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0. Introduction. In [8] and [3], W. F. Pohl and E. A. Feldman
have considered higher order tangent bundles of a smooth manifold M
and the higher order nondegenerate immersion of M into Euclidean spaces.
In [9], [10], [11] and [12], H. Suzuki obtained some higher order non-
immersion theorems of projective spaces into Euclidean spaces or projec-
tive spaces by means of characteristic classes, 7-operations and spin
operations.

In [14], C. Yoshioka obtained complete formulas of Stiefel-Whitney
classes of higher order tangent bundles of complex projective spaces and
Dold manifolds and he applied his results to higher order non-immersions
of these spaces. In [7], the complete formulas of higher order tangent
bundles of complex projective spaces and lens spaces in KO-rings of these
spaces and the complete formulas of Stiefel-Whitney classes of higher
order tangent bundles of quaternion projective spaces are obtained. In
[5], J. A. Little studied singularities of submanifolds of higher dimentional
Euclidean spaces and he obtained many valuable results. In this paper,
we show that the well known embeddings of Grassmann manifolds in
hyperplane of Euclidean space of all hermitian matrices are inflection-
free, i.e., second order nondegenerate. Our result is a generalization of
J. A. Little’s result on real projective spaces (Theorem 3.7 of [5]).

This paper is divided into three sections. In the first section we
give descriptions of osculating space, inflection point, inflection-free
immersion and first order normal form of immersion and we show
some examples on Klein bottle, the second section contains the main
result and its proof and in the final section we give an alternative
proof of the Theorem 1.1 in [4] and a remark on the Lemma 4.1 in the
same paper.

1. Preliminaries. Let X: M"— RY be an immersion of a smooth
manifold of dimension % into a HEuclidean space of dimension N. Let
peM", and u, ---,u, local coordinates valid in a neighborhood of p,
with v, =+« =u, =0 at p.
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Let

%=G, =G

the derivatives being evaluated at p. By the (second order) osculating
space of X at p we mean the linear space through p spanned by the X,
and X;;. If the osculating space at p has dimension (1/2)n(n + 1) + % or
N, the maximum possible, we say that X is second order nondegenerate
at p, and if not so, we say that p is an inflection point (first order
inflection point). It is not hard to see that these notions are independent
of the choice of the local coordinates u,, --:, %,. We say that X is ~
inflection-free or second order nmondegenerate, if X is second order non-
degenerate at every p in M*. Let T, and N, denote respectively the
tangent and normal spaces of X at p. For any vector v in R¥ let v*
denote the orthogonal projection of v into N,. Now let x(t) be a curve
on M" such that x(0) = p. Then the orthogonal projection into N, of
the second derivative of X(x(t)) at 0 depends only on the first derivative
of X(x(t)) at 0, as is well known (at least in the case of curve on surface
in ordinary space, and as is proved in the same way in higher dimen-
sions). Thus we have a map v,: T,— N, which assigns to each ve T,
the orthogonal projection in N, of the second derivative vector of a
curve on M" through p whose tangent vector at p is v. We say that
Y, is the first order normal form or the second fundamental form of
X at p. To find an analytic expression for v, we consider the curves

u; = w;t, 1si=n.
Then
< L
§_', xx; X5 .

i=t

X'(0) = S wX,, and X"(0) =3

Hence
v, 0, X)) = D> oiXy + 2 > v, X
% [ i<j

v, is a vector-valued quadratic form. Then we may regard v, as
a symmetric bilinear form defined on T,, valued in N,, i.e., v,: OT,) — N,
homomorphism, where O%T,) is 2-fold symmetric tensor product of T,
as follows

v (X, O X;) = Xi; for X,0 X;eO0T,).

