
Tόhoku Math. Journ.
30 (1978), 463-470.

WEIGHT FUNCTIONS ON PROBABILITY SPACES
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Introduction. B. Muckenhoupt [3] proved that a nonnegative func-
tion VeL\oc(R) satisfies

( * ) sup jί f*(x)pV(x)dx([ \f(x)\pV(x)dx) ': / is measurable! < oo ,

where 1 < p < oo and /* is the Hardy maximal function

f*{x) = sup {(» - xΓ \[ \f(t)\dt: y e R\{x}} ,

if and only if

AP(V) = sup |(y - x)-p ^ V(t)dt

The proof of this result consists of the following two theorems. [See
also R. Coifman and C. Feίferman [1].]

THEOREM A. Let U and V be nonnegative measurable functions on
R, pe(l, oo),

A9(U, V) = sup j(tf - x)~p

-oo < x < y < ooi

and

W,(U, V) = sup \\> \ U(t)dt(\

X> 0, f is measurablel .

Then

AP(U, V) £ WP(U, V) £ C(p)Ap(U, V) .

THEOREM B. If V is a nonnegative measurable function and
Ap( V) < M for some p e ( l , oo) and M < oo, then there exist δ(M, p) > 0
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and N(M, p) < oo such that

ί
/Cv \l/(l+δ) /Γy

(y - x) ί / ί l + S )Q V(t)ί+ιdή (J
-co <x <y < ooi <iV.

Since Ap/(p_1)(F-1/<!)-1)) = ^ ( F ) 1 ' 1 " - 1 1 , applying Theorem B to
we get

(A3,/(p_1)(F-1/{ ί'-1))ίίε/(P-e- l)(F-1/^-1))) ί )-1 < -

for some ε > 0. Then (*) follows from Theorem A and the Marcinkiewicz
interpolation theorem. On the other hand, by Theorem A it is clear
that (*) implies AP(V) < ©o.

In this note we consider these theorems on a probability space with
a sequence of nondecreasing sub σ-fields. The definitions of the maximal
function, Ap, Wp, and Hδ on this probability space will be given in the
following sections. The essential techniques are due to [1] and [3].

1. The "weak type" problem. Let (Ω, F, P) be a probability space
with a sequence of sub σ-fields

Fλ c F2 c c Fn c c F

such that V^=ι Fn = F. Let V, U, and X be any nonnegative immeasura-
ble functions. Let ε and λ be arbitrary positive numbers. We define
o, X*, Ap and W9(l ^ V < °°) as follows:

a°b = ab for α, & 6 [0, °o) ,

ftooo = c o o α = oo f o r α 6 [ 0 , oo] ,

X* = suv E[X\Fn],

AP(U, V) = sup IIJSiV-^MF.r^tCTIF.llL for p 6(1, oo) ,
n

MU, V) = suv\\V-ιE[U\Fn]\U,
n

Wp(U, V) = sup λp \ UdP([ X*VdP)'1 for p e [1, oo) .

The above definition of Ap is due to M. Izumisawa and N. Kazamaki
[2], In the case U = V, they proved that Ap < oo implies

sup J X*'VdpQ X'VdPy1 < oo

for q > p and conversely
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sup \ X*p VdP([ XpVdpY1 < oo

implies Ap < oo.
Following the theory of [1] and [3], we extend the result of [2],

that is,

THEOREM 1. Ap = Wp for p e [1, oo).

REMARK. The fact that Wp ̂  Ap has been pointed out by T. Tsuchi-
kura.

For the proof of Theorem 1 we prove the following three lemmas.

LEMMA 1. Set

X** -

Then X \ UdP ̂  \ XVdP .
J{x**>;t} J

PROOF. Set

Bn = {ωeΩ:E[XV\Fn]oE[U\FnT
ί>X and

EiXVlF^oEiUlF^^X for i = 1, 2, . , n - 1} .

Since BneFn,

χ[ UdP = x\ E[U\Fn]dP^\ E[XV\Fn]dP=\ XVdP.
JBn JBn JBn JBn

Summing up for n = 1,2, , we get the desired inequality.

