-C)U G(C)) x ITUJ(C) x {1}
C(E@-C)U G(C)) x TUJ(C) x {1} U G(v-C) x {1}
C(E@-C)U G(C)U E'(v-C)) x TUJ(C) x {1} U G(»-C) x {1}
= Gy(v-C).

Then E(v-C)c Gy(v-C) is homology or homotopy equivalent.

Similarly E’'(v-C)C Gy(v:-C) is homology or homotopy equivalent.
Then G, is extended to an isomorphism E and E’ over M**. We have
homotopy equivalent maps

G(v-C) = G(»-C) x {0}
C(G(-C) U J(C)) x {0}
C(G(v-C)U J(C)) X I = Jy(v-C).
Then G(v:C)C Jy(v-C) is homotopy equivalent.
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Similarly G(v-C) x {1} c Jy(v-C) is homotopy equivalent. We have
homotopy equivalent maps

G(v+C) x {1} {G(v-C) U J(C)} x {1}
< (G- C) U J,(C)) x {1} U (G(C) U E(w-C) U E'(v-C)) x I
= Gy(v-C) .

We have G(v-C) X {1} Gy(v-C)C Jy(v-C). Then Gy(v-C)cJy(v-C) is
homotopy equivalent. By the induction of s, we have an isomorphism
G, = U. Gy(@) between E and E' and we have a space J, over M. Thus
we have proved lemma,,.

We prove that lemma,;, implies lemma,;,,,.

1-st step. We put G;.,(0*)= G;(c*) and J;,,(0%)=J;(0%) for i< 5. G;(v-CY)
is a homology manifold with boundary E(v-C?% U E'(v-C% U G;(C?) which
is an ND(r — m + j + 1)-manifold. By Maunder’s theorem and » — m <
k — 2, there exists a homotopy resolution

fi Gia(v-C) — Gy(v- CY)

such that G},,(v-C?%) is an ND(r — m + j + 2)-manifold and the restriction
of f to the boundary is an identity map. We define J;,,(v-C’) by the
mapping cylinder of f. We put G;.,(v-C%) = dJ;,(v-C) — Int Gy(v-CY).
Similar conditions of the first step of lemma,, are satisfied.

2-nd step. G;,, and J;,, are constructed by similar way of 2-nd step
of lemma. Then lemma;,, is induced. By the induction of j, we have
an isomorphism G, = U, G.(0) between E and E’ such that G,(¢%) is an
ND(r — m + i + 1)-manifold for ¢ < m. Thus we have proved the lemma.

DEFINITION. (See [4].) Let P? be a homology manifold and let M™,
and N" be homology manifolds properly PL-embedded in P?. Let E be
a normal homology bundle for M in P over a homology cell subdivision
K of M such that E(6M) = ENJP. Then we say that N is block trans-
verse to the bundle E/K if M N N is a cell subcomplex of Kand NN E =
EMnN N). We write N L E/K.

DEFINITION. (See [4].) Let M and N be proper homology submani-
folds of P. We say that we can make N transverse to M if there exists
a triple of h-cobordism (W; M x I, V) between (P; M, N) and (P'; M, N'),
where M and N’ are proper homology submanifolds of a homology
manifold P, N’ 1L E/K for some normal bundle E of M in P’ over a
homology cell subdivision K of M, and M x I and V are proper sub-
manifolds of W. If we already know that 0N L F/L for a normal bundle
Fof Min Pover L (|L|=0M), we say that we can make N transverse
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to M relative to the boundary if (W; M x I, V) restricts to the product
h-cobordism (0P X I;0M x I, 0N x I) on the boundary and if we can
choose K to extend L such that F|L = F. In this case we write

(W; M X I, V)ess: (P; M, L)p.ry —— (P's M, N', E, K) .

We have next propositions. We show that Proposition 1,_, implies
Proposition 2, and that Proposition 2, implies Proposition 1, by a
similar way to Martin. ([4])

ProposITION 1,. Let M™ and N* be proper submanifolds of an

ND(r)-manifold P*, p—m=r=2m + 1, and oN L F/L for a mormal

P=m_homotopy bundle F over oM in oP. Suppose that cl. OP — F') is
as ND(r — 1)-manifold. Then there exists

(W; M % I, V)est (P; M, N)p.oy —— (P'; M, N'; E, K)

such that W is an ND(r + 1)-manifold, E is a D* ™homotopy bundle
over K.

PRrROPOSITION 2(,,. Let 3* be a l-connected ND(r)-homology sphere.
Let 2™ and 2" be homological homology spheres PL-embedded in 37, with
p—m=r=2m+ 3. Suppose that X" L F/L for a mormal homology
bundle F over a homology cell subdivision L of X™. Then 3* spans a
1-connected ND(r + 1)-homology ball B**' which contains a homology ball
D™ define by a cone of 3™ and a contractible homology manifold C***
spanning 3*, both properly PL-embedded inm B such that C"*' 1L E/K
for a normal homotopy bundle E over o homology cell subdivision K of
D™ extending L and with E|L = F.