X is second order nondegenerate at p if and only if v,: OT,)— N,
is injective or surjective. If we regard v,: T,— N, as a vector-valued
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quadratic form, X is second order nondegenerate at p if and only if linear
subspace generated by v,(T,) is of dimension (1/2)n(n + 1) or equal to N,.
Now we give some examples on Klein bottle. Consider the equivalence

relation in R? given by
©® + 2zm, (—1)"0 + 2xn) ~ (0,0) for m,n =0, £1, £2, --- .
The quotient space K under this relation is Klein bottle. For the

fixed real numbers R, r such that 0 < r < R, let X: R*— R*, X(0, 0) =
(x, ¥, u, v) be as follows.

x = (R + rcosf)cos O y=(R+ rcosf)sin®,

. e . .
uzrsmf)cos?, v:'rsmﬁsm—z—.

Then X induces a smooth embedding of K in R*. The following
map Y: R?*— R* induces also a smooth embedding of K in R*. For the
fixed real numbers R, » such that 0 < r < R, let Y(6, 0) = (x, ¥, u, v) be
as follows

x:<R+¢sinﬁsin%>cos@, y=<R+frsinﬁsin%)sin@,

. @
u:'rsmﬁcos?, vV =1rcosf.

Set X(R?) = K* and Y(R?) = K**. X, Y are universal covering maps
over K*, K** respectively.
The set of all inflection points of K* is a simple closed curve on K*

such that
cos & cos O

cos & sin O

Rcosa sinacos% eER060 < 4rmt,
sinasing
2

where sina = r/R(0 < a < 7/2). The set of all inflection points of K**
is a set of two points of K** as follows
{(_R + 7, 0, O; 0); (_R -7, 0; 0’ O)} .
Next we give an inflection-free immersion of K in R'. For the fixed
real numbers 0<a, 0<b, let Z: R*— R', Z(0,0) = (x, y, u, v) be as
follows
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* = @ cos fcos @ Y = acos §sin O

u=bsin0c0s% v=bsin0sin%.

Then the following proposition is easily seen by brief calculations.

ProrosiTION 1.1. The above Z: R*— R' induces an inflection free
wmmersion of K in R*. ‘

It is easily seen that the second order tangent bundle of K is trivial.
Thus characteristic classes, 7-operations or spin operations do not serve
to study inflection-free non-immersion or non-embedding of K. The
author does not know if there is an inflection-free embedding of Klein
bottle K in R* or not.

2. Inflection-free embeddings of Grassmann manifolds. For the rest
of this paper, F will denote the field R of real numbers, the field C of
complex numbers or the field H of quaternions. In natural way,
Rc Cc H. Let F* be the right F-vector space of all n-dimensional column
vectors and let GL(n; F) be the n-dimensional general linear group over
F. Denote by M(n, m; F) the right vector space of all n X m-matrices
over F. Then M(n, m; F) is mmn-dimensional over F. x: M(n, m; F)—
M(m, n; F) will denote the adjoint operator, i.e., for Ae M(n, m; F),
A*e M(m, n; F) is the transposed-conjugate matrix of A. The right
inner product over F for M(n, m; F) is defined as (4, B) = tr (A*B) for
A, Be M(n, m; F). Set M(n; F)= M(n, n; F) and denote by E, the identity
matrix of M(n; F). Now for xc F, Rex will denote the real part of w.
Then Re «x = (1/2)(x + %) for x € F, Re (yx) = Re (xy), i.e., yx+ T¥ =2y + Y%
for x, ye F. By these facts, we have the following lemma.

LEMMA 2.1.

Re tr (X) = —;—tr (X + X*) = Retr(X*) for XeMmn;F),

Retr (YX) = Retr (XY) for X, YeM(mn;F),
Re tr (AB*) = Retr (4*B), 1.e.,
tr (AB* + BA*) = tr (A*B + B*A) for A, Be M(n, m; F) .

Let U(n; F) be the group of all unitary matrices of degree m over
F, ie., Umn; F)={UeM(n; F); U*U = E,}. Then U(n; R) = O(n),
U(n; C) = U(n) and U(n; H) = Sp(n), in standard notations. H(n; F) will
denote the R-vector space of all hermitian matrices over F, i.e.,
H(n; F) = {Xe M(n; F); X* = X}.

