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1. Introduction. Let (Λf, g) be a compact connected Riemannian
manifold with the metric tensor g, and Δ be the Laplacian acting on
differentiable functions of Λf, that is,

where Vά denotes the covariant differentiation Fd/dxj with respect to the
Riemannian connection. Let Spec (Λf, g) = {0 = λ0 < \ <^ λ2 <; } be the
set of eigenvalues of Δ, where each eigenvalue is repeated as many times
as its multiplicity. It is an interesting problem to investigate relations
between Spec (Λf, g) and Riemannian structures.

A useful tool is a formula of Minakshisundaram:

where n — dim Λf.
Berger [1] has calculated the coefficients α0, ax and α2,

α0 = volume M = I cί F

α, = (l/6)\" τ d v

JM

a2 = (1/360) ( 5τ2 - 2|^|2 + 2\R\2dV,

where the notations r, p, R denote the scalar curvature, the Ricci tensor
and the curvature tensor, respectively. By difficult calculations, Sakai
[4] derived a formula for α3.

In this paper we prove the following result, making essential use of
Sakai's formula.

THEOREM. Let (Λf, g, J) and (Λf', g\ J') be compact connected
Einstein Kaehler manifolds with dimcΛf = n(^S) which have nonzero
scalar curvatures τ, r', respectively. Assume that Spec (Λf, g, J) =
Spec (Λf', g', J') (which implies dimc Λf = dimc Λf') and that c?~%[M] =
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c'Γ~V8[Λf'] Then (Λf, g, J) is locally symmetric if and only if (Λf', g', J')
is locally symmetric.

In this theorem c% e H2ί(M, Z) is the i-th Chern class of Λf and
c?~3c3[M] is a Chern number of Λf. (Hirzebruch [3])

REMARK 1. The integer Cι~3cz[M] depends only on the complex
structure of Λf.

REMARK 2. Let (Λf, g) and (Λf', gr) be compact connected Einstein
manifolds and assume that Spec (Λf, g) = Spec (Λf', g'). The following
results are known.

( 1 ) For dim Λf = 6, assume that %(Λf) = Z(Λf'). Then (Λf, g) is locally
symmetric if and only if (Λf', gf) is locally symmetric. (Sakai [4])

( 2 ) For dim Λf ^ 5, (Λf, g) is locally symmetric if and only if (Λf', g')
is locally symmetric. (Donnelly [2])

The author wishes to thank Professor K. Ogiue for his many valuable
comments.

2. Preliminaries. Let (Λf, g, J) be an ^-dimensional Kaehler mani-
fold, and elf e2, , en, Je19 Je2, , Jen be local orthonormal frames. We
set

and we denote dual frames by θ\ θ\ , θn, θ\ θ\ , θn. With respect
to these frames, local components of g are given by

gal

Then the fundamental 2-form Φ is given by

Φ = ( l / ^ ϊ

Let Ωa

β = Σ Raβr-βr A θδ be the curvature form of Λf. Then the curvature
tensor of Λf is the tensor field with local components Ra

βr-δ, which will
be denoted by R. The Ricci tensor p and the scalar curvature τ are
given by

Paffl"

where ρa-β = Σ Rr

ar>

If we define a closed 2&-form j k by
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7k = ((-l) ϊ n i ξ ^
then the A -th Chern class ck of M is represented by 7k. By (,) we denote
a local inner product in the space of p-forms. The inner product of θa

and θβ is 2δaβ.

L E M M A 1.

(Φ3, 73) - (1/64TΓ3){Γ3 - 12τ\p\> + 3τ| i2 | 2 + 256 Σ paβpβ?Pra

+ 384 Σ PaβpnRh-r ~ 768 Σ P«Mfft"rύ

+ 128 Σ RfΰRίxRί* + 128 Σ Ra

βfλR
βnμRU] ,

where \R\ and \p\ denote the lengths of the curvature tensor and the Ricci
tensor, respectively, so that

\R\2 - 16 Σ RfπRlir > \P\2 = 8 ΣiPajPβά .

