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The first purpose of this paper is to prove the existence of solutions
to the problem

(1) x'" + fle)x’ + g(t, », a') = () ,
(2) 2(0) = x2%), «'(0) = «’'(2r) .

Here f: R—R, g: |0, 2r] X RXR — R and e: [0, 2] — R are continuous.

This is a well-studied problem. In his survey [1], Cesari outlines a
branch of research followed by Lefschetz, Levinson, Graffi, Cesari, and
Cesari and Kannan. A related branch may be followed in the papers
by Lazer [6], Lazer and Leech [7], Mawhin [9], Reissig [10]-[12], Chang
[2] and Martelli [8].

Hypotheses which insure a solution to (1), (2) have gradually been
refined to something like the following:

(A) Almost no restrictions on f.

(B) There exist constants k, R, positive, and A, B (with A > B)
such that (i) |z| = R=|g(x)| <k|z|; and (ii) x= R=g(x) = A, < —R—=
g(x) < B, and B< e, < A where ¢, = (27r)*1sue(t)dt. (For simplicity we
have let g = g(x).) '

In elaboration we note: (a) If g has the form g(x) = m* + h(x), m
an integer, then (i) becomes |g(x) — m*x)| <! «|. (b) The results can
be extended to vector equations with f(x)x’ becoming (d/dt)[V f(x(t))]. (e)
The best results seem to relate % to the eigenvalues of the problem (1),
(2), which in this case is & = 1.

In this paper we use the Alternative or Lyapunov-Schmitt Method
to solve the problem. We develop further a technique begun in [13]
and we use a splitting of the operator Lx = —2'' into T*x = —2a', Tx = «'.
(See Kannan and Locker [3], or Cesari [1].) We can then (a) eliminate
the term f(z)x’ in a natural way; (b) introduce an z' into g(¢, z, «'); (c)
have a scheme which can be applied to higher order problems.

Additionally we note: (a) Half of the work is showing that our
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version of hypotheses (A) and (B) make this abstract scheme work.
(Related results for a fourth order problem are presented in [14]). (b)
With the inclusion of an x’ term we have had to sacrifice in the choice
of & and take k¥ < 1/1/6.

THEOREM. Let (1), (2) be given and assume

(hy) |g(t,x, )| <k(x*+y>)"?, where 0<k<1/\' 6 forall (t,x,y)€[0,2r]x
RxXR; and

(h,) there exist constants R >0, A, B (with A> B) such that x = R —
git, z,y) =2 A, v=<—R=9g@k x y) < B, for all (¢t y)el0, 2] X R, and
B <e, <A where e, = (2m)™ Sue(t)dt.
Then (1), (2) has at least one sglution.

Proor. 1°. We write the problem as an operator equation in a
Banach space and employ the Alternative Method. (For more details
see [1].)

Let X = {x e C*0, 27]: 2(0) = x(2x), '(0) = 2'(27)} and, for ze X, let

2T
Px = (1/27:)S 2. Then P is a projection. Let X, =PX, X, =1 — P)X
0 2
(so X=X, P X,). Let Z=CJ[0, 2] and, for z€Z, let Qz = (1/27T)S 2.
0
Let Z,=QZ and Z, = (I — Q)Z (so Z =7, Z,). Define L, N and H by
D(L) (domain of L) =X, Lx=—x""; DN) = CY0, 27], Nx = {f(x)x'}+
{9(-, z, ') — e} = {N,x} + {N,x}; and H = [L|X,]"*. Note that K(L) (the
kernel of L) = [1] (the constant functions) = X,; that R(L) (the range
of L) = Z;; and that Z, = [1].
Now (1), (2) can be written as

(3) Lx = Nx
and (3) is equivalent to the pair of equations
(4) x = Px + H(I — Q) Nz
(5) 0 =QNx .
2°. We “split” the operator H into J*J. (For more details see [3]
or [1].)

Let Y ={yeC0, 27]: 9(0) = y(27)} and, for ye Y, let Py = (1/2x)
Sy Let PY =7, (=[1]) and (I— P)Y = Y, (S0 Y = Y, Y,). Define
T* and T by

DITY =X, Trs=—o (so K(T*)=X,, R(T*)=7Y);
and ‘
DT)=Y, Ty=y (so KT)=Y,, RT)=2%).
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Now let L =TT*. If we let J* =[T*X,]"" and J =|[T|Y.]™", then
H=J*J. If xt=x2 +2,¢eX D X, then z, = J*y, for some y, € Y, and
2, = Pr. Hence (4) may be written as J*y, = J*J(I — Q) N(J*y, + x,).
Now J* is one-to-one so we may cancel it and Y, = [1], X, = [1] so we
may write ¥, in place of =x,.