LEMMA 2. Let F' be an arbitrary sub σ-field of F. Then

X^ UmE[Xn\F']ί/n a.s.
Λ-*oo

PROOF. By Holder's inequality E[X*\F']ι/n is monotone increasing.
Set

Bχ = {ωe Ω: lim E[Xn \ F'\'n ^ λ} .
n—»oo

Then it suffices to show that X ^ X on Bλ. Since BλeF',

(X + ε)nP(Bλ Γ\{ω:X>X + ε})^\ XndP

= \ E[Xn I Ff]dP ^ XnP(Bλ) .
)Bλ

Thus letting n —> oo, we have

P(Bλ n {ω: X > X + ε}) = 0

and we get the desired inequality.
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LEMMA 3. Wp = limei0 W9+t.

PROOF. AS it is trivial that Wp ^ liminfεl0 Wp+ε, it suffices to prove
that Wp ^ lim sup£i0 Wp+ε. Take an arbitrary a e (0,1). Set BaX =
{X > a\}. Then

{X*>λ}

Udp(xεaε

\{(UBaλ)X)*>{l-a)λ}

Udp(\

where I{B) is the indicator function of a measurable set B. Thus we
get lim sup,jo Wv+t g (1 — α ) " " ^ for any α e (0,1), i.e., lim supsi0 WP+e sΞ
Wp.

PROOF OF THEOREM 1. First we consider the case 1 < p < <χ>. Since

E[X\Fn] ^ E[X

^ (A, +

by Lemma 1

λ' [ UdP ^ λ» ( EtaP ^ (Ap + e) [x" VdP .

Thus we get

( 1 ) WP ^ Ap .

Let n be an arbitrary positive integer and a be an arbitrary number
greater than 1. Set

Bti = {ω: E[V-Ui»-»\Fn\ e (a\ ai+1], E[U\Fn] e («', α ί + 1 ]},

β<00 = {ω: ElV-w-^F.] 6 («', α i + 1 ], E[U\FΛ]=oo)

and
5» = {ω: E[V~1'ι'-»\Fu\ = ~}

for ΐ, i = 0, ±1, ±2, . Let Y = V^^UiB^). By Bti e if.,

O"alP(BtJ) ^aif\ E[U\Fn]dP = aip \ UdP
3BiS JB{J

= (WP + ε) S # [ F - 1 ' " - " I F f t]dP ^ (W
jB
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Thus if P(B(i) Φ 0,

(a-ιE[V~ιnj'-1)\Fn]γ-\a-1E[U\Fv\) ^ Wpa

a.s. on B(ί. Using the same argument for Y = V~1Hp~1)I(Bi0O) we get

a" - P(Bioa) ^(Wv + ε)ai+ίP(BiJ , i.e., P(B(a) = 0 .

Let Ts = min(F-S j) and Y= Tf^E[Tψp-1)\Fn\-lll>. Then

λ* ( UdP ^ λ" \ UdP :g (WP + ε) ( Y'VdP

= (Wp + ε) \E[Tf-»V)Fn]E[T1

j

li''-1)\Fn]-1dP

^ (WP + ε) J ̂ [Γy-^I^MΓί""-"^™]"'^^ TΓP + ε .

Letting i -> oo, we get

UdP ^ λp ( UdP
J ( ) ( )

Letting λ-^ oo, we have U = 0 a.s. on !?«,. Thus

= ( U Bu) U {ω: E[U\Fn] = O or E[V~ίnp-1)\Fv\ = 0} .
— oo<ϊ<oo

Therefore

^ TΓpα a.s, on Ω .

By (1) and the arbitrariness of a(>l) and n, we get

(2) Ap= Wp for p e ( l , oo).

Since

E[V'm9'l)\F%\E[U\Fn\
ί/{9''l) =

lim

On the other hand, by Lemma 2

Thus we get Ax = l i m ^ Ap. Then by Lemma 3 and (2) we get Ax = Wλ.

2. The reverse Holder inequality. Let (Ω, F, P), ^ c ^ c c
F . c c ί 1 and V be as in Section 1. In this section further we assume
F, = {0,42}. For p e (1, oo) set

AP(V) =
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and

Hδ(V) =

Eecently C. Watari has pointed out the following

THEOREM C. Let (Fn) be regular, that is, each Fn is atomic and
there is a constant Co > 0 satisfying P(B)/P(D) < Co for any two atoms
B e i*\_! and DeFn with Bz>D. Then for each p e (1, oo) and Me (1, oo)
there exist δ(p, M, Co) > 0 and N(p, M, Co) < oo such that Hδ(V) ^ N
provided that AP(V) ^ M.

Now we show that the regularity of (Fn) in the above theorem is
necessary.

THEOREM 2. Assume that there exist M, N > 1, p e (1, oo) and δ > 0
such that Hδ( V) 5* JV provided that Ap( V) ^ M. Then (Fn) is regular.

