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1. Introduction. Martin showed the transversality theorem for
homology manifolds. ([4])

THEOREM. ([4]) Let Mm, NnaPp be properly contained homology
manifolds, where M is PL. Suppose that dN 1 F/L for a normal bundle
F over a cell subdivision L of dM. Then, if r ^ 2m + 1, we can make
N x Γ transverse to M in P x Ir, such that making transverse is
relative to dM in that dN x Γ _L F®θr.

In this theorem, he assumes that one submanifold M is a PL-manifold.
We will show an improvement of this.

THEOREM. Let Mm, NnaP be properly contained homology mani-
folds. Suppose that dN 1 F/L for a normal bundle F over a cell sub-
division L of dM. Then, ifr^ 2m + 1, we can make N x Γ transverse
to M in P x Γ such that the making transverse is relative to dM in
that dN x Γ ±Fφθr.

In Section 3, we will apply this for representation of homology
classes. Similar results have been obtained by Adachi. ([3])

2. Transversality theorem. An iNTi)(r)-space is a polyhedron X such
that Link (σk, X), for every k ^ r, is (r — k — 2)-connected. X is an
iSΓZ)(r)-manifold if X is a homology manifold and an iV2)(r)-space, and
if dX is an ND(r — l)-space.

If f:X—• F is a non-degenerated map, S2(f) is the closure of the
set of points, xeX, such that f'ifix)) contains more than one. Then
we have the next proposition.

PROPOSITION. (See [4], [8]) Let Y be an ND(r)-space, letXaPp be

polyhedra with p <̂  r and let f: P—• Y be a map such that f\X is non-

degenerated with dim (S2(f \ x)) ^ 2p — r. Then there exists an arbitrary

close non-degenerated apploxίmation g to f such that g \ X = f\X and

dim (S21 g) S 2p — r .
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If M is a closed homology ^-manifold, and if H*(M; Z) = H*(Sn; Z),
we call M a homological homology w-sphere. A homological homology
w-disk is an orientable homology ^-manifold M with boundary, such that
H*(M; Z) — 0. An i\ΓjD(r)-manifold M is called an iVD(r)-homology sphere
or disk if M is a homological homology sphere or disk.

We call a cone of homological homology sphere v M a homology cell.
A simplicial complex K is called a homology cell complex if it is a

union of homology cells, such that:
(1) each simplex is the interior of exactly one cell;
(2) if a M is a cell, then α (3ikf) and M are union of cells;
(3) there exists a total ordering of the vertices of K such that if

a-M is a cell and beM then 6 < α.
Let K be a homology cell complex. A polyhedron E is called a space

over K if E is the union of compact polyhedra E(C), for each cell C of
K, such that:

(1) if CaD are cells of K, then E(C) is a PL-subspace of E(D);
(2) for cells C, 2) in K, E(C) Π #(.D) = U E(B), where £ run over

all cells in C Π D.

DEFINITION. (See [5]) A space E over K is an SΛ-homology or
homotopy cobordism bundle, if

(1) for m-cell C in K, E(C) is an (m + w)-homology manifold with
boundary E(dC), where E(dC) = l)E(D), for all ΰ c C , D ^ C;

(2) for each cell C, there is a space G over K such that G(C) is
an iϊ-cobordism or fe-cobordism between E(C) and C x SΛ.

Similarly, we define a DΛ-homology or homotopy bundle over K,
(1) for m-cell of K, E(C) is an (m + w)-manifold, whose boundary

contains E(dC) as a submanifold of codimension 0;
(2) there is a space G over if such that, for each m-cell C of K,

G(K) is an iϊ-cobordism or /^-cobordism of triads between (E(C); E(dC),
E(Q) and (C x D\ dC x D\ C x S*"1) where £(£) = cl. (3#(£) - E(dB)).

