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1. Let us denote by G and 4A(G) a finitely generated Kleinian group
and its limit set, respectively. Let

ag + b, _ .
Si(z) = m » (ad; —bie; = 1) (1=0,12,-.--)
be any element of G, where S,(z) = 2z is the identity transformation. It
is well known that the Poincaré series Pu.(z) = 3i5,cq|cz + di|™* (¢t > 0)
converges uniformly in any compact domain contained in the region of
discontinuity if and only if 332, |e(S,)|™* < + o, where ¢(S,) = ¢;. The
quantity

(1) P(@) = inf {#>0;§;|ciz+di|"‘< +<>o,ze/1(G)}
= inf {)u> 0; glc(Si)I"‘ < F oo, (o) # 00} ,

is independent of z (¢ 4(G)) and we shall call P(G) the exponent of con-
vergence for G. The Hausdorff dimension of the limit set A(G) of G is
also defined as the non-negative number

d(A(G)) = inf {n; M,(4(&)) = 0},

where M,(A(G)) denotes the n-dimensional measure of A(G).

If G is a finitely generated Fuchsian group of the first kind or of
the second kind without parabolic elements or is a Schottky group, the
following relation holds:

(2) dA(@) = P(G)2, (1], 17], [8]) .

If G is a finitely generated Fuchsian group of the second kind with
parabolic elements, or more generally, if G is a finitely generated
Kleinian group and has a convex finite-sided fundamental polyhedron,
then the following inequality holds:

(3) dAG) = P@)/2, (3], 4], [TD -

2. Next we shall consider a finitely generated and non-elementary
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Kleinian group G, where « is an ordinary point of G fixed only by the
identity e€G. Let F be the Ford fundamental domain of G. Denote
by T,.(2) a hyperbolic or loxodromic transformation which satisfies the
following conditions:

(1) {Nyeo-w ext L(g)} D {I(Ts,,) U I(T5 )},

(ii) the closure of the interior of I(T;,) has no common point with
I(T7L), where I(S) denotes the isometric circle of S, N is the minimal
distance from the boundary oF to the centers of I(T;,) and I(T;:) and
» is the radius of I(T,,).

As is well known, » = |e(T,,) | = |e(T5L) |

We consider the free product of G and a cyclic group (T,.,> generated

by T, . and write this in the form

Gl,'r = G* <TZ,'r> ’

which is also a finitely generated Kleinian group.

Next we shall consider a subgroup G}, of G,, generated by all ele-
ments of the form »pT;.p™!, with pe@, ¢ = 1. We can easily verify
that G}, is a free subgroup of G;,. For any element g €G,, there exist
v, ¢ and ¢"” satisfying ¢ = pg’ = ¢"'p, where pe@G, ¢, 9" €G,,. Since
9G’ 97 G, for each geG,,, it is easily seen that G, is a normal
subgroup of G,,.

Then we have the following theorem.

THEOREM 1. Let G,, and G}, be the groups defined above. Then
AG,,) = AG,,) .

The proof of this theorem is similar to the one jin the case of the
Fuchsian groups (see Greenberg [6]).

3. Now let us discuss the relation among the three exponents P(®),
P(G;,) and P(Gj,) defined by (1). Since G}, and G are subgroups of G,,,,
it is obvious that P(G;,,) =< P(G,,) and P(G) £ P(G,,,). But the following
problem is still open: Which is larger, P(G},) or P(G)? In this paper
we shall investigate the behavior of P(G,,), when )\ (or ) tends to
infinity (or 0).

Take any number g (>P(@)). Denote by Qg (¢) the series
Sis;ea—tr 1€(S)|7*. Then two cases may occur:

(i) limu.pg Qa(pt) = + oo,

(i) limu.pg Qa(tt) < + 0.

It is conjectured that only the case (i) holds for any Kleinian group,
because we have the examples for (i) (hyperbolic and parabolic cyclic
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groups, Fuchsian groups of the first kind and the Schottky groups) and
on the other hand we have no example for (ii) except for the finite
groups (elliptic cyelic groups) ([2], [3], [5]).

If G is a finite group, for example, an elliptic cyclic group, it is
obvious that lim,.,q Qs(#t) < + <, and in this case G}, is a Schottky
group. We can easily verify that 0 = P(G) < P(G},).

4. Statement of Theorems. We shall prove the following theorems
about the exponents of convergence.

THEOREM 2. Suppose that Qi (1) < +~ and take and fix any
number r, <1 (or N, >1). Then there exists \* (or r*) depending on
©, and v, (or \,) such that for any N (=N*) (or r (Zr*))

PGy,) St .

THEOREM 3. If \ tends to + oo with a fized r (<1) (or if r tends
to zero with a fixed » (>1)), then P(G,,) tends to P(G).

THEOREM 4. Let G be a Schottky group or a finitely generated
Fuchsian group of the first kind or of the second kind without parabolic
elements. If \ tends to +o with a fixed » <1 (or if r tends to zero
with a fized N > 1), then d(A(G,,,)) tends to d(A(G)).