Since P? x I" is ND(r + 2)-manifold, and M™ and N™ X I" are proper
submanifolds of P? x I™ with r = 2m + 1, Proposition 1 implies the next
transversality theorem of homology manifolds.

THEOREM. Let M™, N*C P? be properly contained homology mani-
folds. Suppose that 0N L F|/L for a normal bundle F over a cell sub-
division L of OM. Then, if r=2m + 1, we can make N X I" transverse
to M in P x I" such that the making transverse is relative to OM in
that ON x I" L F + 6.

We now prove that Proposition 2, **-, 2,-,, imply Proposition 1,.

Let J be a simplicial complex such that |J| = P and let K be a sub-
complex such that | K| = M. Let K be a dual cell complex of K. Let
E, be a normal bundle over K induced by the dual cell complex J of J.
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Then E(c) NN =@ or dE(¢) NN is an (n — m + 1 — 1)-dimensional
homological homology sphere. We have 0E, () N M= @. We assume
that (P; M, N) and (P,; M, N,) are h-cobordant and E, is normal bundle
over M in P, such that 0E, () N N, = @ or 0E,(¢ ) NN is an (n — m +
%2 — 1)-dimensional homological homology sphere for any ¢ =< m, and
E (‘N N,) = E (¢ )N N, for i < k.

If 0 # E,(z) for tek, then we define

W)=0x1, P (0)=0X%X{l}, N(6NN)=(cNN,) X {1}

and VNN, = (NN, x I Weidentify oto ¢ X {0}. If e K*UJM,
we define
W(E(0)) = E(0) X I, P,,(E(0)) = Ei(0) x {1}
NyyonNN)=@NN,)x{1} and VeNN,)=(@NN,)xI.
We identify o to o x {0}. If ».Ce K*** — K*, there exists a contractible
disk triple (4; v-C, ) with boundary (0E,(v-C); C, D) where D=40E (v-C)N
N, and there exists a normal bundle E,,, over v-Cin A extending E,|C
such that E,.,(v-C) Nz = E,.,(v-CN ), by Proposition 2,_,,_,_,. We put
Pk+1(E(U'C)) =4, Nk+1(Ek(v'C) n Nk) =7,
V(E.(v-C) N N) = cone of (E.(»-C)N N)U V(OE,(»-C)NN)U7)
and
W(E.(v-C)) = cone of (E,(v-C)U WOE,(v»-C))U 4) .
Now suppose that we have W(E,(9)), V(E.(0)NN,), P...(E,(c)) and
N,..(E.(0) N N,) for each o€ K and dim o < t (¢ > k) such that (W(E,(0));
o x I, V(E, (o) N N,)) is an h-cobordism (E(0);0, E,(c)N N,) and
(Py+(E(0)); 0, N,..(E(0) N N)) and that for ze P, E,(0)*t we have
P,..(7) and W(r). If dimo =t we define
P,,.(E\(0)) = cone of P, ,(0E\(0)),
W(E\(0)) = cone of (Ey(o) U W(OE(0)) U P,..(E\(0)))
-Nk+1(Ek(0‘) ﬂ Nk) = cone Of Nk+1(aEk(0') ﬂ Nk)

and
V(E\(0) N N;) = cone of ((E.(6) N N,) U V(0E,(0) N N,)
U Nii(Ei(o) N NY) .
By the induction of ¢ we have an h-cobordism (W; M x I, V) between
(Py; M, N,) and (P,,;; M, N,,,) such that E,,,(6° N N,y) = Ei1i(0°) N Ny
for : <k + 1. By the induction of %, we can make N transverse to M
in P.
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Now we prove that Proposition 1,_,, implies Proposition 2.

Let X7 be a l-connected ND(r)-homology sphere. Let 3™ and X" be
homological homology spheres embedded in X? with p — m = r = 2m + 3.
3™ is transverse to E/3™ which is normal bundle over 3™ in 2?. By the
lemma, there exists an ND(r + 1) — h-cobordism G between E and 2™ X
D™ which is a trivialization of E. We can properly embed 2™ x [1, 2]
in G such that 3™ x {1} is embedded in E and 2™ X {2} is embedded in
™ x D™, We have 2* x [0,1]1U; G, f: EC 2’ =23" x {1} and 3" X
[0,11U,G|(E"Nn3"), g: E|C™N3I")— 2" x {1}. We put

3" =02"x [0, 11U G|(E™n 3Z™) — = x {0},
and
f"=6(2”x[0,1][}]G)—2"><{0}.