H(n; F) is of dimension (1/2)d;n(n — 1) + n over R, where d, =1, 2
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or 4 for F= R, C or H respectively. The inner product for H(n; F)
over R is defined by (X, Y)=Retr(XY) for X, YeH(n;F). Set
H.n; F) = {X e H(n; F); tr (X) = p}, for pe R. Then H.(n; F) is regarded
as a hyperplane in the Euclidean space H(n; F). Let U(n; F) act linearly
on H(n; F) in obvious manner: U(X)= UXU*, UecU(n;F) and
Xe H(n; F). The following lemma is easily seen.

LEMMA 2.2. The action of U(n; F) preserves imner product of
H(n; F) and trace of each matrix of H(n; F). Therefore Hun; F) for
re R is invariant under the action of it.

The following lemma is well known [13].

LEMMA 2.8. For each X e H(n; F), there exists a Ue U(n; F) such
that U*XU 1is a real diagonal matriz and the set of all eigenvalues of
a hermitian matrix is unique for the matriz.

For 0 <m < n, M},(F) will denote the set of all orthogonal projec-
tions of F* of rank m, i.e.,
M, (F)={PeM(n; F); P*=P,P* =P and tr(P)=m}.
Then M}, (F)cC H,(n; F). The following lemma is easily seen.
LEMMA 2.4. For Pe M(n; F), the following statements are equivalent:
(i) PeM:.(F),
(ii) there exists ¢ Ue U(n; F) such that
E, 0
P=1U U*.
(o o
Thus the action of U(n; F) on H(n; F) is transitive on M} . (F).
For 0 <m < n, set
VonF) = {Ae M(n, m; F); A*XA = E,},
Vi.n(F) = {A e M(n, m; F); A*A e GL(m; F)} ,
M, .(F); the set of all m-dimensional F-subspaces of F™".
V. .(F) is the Stiefel manifold over F, V. .(F) is the set of all
n X m-matrices over F of rank m and M, ,.(F) is the Grassmann manifold
over F. n:V, .(F)— M, . (F)will denote the natural projection, i.e., for

AeV, F), n(A)e M, .(F) is the subspace spanned by m column vectors
of A. Consider the following map p: V), .(F)— H(n; F) such that

p(A) = A(A*A)"A* for Ae V. (F).

The following proposition is well known.
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PROPOSITION 2.5. The above map p induces the smooth embedding

p*: My, n(F) — H,(n; F)
such that p* is a diffeomorphism of M, . (F) onto the submantifold
M, (F) in H,(n; F) and p = p*-m.

T(V'), T(M*) will denote the tangent bundles of V, .(F), M .(F)
respectively. Let dp: T(V')— T(H,) = H,(n; F) X Hy(n; F) be the dif-
ferential of »; V., .(F)— H,(n; F), where T(H,) is the tangent bundle of
H,(n; F). N(M*) will denote the normal bundle of M}, (F) in H,(n; F).
Then we may consider as follows

T( V’) = V:a,m(F) X M(?’b, m; F) ’
T(M*)c My .(F) X H(n; F),
NM*) c My (F) X Hyn; F) .

Now we study dp and T(M*). V, ,.(F) is regarded as an open set
of dymn-dimensional Euclidean space M(n, m; F) and p is the smooth
function defined on open set V7, ,.(F), valued in the Euclidean space
H(n; F). Then we differentiate p(A) = A(A*A)™"A* and we obtain:

d(A(A*A)*A*) = (B, — A(A*A)*A*)(dA)(A*A) A
+ A(A*A) (dA*)E, — A(A*A)tA*) .
This fact shows that dp is as follows:
dp(4, a) = (p(4), a(A*A)7'A* + A(A*4A)™af)
where, Ae V., .(F), aecM(n, m; F) and a, = (&, — A(A*4)7A*)a. The
following lemma is easily seen.

LEMMA 2.6. For AeV, .(F) and a,€ M(n, m; F), A*a, = 0e M(m; F)

if and only if there exists an ae M(n, m; F) such that
a, = (B, — A(A*A)'A*)a .