We can define an oriented bundle too.
Let BHML(k) be the classifying space of Z)fc-homology bundles and

BSHML(k) be a classifying space of oriented Dfc-homology bundles.
EHML(k) is the total space of the universal bundle Ί(k) over BHML{k)
and ESHML(k) is the total space of the universal bundle over BSHML(k).

Maunder proved the next theorem. ([6])

THEOREM. Let M be a homology m-manifold. Then there exist
a homology m-manifold N, which is an ND(m — S)-space and has
dM = dN, and a homotopy resolution f:N—+M such that f\dN is the
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identity.

We prove the next lemma from this theorem.

LEMMA. Let Ek and E'k be Sk-homology or homotopy bundle over a
homology manifold Mm and G be an isomorphism between E and E'.
If Ek(σ*) and E'^σ*) are ND(r — m + i)-manifolds for all i ^ m where
r ^ m + k — 2, there exists an isomorphism G' between E and E' such
that G'iσ*) is an ND(r — m + i + ϊ)-manifold for all i <; m.

This lemma is induced by next lemmas.

LEMMA(i) (j = 0, , m). Let Ek and Efk be Sk-homology or homotopy
bundles over a homology manifold Mm and let G be an isomorphism
between E and E'. If E^σ*) and E^σ1) are ND(r — m + i)-manifolds
for all i ^ j where r ^ m + k — 2 and j ^ m, there exists an isomorphism
Gj between E and Ef such that Gjiσ*) is an ND(r — m + ί + l)-manifold
for all i ^ j and there exists a space Jo over M such that Gj
is homotopy equivalent and the next conditions are satisfied;

1) E(a) Π U0) = U tm?)

ΐ
reαfl/3

2) G(a)r\Gs{β)= U
τeaftβ

3) G(a) (Ί JM = U G(τ)
τeaf]β

4) Gάa) f)J3(β) = U Gy(τ)
reαΠ/5

5) Gj(a)nG3{β)= U Gy(τ)
reαΠ/9

6) Ua)ϊ\W)= U Uτ).
τeaDβ

We will prove the lemma(0) by the induction. We divide the proof
into two step.

1-st step. G(σ°) is Λ -dimensional homology manifold with boundary
E(σ°) U E'(σ°) which is an ND(r - m)-manifold. By Maunder's theorem
and r — m ^ k — 2, there exists a homotopy resolution

such that G'Q(σ°) is ND(r — m + l)-manifold and the restriction of / to
the boundary is an identity map. We define J0(σ°) by the mapping
cylinder of /. We put

G0(σ°) = dJ0(σ°) - Int. G(<τ°) .

Go is an isomorphism between E and Ef over a 0-skelton M° of ikf
and Jo is a space over M° such that Go(0 °) c e70(̂ °) is homotopy equivalent
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for σ e M°. For any cells a e M and β, Ύ e M°, the next conditions are
satisfied,

1) E{a) n J0(β) = U E(τ);
τeaf]β

E'(a) Π J.C8) = U E'(τ);
τeaΠβ

2) G(a)Γ\<Uβ)= U (E(τ)ΌE'(τ));
τeaΠβ3) G(a)f]J0(β)= U G(τ);

τeaOβ

5) Go(/3)nGo(7)="y^Go(r);

6) Jo(β) n Jo(v) = *{}\(τ).

2-nd step. We assume Go is an isomorphism between E and E' over
s-skelton M' of M and Jo is a space over M* such that G0(σ) c Jo(^) is homo-
topy equivalent for any σ e M*. And we assume that next conditions are
satisfied for any cells a e M and /9, Ύ e M\

I /Ty 1 fJL I I I β/niyC;/ —~ I I fT> I Ϊ7 I»

^'(«) n J.09) = r U ^'W;

2) G(α) Π GoCS) = U (E(τ) U £7'(r));

3) G(a)Γ\ JiO8)= Un G(r);

4) G,Gβ) n J.(7) = r 6 α n ί

6) J.Cβ)nJ.(7)= uWe put J0(C) = Uoeί7/o(σ) and G,(C) = U^c G,(σ) for (s + l)-cell v C.
We define

) U
G(C)

Gjίv C) = (G0(C) U E(vC) U E'iV'C)) x /
U/o(C) x {1} U G(V'C) x {l}cJt(ίi C) .