5. Preliminaries for the proof of the theorems. For brevity, we
put T=T,, G*=G;, and G' = @G;,. Any element g of G* — G is ex-
pressed in the form

(4) 9 = q,Tq,_ T ... q,Tq, (¢;€G, ¢; = x1),

where ¢; # ¢ for an integer j 1< j<n — 1) with T“+7T% =¢. Here
we call the number n the grade of g in G* and we often write g = g(n)
(n = 1). Each element of G is considered as an element of grade 0 and
is denoted by g¢(0). It is easily seen by (4) that for any element
geG* — G there exist a unique ¢’e€G’ and a unique peG satisfying
9 =09 = (¢,qu_; * - 9o)h(n), where h(n) denotes an element of grade n
in G'.
Consider the subset
E(n) = {ph(n); p € G, h(n) € G}
of G*. For brevity we express g in (4) by

(5) 9 = q,9'(n)q, ,

where ¢'(n) = T*»q,_, Tt --- q,T**. Denote by w(¢9’(n)) the ecardinality
of the set {j;q9,=¢,1 <7 <n — 1} for ¢g'(n) in (5). Then, if x> P(G),
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we have

Qi) = 3 @) “g, Y
- ar(o)§1 IC(Q(O))I 2 {X_I‘ Z |c(qng'('n)€h) I—P} .

k=0 w(g’(n))=

le(g)|=*

It is well known that
(6) [e(SuS)) [ = [e(S) [ e(So) |7 ST (e0) — Sy(eo) |

for two linear transformations S, and S, with ¢(S,) # 0, ¢(S,) # 0 (see
[5]). For the simplicity of the calculation we assume that

(7) inf [T"(c0) — T™(0)| 2 1.

Now we shall estimate the term 3,,/.)=: |€(¢,9'(n)g,)|7*. By taking
a number A sufficiently large, we may assume »=1. If ¢, # e and
q, # e, then, using (6), we have for » =1
(8) le(@.9'(1)q0) |7 = N2 X [e(go) |7 X |e(gu) | X |elg’(n)) |,
because ¢'(n)(co) lies inside I(T) or I(T-'). When just one of ¢, and gq,
is the identity, say ¢, = ¢, we have
(9) le(g'(n)go) |7 = N e(go) [T e(g'(n)) |~ .
Next we estimate [c(9'(n))|™". If w(@(n)) =k Ok <n—1), it is
easily seen from (6) and (7) that
(10) le(g'(n) |7 = (1" [e(gy) | ) [e(T) ["a2mkn )
where II' denotes the product of (» — k — 1) terms taken for j with
g;i#e 1=<j=mn—1). Since ¢ > P(G), we have from (10)
(11) > lel@@m)|™ = .G x 275 3 e(g)|~m*
w(g’(n)) =k geG—le)
X (D)) x (veypnhen |
Combining (8) and (9) with (11), we have
A= 3 1629l
< G X227 Q)" X (| e(T) |7 X (W#P 8 (g # €, @y #€)
B,= 3, le(g'(m)gn)|™

w(g’(n))=

=< 2 G X2 HQ() X (Je(T) [T X (VP81 (g, = e, g, # €) .

From this we have

12) 54 =2 X ]S G X @A X (o)
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= 2Qa(1)’ (W + 2Qa(1)) (L + 2Qa(tIN"* )" [ e(T') |~
and

(13) S B =2Qu) X )34 Co X @RI X (o(T) [y

= 2Qa(IIN(V* + 2Qe(1)) (1 + 2Qa(UONT*)" [e(T') |~ .
Therefore by (11), (12) and (13) we can estimate Q(x) as follows:

19 Qs 3 |+ S {S @A +2B+ S el @)}

0) e G— w(g’(n,

= Qa(p) + 200" + 2Qu(1)) (M + Qu(p))’
x| 354 + 2Qu(en- (T [ |

REMARK. In a manner similar to the above we can obtain the
following estimate of Qg ():

gy = B TS Ko S+ 2N (T [
K, 1) = 200" + 2Qu(s)N* .

In view of Theorem 1, (14) and (15) it is very likely that P(G*) = P(G").

6. Proofs of Theorems. PROOF OF THEOREM 2. Take and fix any
positive number 7, < 1. If we take A* in such a way that

(16) {1l + 2Qu()(N*) ™1} < 1,

then (14) implies that Qs(z,) converges for G* = G,, (A = \*). Hence
P(G*) < p,. When )\, > 1 is given, we take »* (<1) in such a way that

(17) (r*)(1 + 2Qa(p)N™) < 1
and we have the required result.

ProoF OF THEOREM 3. Take any number g, with P(G) < p, <
P(G) + ¢ for any small number ¢ (>0). Fix 7, <1 (or », > 1) arbitrarily
and take ) (or 7) such that » > \* (or r» < 7*), where \* (or »*) is
determined by (16) (or (17)). Theorem 2 shows P(G) < P(G*) = ¢, <
P(G) + ¢, where G* = @;,,, (or G;,,). Therefore we obtain the conclusion
of Theorem 3.

Proor oF THEOREM 4. If G is a Schottky group, it is obvious that
G,,, is also a Schottky group. By (2) and Theorem 3 it is clear that
d(4(G,,,)) tends to d(4(G)) for A — +co (or  — 0) with a fixed », <1 (or
N > 1),

If G is a finitely generated Fuchsian group of the first kind or of
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the second kind without parabolic elements, then G,, constructed in
Section 2 is also a finitely generated Kleinian group and has a finite-
sided fundamental polyhedron. Thus we obtain from (3) that P(G;,.)/2 =
d(4(G,,,)). Hence (2) shows 0 =< d(4(G,,,) — d(A(@)) = (P(G,,,) — P(G))/2.
Theorem 3 gives the desired result.
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