Since «; V) .(F)— M, .(F) is the projection of the fiber bundle, 7 is
a submmersion. Therefore p is a submmersion of V7 ,.(F) onto M} .(F)
by Proposition 2.5. Thus dp: T(V') — T(M*) is surjective. By means
of the Gram-Schmidt process, p(V, .(F)) = M} . (F). Therefore we have
the following lemma.

LEMMA 2.7.

T(M*) = {(A(A*A)A*, a(A*A)A*
+ A(A*A)af); Ae V), (F), a,e M(n, m; F) and A*a, = 0}
= {(AA*, a,A* + Aa}); Ae V, (F), a,€ M(n, m; F) and A*a, = 0} .
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Denote by T and N, the tangent space and normal space to M . (F)
at PeM; . (F), ie., the fibres of T(M*) and N(M*) over Pe M}, (F)
respectively. In particular T,, N, denote Tp, Np, respectively, where

P, is defined as
(E',,, 0
P, = .
0 0)

By means of Lemma 2.2, Lemma 2.4 and Lemma 2.7, it is not hard
to see the following lemma.

LEMMA 2.8.

T, = l(Po, (g ‘(g)*)), SeM(n — m, m; F)} ’

N, = {(Po, (K 2)), Ke H(m; F), Le H(n — m; F)
and tr(K) + tr(L) = O} .

T, = {(P, U(g i*) U*); SeMn — m, m; F)f ’

0
0 L)U*);KeH(m; F), Le Hn — m; F)

and tr(K)+ tr(L) = Of ,
for Ue Un; F) such that P = UP,U*.

Now to find the second fundamental form (first order normal form)
v, of p* at P = p(A)e M}, (F) for Ae V) .(F), we consider the curve on
V. .(F) through A, for arbitrary aec M(n, m; F) and sufficiently small
e>0,

d.(t) = A+ at for |t|<e.
We have the following curve on M} ,.(F) through P
P, = p(.(t)) for |t|<e.

Then
(Z%) = a(4ra)ar + A4*a)ar
dt /0
(£L) = 2(a(ar4)ar — A4 4) ago (A 4) 4"
t=0

— q,X(A*A)A* — A(A*A)X*a¥),
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where a, = (£, — p(4))a, X = (A*A)*A*a. By Lemma 2.7 a,X(A*A)'A* +
A(A*A)*X*a¥ is tangent to M},.(F) at P. Moreover aA*A)'ay —
A(A*A)'afa(A*A)*A* is normal to M},.(F) at P. In fact, for arbitrary
b,e M(n, m; F) such that A*b, =0, set D,=a(A*A)'A* and D=
b(A*A)'A*, then a(A*A)'af — A(A*A) 'afa(A*A)"'A* = DD — Dy D,
b(A*A)*A* + A(A*A)*by = D + D*e Ty, and D,D = 0 = DD, by Lemma
2.6 and Lemma 2.7. Thus by Lemma 2.1, (D + D* DD} — DfD,) = 0.
Thus we have the following lemma.

LEMMA 2.9. The first order mormal form vp.Tp,— Np of p* at
Pe M} .(F) is as follows

vo(P, D + D*) = (P, 2(DD* — D*D))
where P = p(A), D =a(A*A)*A*, AeV, . F), a,€M(n, m;F) and
A*a, = 0.
Now we show that N, is generated by v, (T;) where

pe (5.

0 0
For (Po, (gf g»eNo, by Lemma 2.3 and Lemma 2.8 there exists
U, e U(n; F) such that
a, 0
a, K 0
U g = ]
’ am+1 ’ (0 L)
0 a,
where

U0=<(}’ W‘)) Ve Um; F), WeUmn —m; F), ;e R1L<i<n) and

a + o+ - +a,=0.
Let E;; be a matrix unit of M(n; F) such that the (¢, ) component
of it is 1 and the other components are 0. Set

X, =FEniimir — Eis for 1=i=m,
X;=FEjijo1— Eun for m+1Z7<n—-1,
T, = —Q, for 1<k<m,

T = —( A + A + -+ + @),

T = Oy for m+1<k<n-—-1.
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Then we have the following

K 0
( ) = xl( U0X1 U;‘) + oo + xn—l( UoXn—x U’E) .