We identify J0(C) to J0(C) x {0} and we put J0(σ) n Jo(̂ ) = Ure,™ ̂ o(r) for
any (s + l)-cells σ and δ.

Let a, u C, v>D be cells.
1) If dim u C = s + 1, we have

E(a) n Jofa C) = E(a) x {0} n (G(u C) U /0(C)) x J

= (E(a) Π (G(tt C) U MO)) x{0}

= U ^(r) U E(τ)= U
reαp,M C7 reαΠC reαflu C



TRANSVERSALITY THEOREM FOR HOMOLOGY MANIFOLDS 501

Similarly we have

E'(a)nJo(u C)= U E'{a).
reβίlii C

2) If dim u C = s + 1, we have

G{a) Π G0(u C) = G(a) x {0} Π {(G0(C) U E(u-C) U E'(u-C)) x J

UJ,(C)x {l)U(?(tt C ) x {1}}

= {(?(«) Π (G0(C) U J0(« C) U tf'fa C))} x {0}

= U E(τ) U E\τ) \J (E(τ) U E'(τ))
τeaΠC τeaDC τeaf)wC

= U (E(τ)ϋE'(z)).
reαΠu C

3) If dimU'C = s + 1, we have

G(α) ΓΊ Jo(w C) = G(α) x {0} n (G(w C) U Jt(C)) x /

= {G(α) Π (G(u-C) U Jo(C))} x {0}

= U G(τ) U G(τ)
τeaΓ)u C τeaΓ\C

= U G(r).
reαΠu C

4) If dim U'C = s + 1 and dim v D ^ s, we have

G0(u C)f] J0(v D)
= ((G0(C) U E(u C) U ̂ '(tt C)) x IU Λ(C) x {1} U G(v C) x {1})

n Jo(v z>) x {0}

= {(G0(C) U E(u C) U ̂ ( M C)) U Jo(v J5)} x {0}

= U G.(r) U W U f f ( f ) )
reCflΐ D rett CΠΐ Z)

= U G*(r)
Γeu OΠf D

If dimw C ^ s, dimv C= s + 1, we have

= GMμ G) x {0} Π (G{V'D) U J.(i))) x

= {G0(u C) Π (GK» X>) U JJLD))} x {0}

= U (^(τ)U^'(r)) U G(τ)= U
r6« (7n» z) re« cnx> r » <7n

If dim% C = dimv Z> = s + 1, we have

GO(U'C) n Jo(v'D) = Go(u c) n Jo(u Q n «

= Go(tt C)Π U J»(
τewCOvD

= U G.(τ).
ΌΠD
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5) If dim u C ̂  s and dim v D = s + 1, we have

Go(tt C) n GO(V'D) = Goiu-c) n JoO* c) n GO(V D)

= G0(u-C)C\( U Go(r))

= U G0(r) .
r e u (7Πv 2)

If dim u C = dimv D = s + 1, we have

G0(tt C) n GO(V .D) = /0(w C) n GO(U'C) n Jo(v i>) n GO(V

= (G0(« C) n Joiv-D)) n (G0(v D) n «/»(

= ( U <?0(r))n( U Go(τ))
\re t t C7Πv Z) / \τeuΌf]v D /

= U Go(τ) .

