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1. Introduction. We consider the boundary value problem for the
second order scalar differential equation

1.1) o = f(t, », ')
1.2) x(a) =2%,, xb)=uw,.

Hukuhara [1] proved the following Nagumo’s existence theorem by
using Kneser’s property which will be stated in Section 2.

THEOREM 1.1. (Nagumo) Let f(t, %, ¥) be a continuous function on
a compact domain D:a < t<b, o)<z =a), 2t v) Sy =< 24, 2),
where @ and ® are twice continuously differentiable functions satisfy-
ing ot) S @) on a St =<b, 2 and 2 are continuously differentiable
Sfunctions satisfying 2(t, ) < 2(t, ) on the domain a <t < b, o(t) =
x < @(t). Suppose the following inequalities hold;

1.3) {Q(t, o) £ 0'(t) £ 2t w@) for a<t<b

' At, a(t) = @'(t) < At, @(t) for a<t=<b,
L.4) {Q"(t) = f(¢, o), @'(1) for a<t<b

) @"(t) = f(t, @(t), @'(1)) for a<t<b,
wL5) {f (t, 2, 2, @) — L., @) — 2.(¢, )2, «) > 0

' f(t, x, 2t, 2)) — 2., ») — 2,(t, 2)2(t, ) <0

Jor a=t=b, o) =x= o)

and

() =z, = d(), @b) =z =a00).
Then equation (1.1) has at least one solution which satisfies boundary
condition (1.2).
Under conditions (1.4) and (1.5), inequalities (1.3) are essentially
2, w®) < @'(t) = 2, @) for a<t=b
Q(t, @(t)) < @'(t) < 2(t, @) for a<t=b.
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In Theorem 3.1 in this paper, assumptions (1.3), (1.4) and (1.5) of Theo-
rem 1.1 will be weakened and furthermore, without the assumption
w(a) = @(a), we shall obtain solution z(t) of (1.1) such that w(a)Zx(e)<
@(a) and z(b) = .

2. Kneser Family.

-DEFINITION 2.1. A family & of m-vector valued continuous funec-
tions is called a family of curves if the following conditions are
satisfied:

(a) Each curve x (or {(t, 2(t)):tel,}) of & 1is a graph of an n-
vector valued continuous function defined on a compact definition inter-
val I,.

(b) If x belongs to %, every partial arc z|, (the restriction of z
to a compact subinterval I of I,) belongs to &7 .

(¢) & 1is a compact set in a metric space of compact sets in R"™,
where the distance is defined by

Dist (A, B) = inf {0 > 0: U;(A) D B, U,B)DA},
U,(A) = {pe R**: dist (p, 4) < ¢} .

(d) If 2 and y of ¥ assume a same value at ¢t = «, the function
which coincides with ¢ for ¢t < @ and with y for ¢t = « belongs to & .

(e) The end points of a maximal (with respect to the definition inter-
val) curve belong to the boundary B = oD of D, where D = D(¥) is
the compact set in R"™ filled by the curves of % and is called the
fundamental domain of &7 .

Let &% be a family of curves. The left end point of a maximal
curve of . # will be called a left extreme point of D. All left extreme
points of D form a set, which we call the left boundary and denote by
B' = BY(< ). We define the left emission zone Z~(K), EC D, by Z (E)=
{(¢t, z(t)): 2 € # for which there exists a t,€ I, such that (¢, x(t,)) € E,
t<t}). The set Z ({p}) is simply denoted by Z (p). The set of points
p € B\B' such that p is an isolated point of BN Z (p) will be denoted
by B~ = B (& ). The set of points p € B\B* such that p is an accumula-
tion point of BN Z (p) will be denoted by B_ = B_(¥# ). Then B is
expressed as the disjoint sum of B, B~ and B_. Similarly, we define
the right boundary B” and the set B*, B,.