0 L
Forl<i<mand m +1=<5j5<m, set
D=1/1§.U0EﬁUg‘.
Then

(Py D+ D*)eT,, 2(DD* — D*D) = U(E;; — E;,))Us .

Thus (P, U,X,Uf)evp(T,) for 1<i<n—1, ie.,, N, is generated
by v5(T,). By Lemma 2.8, Theorem 2.9 and the above facts, we obtain
the following main result.

THEOREM 2.10. p*: M, .(F)— H,(n; F) is an inflection-free embedding.

3. Tangent bundles of Grassmann manifolds. Let 7(V) be the
tangent bundle of Stiefel manifold V, .(F). It is not hard to see the
following

T(V) = {(4, ) € V, o(F) X M(n, m; F); A*a + a*A = 0} .
Set
T(Vin(F) = T(V') = {(4, a) € V, o(F) X M(n, m; F); A*a = 0},
T(Vau(F) = T(V) ={(4, 0) e V, (F) X M(n, m; F); A*a = 0} .

Then Ty(V’), T(V) are subbundles of T(V’), T(V) respectively.

For (4, a), (B, b) e T(V')(resp. T(V)), suppose that dp(A4, a) = dp(B, b)
then there exists g € GL(m; F)(resp. U(m; F)) such that B = Ag and b = ag.
In fact by dp(4, a) = dp(B, b), B(B*B)'B* = A(A*A)'A* and

b(B*B)™'B* + B(B*B)™'b* = a(A*A)'A* + A(A*A)'a* .

Thus B = A(A*A)"'A*B, b = a(A*A)"A*B and B*B = (A*B)*(A*A)A*B.
By Lemma 2.7 dp is a surjection of T (V') (resp. Ty(V)) to T(M*)
covering p: V, .(F) — M} . (F) (resp. V, .(F)— M} .(F)). Now GL(m;F)
(resp. U(m; F)) acts on T(V’) and V, . (F) (resp. T(V) and V, .(F)) op
the right as follows, for ((4, a), g)e T(V’) X GL(m; F) (resp. T(V) X
U(m; F)), (4, a), g)— (Ag, ag)e T(V’) (resp. Ty(V)). It is not hard to
see that T(V’) (resp. TW(V)) is a real right GL(m; F)-(resp. U(m; F)-)
vector bundle over right GL(m; F)-(resp. U(m; F)-) space V. .(F) (resp.
Vo)), In particular TV} .(C)) (resp. TV, .(C)) is a complex right
GL(m; C)-(resp. U(m)-) vector bundle over right GL(m; C)-(resp. U(m)-)
space V7, .(C) (resp. V, .(C)). Therefore the orbit space
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T(V')/GL(m; F)(resp. T(V)/U(m; F))

may be regarded as a real vector bundle over M, .(F). In particular
TV (C)/GL(m; C) (resp. T V.,..(C))/ U(m)) may be regarded as a complex
vector bundle over M, .(C). By the facts stated above, we have the

following theorem.

THEOREM 3.1. dp: T(V') — T(M*) (resp. T(V)— T(M*)) induces a
bundle equivalence map dp*: TV, (F))/GL(m; F)— T(M}.,(F)) (resp.
T(Vo,ulF)) Ulm; F) — T(My,(F))) covering p*: M, .(F)— My ,(F) as real
vector bundle, where T(M} .. (F)) = T(M*).

Thus we may identify TV, .(F))/GL(m; F) with the tangent bundle

T(M,,.(F)) of M, .(F).
TV o(C)/GL(m; C) is a complex vector bundle over M, .(C).

T(M,,.(C)) has complex structure. It is easily seen that T'y( V7, ..(C))/GL(m; C)
may be identified with T(M, .(C)) as complex vector bundle. For the
rest of this paper, we regard T(M,, .(C)) as a complex vector bundle.