We define the normal bundle of ™ x {2} in ¥ by E’. Then 2" is trans-
versal to E'/3™ x {2}. We can embed 3™ x [2, 8] in 37 such that 3" is
transversal to 2™ x [2, 8] in 3” and that 3™ x {8} is embedded in OE".
We put X =237 —IntE’ and Y = 3" — Int E'. Since X is (p — m — 2)-
connected and ND(r + 1)-manifold, a cone of 3™ X {3} can be embedded
in X. 0Y is transversal to 2™ x {3} in 0X. By Proposition 1,_,, there
exists an ND(r + 1) — h-cobordism (4; B, C) we can make transverse 3*
to cone of 2™ x {8} in X by ND(r + 1) — h-cobordism (4; B, C). We
have the triple (2* x [0, 1]U; GU A U cone of 27?; 3™ x [0, 3] U cone of
(E™ x {3}), 2" x [0,1]U, G| ("N 2" U CU cone of ), where

5P =4(3" x [0,1]U GU 4) — 2* x {0}
and

S =0 x[0,1]UG|E™"NZ)UC) — 2" x {0}.
This is a disk triple required. Thus we have showen Proposition 2.
3. Representation of homology classes.

DEFINITION. We say that s cohomology class uwe H¥(M; Z,) of a
homology manifold M is HML-realizable if there exists an h-cobordism
(W; M, M') and there exists a map f: M' — T(EHML(k)) such that u is
the image, for the homomorphism f* induced by f, of the fundamental
class U, of the Thom complex T(EHML(k)). We say that a cohomology
class ue HY(M; Z) of an oriented homology manifolds M is SHML(k)-
realizable if there exists an h-cobordism (W; M, M’') and there exists a
maps f: m — T(ESHML(k)) such that « is the image, for the homomor-
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phism f* induced by f, of the fundamental class U, of the Thom complex
T(ESHML(k)).

THEOREM. Let M be a closed homology manifold of dimension m.

a) In order that there may exist an H-cobordism (W; M, M') such
that a homology class ze H,_ (M, Z,) k > 0, can be realized by a homology
submanifold N™* which has a normal homology bundle im M’', it s
necessary and sufficient that the cohomology class we H*(M; Z,), corre-
sponding to z by Poincaré duality, is HML(k)-realizable.

b) Let Mbe oriented. In order that there may exist an H-cobordism
(W; M, M') such that a homology class z€ H,_,(M; Z) k > 0, can be reali-
zed by an oriented homology submanifold N™* which has an orientable
normal homology bundle in M’', it is necessary and sufficient that the
cohomology class w e H*(M; Z), corresponding to z by Poincaré duality, is
SHML(k)-realizable.

We will prove the case a) of the theorem. The case b) can be
proved by the same way.

PRrROOF. i) Necessity. Suppose that there exists a homology submani-
fold N™* in M which represent z and has a normal homology bundle of
dimension k. There exists a map g: N— BHML(k) such that G: =g*v(k).
We define W by M X Iz G; such that (W; M, M') where M’ = oM — M
and (V; N, N'), where N=0V — N’ are H-cobordisms. Then we have
a map f: M' — T(EHML(k)). And we have a following diagram.

Ho oM’ Zo) =25 HY(M'; Zy) —— _

I \f*
H, (N'; Z) 22, g, MY — E(gH(Y)); 2) — HY T(EHML(R)); Z,)
\\Pl Jltz ltl
AN g*
N H(N'; Z) H(BHML(k); Z,)

Ho (N'; Z) 25 H(N'; Z,), H, M'; Z)-2HH(M'; Z2)
and
H,_(B(a*()); Z) 2 HYE(g*(7)), 0E(g*(M)); Zy)
are isomorphisms by Poincaré duality.

(M, M’ — E(¢'(); Z:) —— HYE(¢'()), 0E(g'(")); Z2)
is an isomorphism by the excision theorem.
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Ho N'; Z) =2 H,_(E(*()); Z)

is an isomorphism induced by the inclusion maps.
H(T(BHML(k); Z,) BN (BHML(k); Z,)
and
HM', M’ — E(("); Z) —> H'N'; Z,)

are Thom isomorphisms.

« is a generator of H°(BHML(k); Z.) and B is a generator of
H°(N’; Z,) such that 8 = g*(@), B = p,(IN']) and U, = ;' ().

We have,

u = Detlx([N]) = Dotsopr(B) = Dyoixoptog*(a)
= f*eti (@) = f*(Uy) -

Then we have f*(U,) = u.
ii) Sufficiency. By the transversality theorem of homology manifolds,
we have a homology submanifold N™* realizing the homology class z.
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