6) If dimίt C ̂  s and dim v Z> = s + 1, we have

J.(«.C) Π JJiv-D) = J0(u C) x {0} Π (CKV'Σ) U J.(2))) x I

= (J0(u'C) Π (GivD) U JiίD))) x {0}

= U G(τ) U Ji(τ)
τeuΌOv D τeu CΓ\D

= U Ji(τ)
τBu OΓiv D

We have homology or homotopy equivalent maps

E(v C) = E(V'C) x {0}

<zE{v C) x (O}UG»(C) x {0}

(z(E(v C)ΌG0(C)) x I

c (E(vC) U Go(C)) x IU Ji(C) x {1}

c (S(v C) U Go(C)) x IU Jo(C) x {1} U G{v C) x {1}

c (#0;.C) U (?o(C) U E'(V'Q) x I u J,(C) x {1} U G{v C) x {1}

Then j^(v C) c G0(v (7) is homology or homotopy equivalent.
Similarly E'(v C)<zG0(v C) is homology or homotopy equivalent.

Then Go is extended to an isomorphism E and E' over M'+ι. We have
homotopy equivalent maps

G(v>C) = G{V'C) x {0}

c(G(«-C)UJ.(C))x {0}

c (G(v C) U J.(C)) x J = J.(i> C ) .

Then G(v C ) c J0(v'C) is homotopy equivalent.
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Similarly G(v-C) x {1} c J0(v C) is homotopy equivalent. We have
homotopy equivalent maps

G(vC) x {1}<Z{G(V.C)\JJO(C)} x {1}

c (G(v C) U J0(Q) x {1} U (GQ(C) U E(v C) U JP'(t C)) x I

= Go(v C) .

We have G(v C) x {1} c G0(v C) c J0(v C). Then G0(v C) c J0(v C) is
homotopy equivalent. By the induction of s, we have an isomorphism
Go — \Ja GQ{a) between E and Ef and we have a space Jo over il̂ Γ. Thus
we have proved lemma(0).

We prove that lemma(i) implies lemma(J+1).
1-st step. We put σi+1(σ*) = Gy(σ*) and J^a*) = J^a*) for i£j. Gά(v CO

is a homology manifold with boundary E(v CO U E'(v CO U G3{Cj) which
is an ND(r — m + j + l)-manifold. By Maunder's theorem and r — m <̂
k — 2, there exists a homotopy resolution

such that Gj+i(v CO is an ND(r — m + j + 2)-manifold and the restriction
of / to the boundary is an identity map. We define Jj+1(v Cj) by the
mapping cylinder of /. We put Gj+I(v &) = dJj+1(vC>) - Int Gj(vO').
Similar conditions of the first step of lemma(0> are satisfied.

2-nd step. GJ+1 and Jj+ι are constructed by similar way of 2-nd step
of lemma(0). Then lemma(i+1) is induced. By the induction of j , we have
an isomorphism Gm = \Jσ GJσ) between E and E' such that Gm(σ*) is an
ND(r — m + i + l)-manifold for ί<^m. Thus we have proved the lemma.

DEFINITION. (See [4].) Let Pp be a homology manifold and let Mm,
and Nn be homology manifolds properly PL-embedded in Pp. Let E be
a normal homology bundle for M in P over a homology cell subdivision
K of M such that E(dM) = E Π dP. Then we say that N is block trans-
verse to the bundle E/K if M Π N is a cell subcomplex of K and Nf]E =
E(MΠ N). We write N± E/K.

DEFINITION. (See [4].) Let M and N be proper homology submani-
folds of P. We say that we can make N transverse to M if there exists
a triple of fe-cobordism (W; M x /, V) between (P; M, N) and (P' ilf, N'),
where M and JV' are proper homology submanifolds of a homology
manifold P', N' 1 E/K for some normal bundle E of M in P' over a
homology cell subdivision JK" of M, and Λf x J and F are proper sub-
manifolds of W. If we already know that dN l F/L for a normal bundle
.F of M in P over L (| L \ = 3Λί), we say that we can make N transverse
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to M relative to the boundary if (W; M x I, V) restricts to the product
Λ-cobordism (dP x I; dM x I, dN x I) on the boundary and if we can
choose K to extend L such that E \ L — F. In this case we write

(W Mx I, V)τeld: (P; M, L){FfL) - ^ ( F ; Mf N\ E, K).