The fibre’s dimension of right F-vector bundle T(V')(T«(V)) is
m(n — m). Moreover we have the following short exact sequences (i),
(ii) of vector bundles over V7 . (F), V, .(F) respectively

(1) 0— Viu(F) x Mm; F) 2 T(v)) 2 T(v") — 0
(ii) 0 — Vo (F) X Wm; F) =2 T(V) 2 T(V) — 0
where ¢ and + of (i) are defined by

#(4, X) = (4, AX) for (4, X)eV, .(F) X M(m; F),

¥(4,0) = (4, (B, — A(A*A)"A*)a)  for (4,0)eT(V),
and U(m; F) = {Xe M(m; F); X* + X = 0}, ¢ and + of (ii) are the restric-
tions of them of (i) respectively. Now (i), (ii) have natural splitting
homomorphisms @: T(V')— V, (F) X M(m; F), @:T(V)— V, .(F) X
U(m; F) defined by

(4, a) = (4, (A*A)*A*a) for (4, a)eT(V), T(V).

Then ¢, ¥ and @ of (i) are right F-vector bundle homomorphisms,
but them of (ii) are real vector bundle homomorphisms.

Now let V, W be right F-vector spaces of dimension m, m respec-
tively. Lg(V, W) denotes set of all F-homomorphisms from V to W.
It is a vector space over R if F= R or H, over C if F=UC.

Let 7,  be right F-vector bundles over compact manifold M. It is
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‘possible to define in natural way the vector bundle Lg(7, {) whose fibre
L, &), at xeM is Lg%, ¢,), where 7,, {, are fibres of 7, { at =z
respectively. It is a real vector bundle if F= R or H, a complex

vector bundle if F = C.
& denotes the canonical right F-vector bundle over M, .(F), i.e., its

total space FE. is as follows
E.={(V,x)eM,  F)x F;xeV}.
Let &' be orthogonal complement of ¢ in M, .(F) x F", i.e.,
Ey.={V,x)eM, (F)x F';xeV'},

where V* is orthogonal complement of V in F*. We have the following
short exact sequence of right F-vector bundles over M, .(F).

0— & — s M, (F) x Fr—isei—0

where 4 is inclusion map and j is as follows for (V, x)eM, .(F) X F*,
there exists Ae V) .(F) such that m column vectors of A span V and

IV, x) =(V, (B, — A(A*A)""A%)x) .

The above exact sequence has canonical splitting F-homomorphism.
It is as follows ¢; M, .(F) X F*—¢&

q(V, x) = (V, A(A*A)"A*x) for (V,x)eM, (F) x F*.

where m column vectors of AeV, .(F) span V. Then we have the
following short exact sequence of vector bundles over M, .(F).

(iif) 0 — L&, &) 2 Lo(e, F*) 25 Ly(E, &) — 0

where Lg&, F*) = Lg(&, M, . (F) X F"). (iii) has canonical splitting
homomorphism ¢q.: Lg(&, F*) — Lg(&, &) or ¢,: Lg(&, &*) — L&, F"), where
&t — M, . (F) x F* inclusion map.

In general, let V, W be right F-vector spaces of dimension m, n
respectively and let f be a F-linear map from V to W. Suppose that
{a, ++-,a,}, {al, -, a,} are two bases of V such that {ai---, a,}=
{a, -+, a,}g, where ge GL(m; F), that {b, ---,b,}, {b], ---, b,} are two
bases of W such that {b, -+, b,} = {b,, - -+, b,}h, where h e GL(n; F), that
X e M(n, m; F) corresponds to f with respect to {a, ---, a,}, {b, ---, b,}
and that X'e M(n, m; F) corresponds to f with respect to {al, ---, a,},
{b, +--, b}, then X' = h™'Xg.