DEFINITION 2.2. Let # be a family of curves. A point p=(a, &) €
DCRxR"is called a left Kneser point if it satisfies one of the following
conditions:

(I) p is a point of B'.
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(II) p is a point of B~ U Int D and the intersection of the emission
zone Z (p) with the hyperplane ¢ = 7 is a continuum when ¢ — 7 > 0 is
sufficiently small.

(III) p is a point of B_ and the union S U (BN Z:(p)) is a conti-
nuum when a — 7 > 0 is sufficiently small, where

S={¢DeZ (p):t=r},
Z:(p)={t DeZ (p):t=71}.

DEFINITION 2.3. A family of curves & is called a left Kneser
family if it satisfies the following condition:

(f) All points of D are left Kneser points, and B~ is open in B and
is contained in B-.

Hukuhara proved the following results .
THEOREM 2.1. If F is a left Kneser family, then the intersection
Z (E)n(B'UB.)
18 a continuum when E is a continuum in D.
For the proof, see [1].

LEMMA 2.1. Let & be a family of curves and G be the fundamen-
tal domain of &, and F be the family of the curves of & which are
contained in a compact set D in G. (It is easy to show that F 1is a
family of curves and D is the fundamental domain of #.) Suppose
that a point p = (a, &) of B_(F ) s an interior point of G or a point
of B~ (&), and that the following conditions are satisfied:

(i) Every maximal function (or curve) of <& issuing from p to
the left exists uniformly in o sufficiently small interval [a — é, a].

(ii) Ewvery point of Zi_s(p; &) 1s a left Kneser point with respect
to &.

(ili) Any curve of i i(p) issuing from an exterior point of D
to the left cannot attain D, where &7 ;(p) is the family of the curves
of & which are contained in Z; (p; &).

(iv) Any point of B () does mot belong to Z._,(p; F ).

Then p is a left Kneser point of 7 .

For the proof, see [1].
3. Existence Theorem. First we consider the system
3.1) 2=, %),

where @ is continuous on X = [a,b] X R*, — oo < a <b < oo,
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DEFINITION 3.1. A set N in X is a negatively invariant set with
respect to (8.1) if for each point (¢, x,) € N and each solution x(¢) of
(8.1) with x(t,) = @, (¢, #(t)) € N on [a, t,] N J,, where J, is the maximal
interval of existence of x. Similarly, we define a positively invariant
set with respect to (3.1).

LEMMA 3.1. Let D be a compact subset of X and p = (e, &) be a
point of D. Let & be a family of solutions of (3.1) which are con-
tained in D and defined om compact intervals. Obviously F 1is a
family of curves. Suppose that there is a megatively invariant set N
and a positively invariant set P of (3.1) such that X\D = NUP. Then

(a) if p is a point of N (the closure of N), » is a point of B'UB_.

(b) iof B-C B", p 1s a left Kneser point.

_ ProOF. (a) Obviously, p is a point of B = oD since p is a point of
NN D. Assume p is not a point of B'. Then there is a solution y(t)
of (3.1) issuing from p to the left and a number o, ¢ < a, such that

(3.2) t, yt)eD on [o,al.

Let {p,} be a sequence in N which converges to p» and z, be a left
maximal solution of (8.1) issuing from p, to the left defined on J,.
Since N is negatively invariant, we have

(t, z,(t)eN on J,.

By Theorem 3.2 ([2], p. 14), there is a left maximal solution x(t) of
(8.1) issuing from p to the left defined on J, and a subsequence of {x,}
which converges to x uniformly on any compact interval in J,. There-
fore we have

(3.3) (t, 2(t) e N on J,.

It then follows from (3.2), (8.3) and Kneser’s theorem ([2], p. 15) that
if 7 in J, N[0, a) is sufficiently near to «, there exists a solution 2(t)
of (3.1) issuing from p to the left defined on [z, @] such that

(z, 2(r))eB.