We have next propositions. We show that Proposition 1(3>_D implies
Proposition 2(p) and that Proposition 2(p) implies Proposition l(p) by a
similar way to Martin. ([4])

PROPOSITION 1(3>). Let Mm and Nn be proper submanifolds of an
ND(r)-manifold Pp, p — m ^ r ^ 2m + 1, and dN JL F/L for a normal
Dp~m-homotopy bundle F over dM in dP. Suppose that cl. (dP — F) is
as ND(r — l)-manifold. Then there exists

(W Mx I V)τeld: (P; M, N){FfL) -±-> ( F ; M, N'; E, K)

such that W is an ND(r + ϊ)-manifold, E is a Dp~m-homotopy bundle
over K.

PROPOSITION 2 ( P ). Let Σp be a 1-connected ND(r)-homology sphere.
Let Σm and Σn be homological homology spheres PL-embedded in Σp, with
p — m ^ r Ξ> 2m + 3. Suppose that Σn 1 F/L for a normal homology
bundle F over a homology cell subdivision L of Σm. Then Σp spans a
1-connected ND(r + ϊ)-homology ball Bp+1 which contains a homology ball
Dm+1 define by a cone of Σm and a contractible homology manifold Cn+1

spanning Σn, both properly PL-embedded in Bp+1 such that Cn+11 E/K
for a normal homotopy bundle E over a homology cell subdivision K of
Dm+1 extending L and with E\L — F.

Since Pp x P is ND(r + 2)-manifold, and Mm and Nn x Γ are proper
submanifolds of Pp x Γ with r ^ 2m + 1, Proposition 1 implies the next
transversality theorem of homology manifolds.

THEOREM. Let Mm, Nn c Pp be properly contained homology mani-
folds. Suppose that dN ± F/L for a normal bundle F over a cell sub-
division L of dM. Then, if r ^ 2m + 1, we can make Nx Γ transverse
to M in P x Ir such that the making transverse is relative to dM in
that dNx Γ ±F+ θr.

We now prove that Proposition 2(1), •••, 2(p_1) imply Proposition l{p).
Let J" be a simplicial complex such that \J\ = P and let K be a sub-

complex such that \K\ = M. Let K be a dual cell complex of K. Let
Eo be a normal bundle over K induced by the dual cell complex J of J.
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Then dE0{σι) Π JV = 0 or dE^σ*) Π JV is an (n — m + i — l)-dimensional
homological homology sphere. We have dE0(σ°) Π M = 0 We assume
that (P; Jkf, JV) and (P,; Jlf, JV,) are fe-cobordant and !£, is normal bundle
over Jkf in P , such that dE^σ*) n JV, = 0 or dE^σ*) Π JV is an (w - m +
i — l)-dimensional homological homology sphere for any i ^ m, and

^ * ( ^ n JV,) = ^((7θ n JV, for i ^ k.
If σ Φ Ek{τ) for r e i ; , then we define

W(σ) = σ x J , PΛ+1(σ) = * x {1} , iVA+1(σ ΓΊ JV4) = (σ ΓΊ JV4) x {1}

and V(σ Π JVt) = (σ f] Nk) x /. We identify σ to σ x {0}. If (7 e iΓfc U dM,
we define

TΓ(^(σ)) - Ek(σ) x I , P A + ι (^(σ)) = Ek(σ) x {1}

JVΛ+1((T Π Nk) = (σ n JVA) x {1} and F(σ n JV*) = (σ f) Nk) x I.