By this fact we have the following commutative diagram
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Vin(F) X M(m; F)—2o V1, (F) x M(n, m; F) —— TV’ (F))

o e

L&, 8) — Le, Fr)y 25 L& &),
where o', 0" and p are surjective bundle maps covering z: V .(F)—

M, . (F).
Now GL(m; F) acts on V}, . (F) X M(m; F), V, .(F) x M(n, m; F) and
TV .(F)) on the right as follows
(4, X), 9) x (Ag, 97'Xg) for AeV,.F), XeM(m;F), gcGL(m; F),
((4, a), 9) — (Ag, ag) for AeV, .(F), aeM(n, m;F), geGL(m;F).
It is not hard to see that o', p” and p induce bundle equivalence
maps pP%, P% and p, covering zn*:V, .(F)/GL(m; F)— M, .(F) as follows

0— V' x BGL -2 v’ x MGL Y T(V')/GL — 0
(v) lmﬁ . lpié . lp*
0—>Le(5,6) —> Ly F*) 25 Li(§, ¢9)— 0,
where V' = V,.(F), ®f = Mm;F), GL(m;F), M= M(n, m;F), all

horizontal sequences are exact and this diagram is commutative. By
Theorem 8.1 we have the following theorem.

THEOREM 3.2. (Milnor [6]) Tangent bundle of M, .(F) is isomorphic
tO LF(E; El)'

It is easy to see that
LF(E’ F”) = LF(‘S, F)@ s @LF(E, F) = nLF(S; F) ’

where nLg(%, F) denotes the n-fold Whitney sum of L F) and F is
trivial right F-line bundle over M, .(F). We have the following theorem.

THEOREM 3.3. (W. C. Hsiang and R. H. Szczarba [4])

T(Mn,m(F)) @ LF(E; E) = nLF(Er F) M

& may be regarded as a right F-vector bundle with structure group
U(m; F) which acts on its fibre on the left. Then Lg(& R) =¢ and
L&, &) = £@r&.- Thus we have the corollary

COROLLARY 3.4. T(M, . (R) D EQrE = nt.

L&, C) = &, where £ denotes complex conjugate bundle of & and
L&, &) = E@c ¢ (see 3.13 lemma and 3.17 corollary in [1]). We denote
the complex tangent bundle of M, .(C) by T(M,.(C)). We have the
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following corollary.

COROLLARY 3.5. T(M, .(C)DPER:E = né.

Now we will show that Lg(& H) = &, where & denotes the real
vector bundle defined by & Let G be a group and let V be a m-dimen-
sional G-vector space over H which is a right H-vector space such that
G acts on it on the left. Then we can regard the dual space
Ly(V, H) = V* as a right H-vector space on which G acts on the left
as follows, for ¢e V*, qe H and gcG, (949)(v) = q(¢(9~'v)) for ve V.
Let {e, ---, e,} be a basis of V and let {0, ---, d,} be the dual basis of
V* with respect to {e, ---,e,}. For v=ex,+--- +e,2, €V, ¢=
ON, + *++ + 0uhn € V* and ge G let

2 H Ay
gv:(eu"'rem)Xa( E )r g¢:(619 "';3m) E ):(31!""5m)Y0( E ’

Lm /" m 7\'"‘

#1 A'1
where X,, Y,eGL(m; F) and | : |=Y,[| :

Y N
Then for veV

Ly
(99)(0) = Ng(g70) + + - + Nap(970) = (N, =+ ¢y M) X | - )
xm
d,(v)

&Ly
= (U -+, ﬁm)( : =(X17 ""Xm)Y:( )
On(v) T

Thus Y} = X,—, i.e., Y, = (X;})*.

Now let {g;;} be set of transition functions of the vector bundle &
with structure group Sp(m). Then by the above fact, the set {h;} of
transition functions of vector bundle Lg(& H) is as follows for each hj

hi(x) = ((9;:())7)* = g;x) for 2eU.NU;,

where {U;} is open covering of base space M, .(H) of £ such that each
9;: U;NU; — Sp(m). Therefore Ly(&, H) = &g, since we regard Ly(¢, H)
as a real vector bundle. Thus we have the following corollary.