Now we shall show that (¢, 2(¢))e D on [z, ®]. Suppose there is a
t, t <t <ea, such that (¢, 2(t,))¢D. If the point (¢, 2(¢,)) is in N,
then (z, 2(7)) is in N since N is a negatively invariant set of (3.1). If
the point (¢, 2(¢,)) is in P, then p is in P since P is a positively invariant
set of (3.1). In both cases, there arise con tradictions. This shows
(t, 2(t))e D on [z, «]. Since the number 7 can be assumed to be arbi-
trarily near to a, we have pe B_.
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(b) If p is a point of B'U B~ UInt D, p is a left Kneser point by
Kneser’s theorem. Assume p is a point of B_. =B (¥ ). Let G be a
compact subset of X such that the interior of G in X containes D, and
< be the family of solutions of (3.1) contained in G and defined on
compact intervals. Then one can easily verify that conditions (i) and
(ii) in Lemma 2.1 are satisfied. By the same arguments as in the last
part of the proof of (a), condition (iii) in Lemma 2.1 is satisfied. The
assumptions B (&% )C B"(¥ ) and peB_(% ) imply condition (iv) in
Lemma 2.1. Thus, by Lemma 2.1, we can conclude that p is a left
Kneser point of & . q.e.d.

THEOREM 3.1. Let f on D, w, @, 2 and 2 be the functions given in
Theorem 1.1. Instead of conditions (1.3), (1.4) and (1.5), suppose that
these functions satisfy the following inequalities:

(3.4) {Q’(t) = Q(t, w(t)) for a<t<b

’ '(t) < 2, @(¢)) for a<t=<b,
3.5) i@@zf@@mgm>w‘wwgma@m
' @"(t) = f(t, @), @'t) of @) = 2¢t, o)),
and

f(t; X, Q(ti x)) - _‘Q.t(tl x) - .‘Q_x(t9 %)Q(t, x) =0
f(t’ x, Q(tr x)) - Qt(t’ x) - Qz@! x).@(t, x) é 0
Jor a=t=b olt)=zx=dot).

(3.6) %

Then for any number x,, @) = z, < @), equation (1.1) has at least

one solution xz(t) defined on [a,b] such that x(b) = x,. If w(e) =2z, =
@(a), this solution satisfies boundary condition (1.2).

PrROOF. We consider an equivalent system
(3'7) & = Y, y, = f(ty L, 7/) .

Let % be the family of solutions of (8.7) in D defined on compact inter-
vals. First we shall show that the family % is a left Kneser family.
We investigate the properties of boundary points of D.

The points in B = 0D which are on the plane ¢ = a belong to B'.
We denote by S, the set of such points.

Let S, be the set of points (¢, #, ¥) € B such that

t=0b, wb <z<ab), 20 <y< 202
or

tel,, ©=0wt), 27 <y<mnin{'), 2 )
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or
tel,, == ), Max{@'(t), 2t »)} <y <2t x),
where
L={ta<t=<bh o) <at)}.

The points of S, belong to B~ N B" since y < w'(t) for the second case
and y > @'(t) for the third case.
Let S, be the set of points (¢, z, ¥) € B such that

a<t=b, wt)Sz=a), y=2%t)
or

a<t=bd, z=0t), 0 =y<2tz,
and S, be the set of points (¢, x, ¥) € B such that

a<t=b, wlt)sx=0a), y=42%zx)
or

a<t=b, x=0a0@), Qtz)<y=saod).

We shall extend f to X = [a, b] X R* in order to show that the points
of S,U S, belong to BBUB_. First we construct a continuous extension
g* of f defined on a domain ¢ <t < b, W) <z < d(t), |y| < oo, so that
the follwoing inequalities hold:

(8.8) @"(t) = g*t, o), @'(t)) for a=t=5b,
3.9) "'(t) £ g*(, o), &'(t)) for a=<t=<bH,
(3.10) g*t, @, y) < f(t, «, 22, ©))

for a<t=<b, wt)<z=ak), y=2t )
and
(3.11) g*t, », ) = f(¢, x, 2, x))

for aZt<b, o) Sx=0), y=L0x).