Thus (4), (5) is equivalent to
(6) ¥, = JUI — QN(IJ*y, + ¥,)
(7) yozyo+QN(J*y1+yo)-

To be precise we should write UQN in (7) where U: Z,— Y, is a
bijection. But since Z, = [1], Y, = [1], we can omit the U.

3° Continuity and compactness of operators. Now we change nota-
tion and let Y = {ye L0, 2x]: %(0) = y(27)} (the periodiec, square-inte-
grable functions) with the usual norm I|-]| and inner product (., ->.
Again for ye Y we let Py = (1/27r)§ ﬁy, PY=Y, I—P)Y=Y, and
Y=Y @Y, A solution y, of (6) 0Will be in the range of J, i.e., y, ¢
C'[0, 27}, and hence the solution of (4), (56), x = J*y, + ¥, is in C?0, 2x].

To show the compactness of the operator appearing in (6) we in-
troduce

H'= {x(t): ' € Y (so x is absolutely continuous)}
with the norm [lz||; = |2, + [|2'|] (||, = supy,- [€(t)]) and

2T
L' = {m(t): 2 is Lebesgue integrable on [0, 27] and S x = 0}
0
with the usual norm ||-|,. We will show that the composition of the
following sequence of operators is compact and continuous:
* —
v, g 9N Ty

This has been discussed in detail in [4] so we shall only outline the
proof here.

(a) Since J can be represented as Jz = tz — (1/2%)82: tz we see
0

that its domain can be extended to include L‘.0 And, as shown above,
the solution y, will still be in C*[0, 2x].

(b) N: H'-L'is bounded: || Nx||, = Szm |f(x(®)x'(t)|dt so by the con-
tinuity of f, N, takes sets bounded in H' into sets bounded in L'. That

N, is bounded follows along similar lines.
(¢) N: H'— L'is continuous:

N — Nl = |7 1@ e) - o) d
+ | Irene® — samioid
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The first integral: with x’ e L0, 2x], f(c)x'(t) = g(c, t) is continuous
in ¢ and measurable in {. By Krasnosel’skii’s version of Lusin’s theorem
[6] we may divide [0, 2z] into disjoint subsets I, and I, such that I, is
closed and g¢|R"x I, is continuous in (¢, t) and I, has arbitrarily small
measure.

We have just seen that the integrands are bounded so the integral
over I, can be made small. On {(c, t): |¢ — x,(t)] £ 1, te L}, g(c, t) is uni-
formly continuous, so the integral over I, can be made small by making
|e — x,|, small.

In the second integral we have |[f(z(t))x’(t) — f(x,(8)xi(t)] < | f(@y(t))]
|2'(t) — xi(t)] and the proof is straightforward. That N, is continuous
follows along similar lines.

(¢) J and J* are integral operators and are known to be continuous
and compact and the projection (I — Q) is continuous. Hence
JI — QN(J*y, + y,) is a continuous, compact mapping from Y, DY,
into Y,.

(d) The projection @ is continuous and its range is finite dimen-
sional. Hence QN(J*y, + y,) is a continuous, compact mapping from
Y. DY, into Y, . t e

(e) Sinece (I— Q)u:u—(l/Zn)So"u and Jv— Sov—(l/zmxo"gov, J(I—Qu=

o
0

Sou — (1/27) SO (So u) — (1/277:)8 Sou + (1/27:)28o S (S u) — Ju and hence
I — @l = [|J]].
4°. A theorem from the Leray-Schauder theory of degree. Return-
ing to (6), (7) let
T\ (Y ¥o) = JI — QN(J*y, + v,) ,
Ty, ¥o) = Yo + QN(JT*y, + ¥)

and I, be the identity operator on Y, (k =1, 0). Let I = column (I, I,)
and T = column (T,, T,). Then (6), (7) can be written as

(8) (I—T)Y, ¥)=0.
This is of the form of identity plus a compact operator from Y, P Y,
into Y, Y, and the theory of degree may be applied. We shall use
the following variant of the Borsuk theorem:

Let NI — T)y, %) # (1 — NI — TY—v,, —¥,) for 1/2< A <1 and
(¥, ¥o) €0B(R,, R,) where B(R, R,) = {(, ¥)€ Y, D Yy: |lull = R, llwoll =
R;}. Then (8) has a solution in B(R,, R,).