We identify σ to σ x {0}. If i Ce jKΓfc+1 — iί*, there exists a contractible
disk triple (A; v-C, τ) with boundary (dEk(v-C); C, £>) where D=dEk(v-C)Γ\
Nk and there exists a normal bundle J E ^ over v C in A extending Ek | C
such that Ek+I(v-C) Π r = Ek+I(v-Cf) r), by Proposition 2(ί)_TO_fc_1). We put

PA+1(#(<; O ) = A , JV4+1(JBWt; C) Π 2VA) = r ,

V(Ek(v C) n JV) = cone of ((Ek(v C) Π JV*) U F ( 9 ^ ( ^ . C ) Π JV) U r)

and

TF(^(t;.C)) = cone of (^(v C) U W(dEk(v C)) U A) .

Now suppose that we have W(Ek(σ)), V(Ek(σ) f] Nk), Pk+1(Ek(σ)) and
Nk+1(Ek(σ) Π Nk) for each σ e K and dim σ <t(t> k) such that (W(Ek(σ));
a x /, F ^ ί α ) Π JV*)) is an A-cobordism (Ek(σ); σ, Ek(σ) Π JVfc) and
(Pk+1(Ek(σ));σ,Nk+1(Ek(σ)f)Nk)) and that for τePk, Ek(σ)Φτ we have
PΛ+1(τ) and W(τ). If dim σ = t we define

Ph+ι(Ek(σ)) = cone of Pk+1(dEk(σ)) ,

TΓ(^(σ)) = cone of (#,(*) U T7(aί7,(σ)) U P>+ι(Ek(σ)))

Nk+1(Ek(σ) n JVft) - cone of Nk+1(SEk(σ) n JV,)

and

F(#A(tf) Π JV,) = cone of ( ( # » n JV,) U V(dEk(σ) Π JV,)

u JV,+1(#,(<7) n JV,)).

By the induction of t we have an Λ-cobordism (W; M x /, F ) between
(P,; M, JV,) and (P,+ 1; Jtf, JV,+1) such that Ek+ι(σ* n JV,+1) = ^ , + 1 ( ^ ) ΓΊ JV,+1

for i ^ k + 1. By the induction of k, we can make JV transverse to M
in P.
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Now we prove that Proposition 1^-D implies Proposition 2(p).
Let Σp be a 1-connected ND(r)-homo\ogy sphere. Let Σm and Σn be

homological homology spheres embedded in Σp with p — m ^ r ^ 2m + 3.
Σn is transverse to E/Σm which is normal bundle over Σm in Σp. By the
lemma, there exists an ND(r + 1) — ft-cobordism G between E and Σm x
Dp~m which is a trivialization of E. We can properly embed Σm x [1, 2]
in G such that I7™ x {1} is embedded in E and Σm x {2} is embedded in
Σm x D 1 — . We have Σp x [0,1] U/ <?, f:Ec:Σp = ΣP x {1} and J * x
[0, 1] U , GI (^m n Σn), g: E\(ΣmO Σn) — Σn x {1}. We put

x [0, 1] U GI (I 7" Π ^w)) - ^ x {0} ,

and

I p - d(Σp x [0, 1 ] | J G ) - Γ x {0} .

We define the normal bundle of Σm x {2} in Σ* by E'. Then Σn is trans-
versal to E'/Σm x {2}. We can embed Σm x [2, 3] in I * such that Σn is
transversal t o ^ m x [2, 3] in I * and that Σm x {3} is embedded in dE'.
We put X= Σp - Int £" and Y = Σn - Int £". Since X is (p - m - 2)-
connected and iVD(r + l)-manifold, a cone of J?w x {3} can be embedded
in X. dY is transversal to Σm x {3} in dX. By Proposition l{p-1)f there
exists an ND(r + 1) — fe-cobordism (A; B, C) we can make transverse Σn

to cone of Σm x {3} in dX by ND(r + 1) - ft-cobordism (A; 5, C). We
have the triple (Σp x [ 0 , l ] ( J / G U 4 U cone of ! * ; J m x [0, 3] U cone of
(Σm x {3}), Σn x [0, l]\JgG\ (Σm n l w ) U C U cone of Σn'), where

Σp = d(Σp x [0, 1] U G U A) - Σp x {0}

and

! * = d(Σn x [0, 1] U GI (J w ΓΊ ̂ w) U C ) - ϊ Λ x {0} .