Set g* =f on D. For y = 2(t, x), g* is constructed in the following
way. For tel, x = w(t) and y = '(t), we define g* by

g*@t, z, y) = min {@"(¢) , * f(¢, @, 2, ¥)},
where
L={ta<t<b, @@ > 0t)).
Then (8.8) holds. For tel, » = w(t) and 2, z) <y < ®'(t), we define
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g* by joining f(t, x, 2(t, x)) and g*(t, , @'(t)) linearly in y, that is,
g* (@ x, ¥)

w'(t) — 2, x) )

For a <t <b, x = w(t) and y > Max {w'(t), 2(t, x)} = Y(t), let g* be
g*(t’ x, y) = g*(t’ x, ’Y(t)) .

For a <t <b, o) <z < @) and y > 2(t, x), g* is defined by

+ g*(t, @(t), 2t, ®@)) + y — 2(¢, x)) .
Then (3.10) holds. Similarly, we can construct g* for y < 2(¢, x) so that
(3.9) and (8.11) are satisfied. Finally, we define a continuous extension
g of f defined on X by

Ig*(t, o(t), y) + x — @(t) if x> a@)

9, 2, ¥) = 19*(@, , ¥) if ot)<x=ar)

Instead of system (8.7), we now consider the system

(8.12) =y, y=9¢avy).
We divide the set X\D into the following sets;
D, ={twyrest=b ot) <= o), y> 2t )},
D,={twxy:astsdh 2<al), y=ao®),
D,={t, 2 y:ast<bh x<ab), y=<o@®),
D,={txyrast=sbd o) sz=0@), y < LE )},
Di={t,z,y):a=t=b x> al), y = &)

and
Dy={tzy:as=t=b a>al), y=ao®).
If x(t) is a solution of (8.12) such that xz(t,) < w(t,) and «'(¢,)=w'(t,),
then we have
"' (t,) = g(to 2(t0), 2'(t0)
= g*(tw W), @'(t0) + 2(t) — @(t)
< g*(tw W), @'(2) = @"(Ly) .

This implies that D, is a negatively invariant set and D, is a positively
invariant set with respect to (3.12). Let z(t) be a solution of (3.12)
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issuing from a point of D,, that is, w(t,) < x(t,) < @(t,) and 2'(t,) > 2(t,,
x(t,)) for some t,, Along this solution x(t), let

V(t) = @'(6) — B(t, a(t)) exp || 2,05, a(s))ds .

Then, as long as w(t) < a(t) < @(t) and 2'(t) = 2, »(t)), we have

Vi(t) exp[ _ SZ 0., x(s))ds]

= a"(t) — Qut, o) — 2., x(t)2E, =(t))

= g*(¢, a(t), @'(8)) — 2u(t, 2(t)) — (¢, 2()AE, ©(2))

< f, x(8), 2, 1(t) — 2.2, x(8) — 2., )2, «(t))
=0.

From this and V(¢,) > 0, we have a'(t)>2(t, x(t)) as long as w(t)<xz(t) <
(), t <t,. When t decreases from ¢, if this solution arc does not
remain in D,, then it enters D, U D, because @'(t) < 2(t, @(t)). Further-
more, D, is positively invariant and D, N D, = @, and hence this solu-
tion arc enters I). Therefore D, U D, is a negatively invariant set of
(3.12). Similarly, we can show that D, U D; is a negatively invariant
set and D; is a positively invariant set of (3.12). Thus N = D, U D,U
D, U D, is negatively invariant and P = D, U D, is positively invariant
with respect to (3.12) and X\D = NU P.

Since S, U S, is contained in N, it is contained in B' U B_ by Lemma
38.1(a). Therefore B~ is just S,, and this implies that B~ is contained
in B”. It then follows from Lemma 3.1(b) that all points of D are left
Kneser points. Consequently, % is a left Kneser family since B~ = S,
is open in B.