PROOF. Assume that Fn is atomic. Let B be an arbitrary atom of
Fn. Let D e Fn+1 and D c B. Set

V = 1 + (M - 1)P(B)I(D)/P(D) .

Then

E[V\Fm]E[V-1/{9-1)\Fmγ-ι = l for m ^ ^ + 1

and

^ [ F I F J ^ t F - 1 7 ^ - 1 5 ! ^ ? " 1 ^ M for m ^ n, i.e., AP(V) ^ M .

Since

#[ F 1 + δ I Fn] ^(M- lf+δ(P(B)/P(D)Y on B and £/[ F | i^J ^ M ,

by hypothesis

(3 ) (P(B)/P(D))δni+δ) ^ NM(M - I ) " 1 .

Thus Fn+1 is also atomic and (3) is satisfied for any two atoms BeFn

and DeFn+1 with DczB, that is, (i^J is regular.
Finally we add the following

THEOREM 3. If (Fn) is not regular, there exists V such that
< oo and Hδ(V) = oo for any δ > 0, where

PROOF. First assume that Fn does not consist of a finite number of
atoms for some n. Since Fx = {0, Ω}, we may assume Fn^ consists of
a finite number of atoms. Let Dk e Fn, Dk cB, 0 < P(Dk)/P(B) < 2"fc2
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for k = 1, 2, , Dkf\Dh= 0(k φ h) and B be an atom of Fn^. Set

V=l + ±2-kP(B)I(Dk)/P(Dk) .

Then A,(V) ^ 2 and

E[ V1+> I Fn] ^ Σ

on i? for any δ > 0. So, Hδ(V) = oo for any <5 > 0.
Thus we may assume Fn consists of a finite number of atoms. Let

{Bn} and {Dn} be sequences of atoms of {Fi{n)} and {Fί{n)+ι} respectively
such that Dn(zBn, limP(Z?J/P(5J = 0 and P(Dn) < min(2-%2, ί

Assume that inf P(Bn) = c0 > 0. Set

F = l + Σ 2-kP(Dkr
ίi(Dk n (Π « ) ) .

fcl hk

Take an arbitrary ^ and an arbitrary atom B of Fn. If P(5) ̂  c0, then
^2c0-

1 on B. If P(B)<c0, then # [ F | F M ] - V on B. Thus
2c^1. On the other hand,

E[Vι+9\Fx] ^S2-* | l + l )P(Ar" JP(A)/2 = - ,

so iί 3(F) = oo for any δ > 0.
Assume that lim inf^^ P(Bn) = 0. In this case we may assume
+ 1 < i(n + 1) and

(4) P(Dn) > 2P(Bn+1) .

By selecting a subsequence, if necessary, it suffices to consider the
following two cases:

(5) J B ^ B . I D . . . ,

(6) BhΠBk= 0 {hΦk) .

In the case of (6), set

Then A^V) ^ 2 and

on £ Λ . Thus £Γ3(F) = oo for any δ > 0.
Lastly in the case of (5), we define V and {ak}k==1 as follows. Let

V = 1 on Bi and ax = 1. When V is defined on B% and ak is defined,
let
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V = ak on BkΠDίΠBί+1,

V = akP(Bk)IP(Dk) on DkΓ\Bi+ι,

<xk+1 = ak if Bk+ι <£ Dk,

cck+ί = akP(Bk)/P(Dk) if Bk+1cDk.

Then

( 7 ) ( VdP^ 2akP(Bk)

and

(8) αy^α*Π(P(B 4 )/P(A)).

Assume that ί(k — 1) + 1 Ξ£ « <Ξ i(A ) and 5 is an arbitrary atom of Fn.
If B 2> 5,, £7[F|Fn] = F o n ΰ . If £=)£*, by (4), (7), and (8)

E[V\Fn] = P(BΓ \ VdP ^ P(B)-ΛakP{B) + ± 2ajP(Bi)\
JB K j=k )

^ 2P(B)-1\akP(B) + Σ ak(P{Bh)IP{Dk)) - (P(JB3 _ ι)/P(A -1))P(S J )l ^ 6α4

and V'1 ^ α^1 on B. Thus A^F) ^ 6. But on Bk

E[Vί+δ\Fi(k)] ^ al+s(P(Bk)/P(Dk)γ/2

and E[V\FUk)] ^ 4αfc. Thus Hδ(V) = oo for any δ > 0.
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