PROOF. By definition,

73 = ( - - i / ^ Ϊ M δ Γ3) Σ {&** Λ Q\ AΩr

r + Ωβ

a A Ωr

β A Ω« + Ωr

a A Ωa

β A Ωβ

r

- Ωβ

a A Ωa

β A Ω\ - Ωr

a A Ωβ

β A Ωa

β - Ω« A Ωr

β A Ωβ

r}

Φ3 = ( - l / ^ ϊ / 8 ) Σ θ" Λ θ* A θβ A θβ A θ? A θr .

After calculations we get the result.

LEMMA 2. Let {M, g, J) be an n-dίmensional (n ^ 3) compact connect-
ed Einstein Kaehler manifold with a nonzero scalar curvature τ. Then

\ (Φ3, Ύs)dV = (Anπ/τ)n-χ3\/(n - 3)\)cΓ%[M] .
JM

PROOF. C1 is represented by

% = {V-ίfiπ) Σ « = (τ/=ϊ/27r) Σ P«βa A θβ .

Since M is an Einstein manifold, we have ρa-β = (τ/2n)ga-β = (τ/4n)daβ and
hence

θa A θa = (τ/inπ)Φ .

Therefore

(Φ3, 73)rfF - 73 Λ * Φ3 - 73 Λ (3!/(n - 3)!)Φ%-

= (3!/(Λ - 3)!)(4^τr/r)Λ-373 Λ 7Γ"3 .

Thus we have

\ (Φ3, T 3 ) d F = (3 !/(Λ - 3)!)(4^7r/r)-3S 73 Λ 7Γ
JM J M
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3. Proof of Theorem. Let R, p, τ (resp. R', p', τf) be the curva-
ture tensor, the Ricci tensor and the scalar curvature of M (resp. M'),
respectively. It follows directly from the formulas for the coefficients
α0, αx and α2, that τ — τf and that

\R\2dV= [ \R'\2dV .
M JM'

Moreover since scalar curvatures are constant, we have

(1) S τ*dV = [ τndV
JM JM'

and

( 2 ) [ τ\R\2dV= \ τ'\R'\2dV .
JM JM'

Next we notice the following:

2_t RijkiRίjuvRkiuv = 64 2 , Raβδ~RrλμRaμ-δ ,

where R*jkι denote the components of R with respect to the real local
orthonormal frames. Since M and M' are Einstein, our assumption
α3 = a[, together with Sakai's formula in [4], implies

{r3(5/9 - l/3n - 4/Q3n2) + τ|i2|2(2/3 + 68/105^)

+ (3/5)|Γi?|2 + (14336/315) Σ R%-Mι-μRl,rs

- (20992/315) Σ ^ f c ^ A

= \ {r'3(5/9 - 1/3% - 4/63»2) + τ'\R'\\2β + 68/105%)

+ (3/5)|F^T + (14336/315) Σ R'ϊήR'txϊR'U

- (20992/315) Σ RfcWr,R'Wz}d V .

Since cΐ~3c3[M] = c'ΐ~3c'3[M'] and M, M' have the same nonzero constant
scalar curvatures, Lemma 2 implies

( (Φ\%)dV=\ (Φ'3,Y3)dVf.
JM JM'

Then, using Lemma 1 in the Einstein case, we get the following equation.

( 4 ) S {τ3(l - Q/n + 10/n2) + (3 - 12/n)τ\R\2

JM

? ^ A 3 + 12SΣ, R
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= ( {τ'3(l - 6/n + 10/n2) + (3 - 12/n)τ'\R'\2

+ 128ΣR'arήR'tλ-μR%ϊ + 1 2 8 Σ R'UR'βrλ-μR%-δ}dV'.

By computing Δ |J?|2 and applying Green's theorem, we obtain

(5) ^ {(Γ/4Λ) |i2|2 + (1/4) \VR\2 + 16 Σ W & Λ ϊ

Similarly we have

(6) ^ {(T'/4Λ) |i2? + (1/4) \FR'\> + 16 Σ Rf%jR^R%i

- 32Σ R'URWUUdV' = 0 .

By (1), (2), (3), (4), (5) and (6) we have

( \FR\2dV= \ \VR'\2dV ,
JM JM>

from which Theorem follows.
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