Now let,

E = {(b, %, 9): 20, %) = y = 20, w)}
and
K=Z(E)n(B'UB_).
Then
K=Z(E)NSUS,US,)

and K is a continuum by Theorem 2.1 because E is a continuum in D.
Next we shall show that KNS, is nonempty. Assume KN S,= @.
Let L be a set of points (¢, «, ¥) € B such that
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(i) ast=b, z=0{), y=0oF) =24tz
or
(ii) a<t<b, z=al), y=at) =2t
or
(iii) a=St=<b, z=0) =at), y=ao(t) =alt)
or
(iv) a<t<b, o) Sz a@), y=2¢x) =02t x).

Then the intersection M = KN L is a nonempty compact set because
KNS, @ and KNS, # @. Let g be one of the left end points of
M. We may assume ¢ is a point of the first case (i) since the argu-
ments for the other cases are similar. Therefore we can write g =
(z, w(7), @'(7)) for some 7, ¢ <7 =b. By Theorem 2.1, the set H =
Z (@) N (B'U B_) is a continuum and is contained in K. Since q € D, and
D, is a negatively invariant set of (3.12), there is a left maximal solu-
tion y(t) of (3.12) issuing from ¢ to the left defined on J, such that

t y@), yt)eD, on J,.

Similarly, there is a left maximal solution z(¢) of (8.12) issuing from gq
to the left defined on J, such that

(t, 2(t), 2'(t)) € D, U D; on J,.

Since the set D, is positively invariant and does not contain ¢, any
solution of (3.12) issuing from ¢ to the left cannot enter D,. It follows
from this and Kneser’s theorem that there are two solutions y,(t) and
2(t) of (8.12) issuing from ¢ to the left and a number o, ¢ < 7, such
that

q, = (0, Y(0), ¥s(0)) € S,
and
q. = (0, 2(0), %(0)) € S; .
Furthermore, we can show that
&, yt), yot)eD for ost=7
and
(&, 2,(t), 2(t)) €D for et

since D, and D,U D, are negatively invariant set of (3.12). Therefore the
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points ¢, and ¢, belong to H. From this and the fact that ¢ is also a
left end point of HN L, we have HN S, is nonempty. This contradicts
HcK and KNS,= @. Thus we have KNS, is nonempty, which
assures the existence of a solution of (1.1) joining a point of S, and a
point of E. q.e.d.

REMARK. As will be seen in the following example, in Theorem 3.1,
we cannot arbitrarily choose the value of z(a) in ®(a) £ x(a) < @(a).
Consider the equation

(3.13) " =0

for 0<t<1. Let w, @ 2 and 2 be constant functions such that
ot)=—-1, &t)=1, L2¢t2x)=—1 and 2t x)=1.

Though all conditions in Theorem 3.1 are satisfied, there is no solution

2(t) of (3.13) satisfying #(0) = — 1 and 2(1) =1 in the domaip D.

COROLLARY 3.1. Let f(t, x,y) be a continuous function on a
domain W: — o Sa<t<b< oo, 0t) <z =< o), 2t 2) £y =< 20 =),
where @, @, 2 and 2 are those in Theorem 3.1 and satisfy inequalities
(3.4), (3.5) and (8.6) replacing a =t <b by a <t <b. Furthermore,
assume that there 18 @ number T, a<T<b, and a measurable function
m(t) on T <t <b and a Lebesgue integrable function h(t) on T <t <b
such that

| f(t, z, ¥)| = m(t)
for TSt<b, wt)<z=<al), 2t r)<y= 20 )

and

Ym@ﬂsémw for T<t<b. .

T
Then the functions @(t) and @(t) are mecessarily bounded on T <t <b,
and for any number x, such that
(3.14) lim inf w(t) £ z, < lim sup a(t) ,

t—b t—
equation (1.1) has at least ome solution x(t) defined on the whole interval
(a, b) satisfying x(b™) = li]rbn x(t) = .
PROOF. We can choose two sequences {a,} and {b,} such that
e<a, ., <a,<T, n=1,2,--.), limea,=a,

n—r00

Cb>b,>b,>T, m=1,2---), limb, = b

n—00
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and

(3.15) lim sup (b,) < #, < lim inf @(d,) .

