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1. Introduction. Let (M, g) be a compact connected Riemannian
manifold with the metric tensor g, and A be the Laplacian acting on
differentiable functions of M, that is,

Af = —Z gjiViVif ’
where /; denotes the covariant differentiation /,,,; with respect to the
Riemannian connection. Let Spee (M, g) = {0 =N < M <N, < --+} be the
set of eigenvalues of A, where each eigenvalue is repeated as many times
as its multiplicity. It is an interesting problem to investigate relations

between Spec (M, g) and Riemannian structures.
A useful tool is a formula of Minakshisundaram:

S e~ (4nt) "2 Y att,
k=0 t—+40 =0

where n = dim M.
Berger [1] has calculated the coefficients a,, a, and a,,

a, = volume M = S av
a, = (1/6)S cdV
M
a, = (1/360)S 5ot — 2|p* + 2RIV,
M

where the notations 7, o, B denote the scalar curvature, the Ricci tensor
and the curvature tensor, respectively. By difficult calculations, Sakai
[4] derived a formula for a,.

In this paper we prove the following result, making essential use of
Sakai’s formula.

THEOREM. Let (M, g,J) and (M,g’,J") be compact connected
Einstein Kaehler manifolds with dime M = n(=8) which have monzero

scalar curvatures v, t', respectively. Assume that Spee (M, g, J) =
Spee (M, ¢', J') (which implies dim, M = dim; M') and that ¢t c,[M] =
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c'*%[M'). Then (M, g, J) is locally symmetric if and only if (M', g', J')
18 locally symmetric.

In this theorem c,e H*(M, Z) is the -th Chern class of M and
ct%c[M] is a Chern number of M. (Hirzebruch [3])

REMARK 1. The integer ¢! c[M] depends only on the complex
structure of M.

REMARK 2. Let (M, g) and (M’, g') be compact connected Einstein
manifolds and assume that Spec (M, g) = Spec (M’, ¢'). The following
results are known.

(1) For dim M = 6, assume that X(M) = X(M"). Then (M, g) is locally
symmetric if and only if (M’, ¢’) is locally symmetric. (Sakai [4])

(2) Fordim M < 5, (M, g) is locally symmetric if and only if (M, g')
is locally symmetric. (Donnelly [2])

The author wishes to thank Professor K. Ogiue for his many valuable
comments.

2. Preliminaries. Let (M, g, J) be an n-dimensional Kaehler mani-
fold, and e, ¢, ---, ¢,, Je, Je, ---, Je, be local orthonormal frames. We
set

Zy = {e, — V' —1 Je,}/2
Z, = {e. + V' —1Je,}/2
and we denote dual frames by ¢, ¢, ---, 6%, 6, 6%, ---, 6. With respect
to these frames, local components of ¢ are given by
9o = (1/2)045
Then the fundamental 2-form @ is given by
O =01—=1/2)6° N 6=

Let 25 = 3 R%,;0" A 6° be the curvature form of M. Then the curvature
tensor of M is the tensor field with local components Rj;, which will
be denoted by R. The Ricci tensor p and the scalar curvature v are
given by

P =3 00" ® O + P ® 60*
T=4Zpa§v

where 0,5 = >, Ri3.
If we define a closed 2k-form v, by
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Te = (=D)**/@2r)*k)) 30515500 N 22z - N Q2

then the k-th Chern class ¢, of M is represented by v,. By (,) we denote
a local inner product in the space of p-forms. The inner product of 6«

and 6% is 20,.
LEMMA 1.
(0%, 75) = (1/64n°){r* — 127 |o* + 3T|R[* + 256 3 0.50s70rz
+ 384 3 0,501 557 — 168 3. 05 R} Ry
+ 128 3, R$;3R: i RY; + 128 S, R R R}

where |R| and |p| denote the lengths of the curvature temsor and the Ricct
tensor, respectively, so that

|R* =16 3. R5i5Re7 , [0 = 8 304305 -
ProOOF. By definition,
Vo= (—V —1/487%) {22 AN QEN Q0+ Q3N Q5 A 254+ QLA Q5 A Q2
— QNN — QLN 2N Q5 — 28N Q25N 2
Q= (—V =180 NN NG NO NG
After calculations we get the result.
LEMMA 2. Let (M, g, J) be an n-dimensional (n = 3) compact connect-
ed Einstein Kaehler manifold with a nonzero scalar curvature t. Then

SM (@% 7)dV = (dnz/t)"3@B!/(n — 3)!)el e[ M] .

PROOF. ¢, is represented by
v, = (V/=1/21) T, 2% = V' =1/21) 3, 0.6 A 6° .

Since M is an Einstein manifold, we have p,; = (t/2n)g.; = (t/4n)é,; and
hence

v, = (V' =1z/8nx) 3, 0% A\ 6% = (z/dnm)® .
Therefore

@, 7)AV =7 A\ x @ =7, A Bl/(n — 3))O"
= (8!/(n — 3))(dnm/t)" v A 7170 .

Thus we have
[, @ wav = @rjm - ynenmo| x A
= (31/(n — 8)){na/e) et e[ M] .
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3. Proof of Theorem. Let R, p, 7 (resp. R, 0/, ') be the curva-
ture tensor, the Ricci tensor and the scalar curvature of M (resp. M),
respectively. It follows directly from the formulas for the coefficients
a, @, and a,, that 7 = ¢’ and that

|, 1Brav = |RIaV".

Moreover since scalar curvatures are constant, we have

(1) SM £V = SM’ qV
and
(2) |, ciRrav ={ < iRrayv .

Next we notice the following:

2 R;IfiklR;I}u'u ;rluv = 64 Z RC,;JT(R?X/_!RL#E ’
SRR R, = 16 3, (R R} R — RinRLaR )

where R}, denote the components of R with respect to the real local
orthonormal frames. Since M and M’ are Einstein, our assumption
a, = a,, together with Sakai’s formula in [4], implies

(3) SM (©(5/9 — 1/3n — 4/63n?) + T|R[*2/3 + 68/105n)

+ (8/5)|FR|* + (14336/315) >, R R:.: R}
— (20992/315) 3, R%:RE, R}V

= S {T%(5/9 — 1/3n — 4/63n?) + ' |R'[(2/3 + 68/105n)

+ (3/5) P R'* + (14336/315) 3, R'%;:R'5 iR}z
— (20992/315) 3, R'3:: R RLz)A V'

Since ¢! *c,[M] = ¢'77°%j[M'] and M, M’ have the same nonzero constant
scalar curvatures, Lemma 2 implies

S @, 1)dV = S @, 7')d V" .
M M’
Then, using Lemma 1 in the Einstein case, we get the following equation.

(4) S (T* — 6/n + 10/n?) + 3 — 12/n)7 |R]
+ 128 3’ Ry RE:R)e + 128 3 R R RLG1dV
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= S {z”*(1 — 6/n + 10/n*) + (8 — 12/n)7’|R'|?
MI
+ 128 >, R'$3R'E,iR js + 128 3, R, Rz R L,5)d V' .
By computing A |R|* and applying Green’s theorem, we obtain
(5) L {/4n) |R[* + /4 |V R + 16 3 RisiReaRu;
— 823 R5;R:RLzYV = 0.

Similarly we have
(6) SM' {(T'/4’II/)]R'|2 + (1/4)“7R,[2 + 16 Z '?diRlzzﬁ ’gl-l—i
— 3823 RinR R ysldV = 0.
By ), (2), (3), (4), (5) and (6) we have
S VREAV = S PRV,
M M’

from which Theorem follows.
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