COROLLARY 3.6. T(M,, .(H)) D Ly(&, &) = né.

Now 7, { denote right H-line bundles over a space B with structure
group Sp(l) = S® which acts on their fibres on the left. We derive the
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Pontrjagin class of real vector bundle Lg(n, {) whose fibre is of dimension
4, Let V, W be right H-vector spaces of dimension m, n respectively.
¢y V, cu W denote complex vector spaces defined by restricting the scalars
to C from right H-vector spaces V, W respectively and cLyx(V, W)
denotes 4mn-dimensional complex vector space obtained by complexifying
the 4mn-dimensional real vector space L,(V, W). The following lemma

is described in p. 32 of [1].

LEMMA 3.7. CLH( V, W) = L(;(CHV, OHW).

Moreover let G be a compact Lie group and suppose that V, W are
left G-vector spaces then by 3.6 Proposition, 3.183 Lemma, 3.17 Corollary
in [1] and the above Lemma 3.7, we have the following lemma.

LEMMA 3.8- CLH( V, W) = CHV®C CHWo

COROLLARY 3.9. In Corollary 8.6, cfr = 2cyt and cLgy(E, &)=
cné ®c cué.

e(m), e() denote the total symplectic Pontrjagin classes of 7,
respectively and e,(n) = vy, e,({) = z e H(B; Z) denote the first symplectic
Pontrjagin classes of 7, { respectively (see 9.6 in [2]). We prove the
following proposition.

ProOPOSITION 3.10. The total Pontrjagin class of Lu(n,£) is as
follows

D(La(n, O) =1+ 2(y +2) + (¥ — 2)°,
i.e., the first Pontrjagin class and the second Pontrjagin class of Ly(7, £)
are as follow
p(La(n, C)) = 2(y + 2), pALa(n,C)) = (y —2).

PrOOF. We denote formal factorizations of ¢(%), e¢({) by e(n) =1 + &2,
e() = 1 + B* respectively, where o =y, B°=2. These formulas are
equivalent to the following total Chern classes of complex vector bundle

cu”), eyl (see 9.6 in [2])
Clea) =1 —a)l+a), Clll)=1-B1+78).
Thus
Clea@cel) =1L —a—B)1L+a— B —a+ B+ a+pB)
=1 —(a+ B — (@ — B))
— 1 —_ 2(a2 + BZ) + (aZ — 182)2 .
By Lemma 3.8 we have the following total Chern class of complex
vector bundle ¢Ly(7, €)
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CleLn(n, Q) =1—2(y +2)+ (y — 2.
Thus

p(Lp(n, ) =1+ 2(y + 2) + (¥ — 2)°.
q.e.d.

For example let & be canonical quaternionic line bundle over
quaternion projective space P,_,(H) = M, (H) and let uwec H(P,_(H); Z)
be the first symplectic Pontrjagin class of & Then by Proposition 3.9
we have

p(Lu(§, 8) =1+ 4u .

£ @x&* in [4] may be regarded as Lgy(é, £). By Lemma 4.1 in p. 703
of [4], p(6 @x&*) =1 + 2u. The author thinks that the Lemma 4.1 must
be as follows

px(E ®H C*) = 2(1’1(5) + pL(C)) ’
pz(E ®H C*) = [pl(f) - pL(C)]Z .

Let 7, { be right H-vector bundles over a space B with structure
groups Sp(m), Sp(n) which act on their fibres on the left respectively and
let total symplectic Pontrjagin classes of 7, { and their formal factori-
zations be as follows

eM=1+e®M+ - +e.(N=Q+¥y): - L+ ¥Yn),
e)=1+e)+ - +e,)=QL+2)---1+2,).

Then proposition in p. 703 of [4] is as follows.

ProprosiTION 3.11. The total Pontrjagin class of Ly(n, ) is given
by

P(La(n, 0) = I TT[L + 200 + 2) + (e — Y],

This proposition is an immediate consequence of the splitting principal
and Proposition 3.10.
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