Let W,m=1,2,---) be a compact domain defined by
0, =t=<b,, ot)Sx=al), 2t r)<y=L2@t«).

It then follows from Theorem 3.1 and (3.15) that there exists a solu-
tion x,(t) of (1.1) defined on [a,, b,] such that

2.(b,) = B, — =, as Mm— oo,

By standard arguments, we may assume that there is a solution x(t) of
(1.1) defined on (@, b) such that

z,(t) — () and x,(t)— 2'(t)
uniformly on any compact interval in (a, b), as n— . For any fixed
t, T<t<b, we may assume t<b, (n=1,2,-..). Since x,t) is a
solution of (1.1) on [a,, b,], We can write
B, = u.(b) = a.(t) + | "wi(s)ds
by 8
= x,(t) + S <1.’16;(T) + Szx;'(u)du}ds
. :
by(s
+ ], ), aiu)duds
which implies
(3.16) B, = ,(t) + (b, — &u(T) + ng,,(s)ds ,
t
where

|| s, 2w, wwpdn for T<s<b,

Fn<s>={
0 for b,<s<b.

From the assumptions, we have
(3.17) 1)) = |17, o), aiw) | du =’ mu)du < his)
T

for T<s<b.

Therefore, by setting ¢ =T in (3.16), |B,| < M for some constant M
independent of ». This implies that z, is a finite number, and hence
®(t) and @(t) are bounded on T <t <b because x, is an arbitrary
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number satisfying (3.14). On the other hand,

lim F,(s) = lim Ss xn (w)du = lim (x,,(s) — z,(T)) ,
-0 JT n—00

that is
(3.18) lim F,(s) = 2/(s) — 2'(T") for T<s<b.

Hence z'(s) is Lebesgue integrable function on 7 < s <b by (3.17). It
follows from (8.16), (3.17) and (3.18) that

7 = at) + (b — (1) +| @) — (T ))ds
= x(t) + g:x’(s)ds for T<t<b.
Since 2'(s) is Lebesgue integrable on T < s < b, we have
gz x2'(s)ds — 0 as t—b,

which implies 2(b”) = x,. q.e.d.

4, Appendix. When B is locally connected, the assumption that B~
is open in B cannot be dropped in Theorem 2.1. This is observed in the
following proposition.

PROPOSITION 4.1. Let # be a family of curves and each point of
D = D() be a left Kneser point and B = 0D be locally connected. If
the set

K(E)=Z (E)yn(B'UB.)

18 a connected set for any continuum E in D, them B~ 1s open n B.
Therefore K(E) is necessarily continuum.

PrROOF. Assume B~ is not open in B. Then there is a point p in
B~ which is an accumulation point of B'U B_. Since p€ B~, we have
p does not belong to K(p). Therefore there is a positive number ¢ such
that

V.ip)N K(p) = @ ,

where V.(p) is an open e-neighborhood of p in B. Let 4, 0 <d <¢, be
arbitrary. By the local connectedness of B, there is a neighborhood
base {U,:n =1,2, ---} of p in B consisting of continua such that

U.cVip) (=12 --).
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For each =, there is a point », in U, N (B'U B_) since p is an accumula-
tion point of B'U B_. Namely, the connected set K(U,) contains an
interior point », of V,(p) and exterior part K(p) of V,(»), and hence
K(U,) NoVyp) is nonempty, where dV;(p) is the boundary of V,(p) in
B. Thus there exist p,c U,, ¢q,€0V,(p) and 2,€.%# whose right end
point is p, and left end point is ¢,. By the compactness of F#, we
may assume that there is a curve x€.# to which x, converges. Obvi-
ously, the right end point of x is p, and the left end point of x denoted
by ¢ belongs to 0 V,(p), and hence dist(p, ¢) = 6. Since 6 > 0 be arbi-
trarily small, we have pe B_. This contradicts the assumption p€ B™.

q.e.d.
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