This is a disk triple required. Thus we have showen Proposition 2{p).

3. Representation of homology classes.

DEFINITION. We say that s cohomology class u e Hk(M; Z2) of a
homology manifold M is iίML-realizable if there exists an fc-cobordism
(W; M, M') and there exists a map /: M' — T(EHML(k)) such that ^ is
the image, for the homomorphism /* induced by /, of the fundamental
class Uk of the Thorn complex T(EHML(k)). We say that a cohomology
class u G Hk(M; Z) of an oriented homology manifolds ilί" is SHML{k)-
realizable if there exists an fe-cobordism (W\ M, M') and there exists a
maps /: m —> T(ESHML(k)) such that ^ is the image, for the homomor-
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phism /* induced by /, of the fundamental class Uk of the Thorn complex
T(ESHML(k)).

THEOREM. Let M be a closed homology manifold of dimension m.
a) In order that there may exist an H-cobordism (W; M, M') such

that a homology class z e Hm_k(M, Z2) k > 0, can be realized by a homology
submanifold Nm~k which has a normal homology bundle in M', it is
necessary and sufficient that the cohomology class u e Hk(M; Z2), corre-
sponding to z by Poincare duality, is HML{k)-realizable.

b) Let Mbe oriented. In order that there may exist an H-cobordism
(W; M, M') such that a homology class z e Hm_k(M; Z) k > 0, can be reali-
zed by an oriented homology submanifold Nm~k which has an orientable
normal homology bundle in M', it is necessary and sufficient that the
cohomology class ueHk(M; Z), corresponding to z by Poincare duality, is
SHML(k)-realizable.

We will prove the case a) of the theorem. The case b) can be
proved by the same way.

PROOF, i) Necessity. Suppose that there exists a homology submani-
fold Nm~k in M which represent z and has a normal homology bundle of
dimension k. There exists a map g: N-+ BHMLQc) such that G: ~g*Ύ(k).
We define W by M x I\Jmξ) G; such that (W; M, M') where M' = dM - M
and (V; N, N'), where N = dV — N' are iϊ-cobordisms. Then we have
a map /: ikf' —> T(EHML(k)). And we have a following diagram.

Hm.k(Mf; Z2) -^ Hk(M'; Z2) * - _ _

I ., . ! ^ \
Hm_k(N'; Z2) JLJ*£*L> Hk(Mf, M' - E(g*(Ύ)); Z2)<-Hk(T(EHML(k)); Z2)

\

\ H\N'; Z2) < H°(BHML(k); Z2)

Slm_kyjy , Zd2) • Jtl \±V , ZJ2), £lm-k\lVl , Jj2) >X1 \1V1 , ZJ2)

and

Z2) - ^ Hk{E{g*{Ί)), dE(g*(Ύ)); Z2)

are isomorphisms by Poincare duality.

Hk{M\ M' - W ( τ ) ) ; Z2) -^ H\E{g\Ί)\ dE{g\Ί))\ Z2)

is an isomorphism by the excision theorem.
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is an isomorphism induced by the inclusion maps.

Hk(T(BHML(k); Z2) -^U H\BHML(k); Z2)

and

H\M\ M' - E(g*(Ύ)); Z2) — H°(N'; Z2)

are Thorn isomorphisms.
a is a generator of H°(BHML(k); Z2) and /3 is a generator of

£Γ°(iSΓ'; Z2) such that /3 = g*(a), β = PiflΛΓ']) and Uk = tτι(a).
We have,

u = P2°i*([N]) = p2

oi*oPΓ1(/3) = P2

o/έ*°:PΓlo0*(tf)

Then we have f*(Uk) = w.
ii) Sufficiency. By the transversality theorem of homology manifolds,

we have a homology submanifold Nm~k realizing the homology class z.
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