We will show that NI — T)(y, %) # A — ), — T)(—vy, —¥,) on
St = {(?/u yo): H'.’/1” = Ru ”yo]l = Ro} and >"(Io - To)(yn Yo) # 1 - N, — T)
(“yu "“yo) on §° = {(yu ?/o): Hy1]] = Ru ”yo” = Ro}
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Now MI, — T0)(Yy, ¥0) = A — M, — T))(—¥,, —Y,) implies y, — NJ(I—
QNI *y, + o) + (L — N)JUI — QNWJ*(—y,)—v,) = 0 which implies

(9)  Nwllf = MIUT — QNI *y, + vo), ¥
+ (L = AJIUT — QNI *(—y)—¥o), yp =0 for (v, ¥)eS".
And (I, — Ty Yo) = (1 — NI, — To)(—¥,, —¥,) implies

(10) MIN(T*y, + %) = (L — NN *(—y,)—¥,)
for 12=2<1, (¥,%)eS".

We will show that (9) and (10) do not hold under the hypotheses of
the theorem.

5°. Hypothesis (h,) implies that (9) does not hold.

(a) Let x=J*y, +v, so a2'=—y, and «x(0)=x(27x). Then
20(@Nw) = | flat)e' (D)t = Fla@m) — Fla(@) = 0 (Fowy = {7 ); I —
QN.z = (see 3°, (a); S f(m(s))x’(s)ds~(1/27t)§ S Fla(s))a! (s)dsdt = F(a(t))—
¢) (a constant); and (NI — Q) Nz, 9,5 = S (Fa(t) — o) ()t = Gla(2m))—

G((0)) — o(@(2m) — x(0)) = 0 (G(u) = S F). Likewise (J(I— QN(—),
Yy = 0.

(b) From hypothesis (h,) it follows that |g(¢t, x(t), y(¢))|* < k(| x(t) |*+
|y(t)®). This, together with the continuity of ¢, implies that N, takes
H, into L*. So in this estimate we can work in L2

I (I-Qu=1y =237 (P + b)) () = (V' ) cos kt, Pi(t) =
(/v 7 )sin kt), then Jy, = 337 k™, — bypy) and || Jy, |[P=37 k™ (ai+b) =<
25 (ak + 8) = [|lwll} so [|J|| = 1. And ||Jo|| = ||,]] so ||J]| = 1.

() With k, 0 <k <1/// 6, given in hypothesis (h,) let ¢, 0 <e <1,
be such that & = (1/16)1 — e)(1 + ¢)™*%. In the definition of B(R,, R,)
(see 4°) let R, = max(2||J||||el|/e, R/27V2x, 1) where 7 > 0 is such that
L+ 79P=@1 + 6¢/4), i.e., n = (1 + 6¢/4)"* — 1. (Here ¢ = e(t) is from (1),
R given in hypothesis (h,).)

Let R, = 2R, + R/v/2x. Then |<J(I — Q)—e), yo| = ||T|lllell ||zl =
el ll*/2 for |||l = R,. Next ||’ = [|[J*y|* + [|90]l* = [|ll*L + 4 + 6¢) if
lwoll* < R: = (2R, + R/V2r)* < 4Ri(1 + 6¢/4) and ||yl = R.. And
llgC-, =, 2)|* < EX([|2] + [l9.]]) = (1/6)L — e)*(1 + &)7'||n.l[*(6 + 6e) = (1 — &)
lwall®. So [KIUI — @)g(-, , «"), y>| < (1 — &)l|w. ]I and [ (S — Q)NLJ *y,+
Yo, Y| < |9 l? for (y, y,)€S'. The same estimates hold for |{(J(I—
Q)NL(J*(—¥y.)—Y,), Y| and hence (9) does not hold.

6°. Hypothesis (h,) implies that (10) does not hold. Let (y, yo)eS"

and  a(t) = o) + @ = J*y, + ¥,  From w(t)=— S v ()dt + (1/275)8
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Styl(s)dsdt, it follows that supp,e|a(t)] < 2§2”|y1(t)|dtg21/‘27rnyl||. Hence
0 0

[2(t) + @0 =]y — 2v/27 ||yl = V27 (l|y,l] — 2lw.l)) = R. Thus, for (¥, ¥,) €
S° either g(t, x(t), 2'(t)) = A or <B.
In 5° we showed that QNax=10. So QN(J*y, + y,) = (1/27)

[T ott, o0, w'@nar — {ewar | 1t (10) holds, then

|10, 2, #'(0) — pgtt, —a(), —o' )}t = (L — p(2ren)
0< <1,

and this is impossible by (h,) since the integral is =4 — ¢B and
A — pB>(1 — pe,, 0<p<l.

To consider equation (1) with # = col(x,, - - -, x,), a vector, we change
f(@)x’ to (d/d)[V f(x(t))] where f: R R is of class C* and / is the
gradient operation. Also g and e are assumed to be vector-valued. Hy-
pothesis (h,) remains the same while (h,) is most simply stated as

(hf) S e(t)dt = 0 and there exists a constant >0 such that X" x:> R?
0

and z;, = R/V' n implies 9.t », y) >0 for all (¢ y) (or <0 for all
& y) =1,
The proof is much the same.
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