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1. A distortion theorem of Holder type for certain quasiconformal
mappings of the unit disc onto itself was considered first by Lavrentieff,
Ahlfors, and then the best estimate (Theorem B) was established by
Mori [4] who used his module theorem as a tool. Afterwards, Lehto-
Virtanen [3] showed a modification (Theorem A) of Teichmiiller’s module
theorem which implies Mori’s module theorem, and presented an alterna-
tive proof of Theorem B by applying Theorem A.

THEOREM A. Ifa ring R separates z, and z, from 0 and o in the
complex plane, then

mod R =< log 0,({2(|2,| + [2.)}"/[V'z — V2 ),

where log @,(a) denotes the module of the plane Grotzsch ring and
V%2, V%, belong to the same branch of the square root, single valued in R.

THEOREM B. Let w be a K-quasiconformal mapping of the wunit
disc onto itself, normalized by w(0) = 0. Then, for every pair of points
2, 2, with |z,| £ 1, |2,| <1, we have

]w(zl) - w(zz)‘ é 16|z1 - zz‘l/K ’

where 16 cannot be replaced by any smaller number if the inequality is
to hold for all K.

2. Since for n = 3 there is no l-quasiconformal mapping in the =-
dimensional case corresponding to analytic branches w = =V z used in
the proof of Theorem A, we used previously two branches y = y.(x)
and y_(x):y, = rcos (6/2), y,=rsin(0/2), y; =2, @B=j=n) for —7 =
0 < and © <6 < 3w, respectively, which are called foldings and are
2-quasiconformal. And we deduced an estimate for the module of a
ring in n-space corresponding to Theorem A. This estimate means a
modification of Teichmiiller’s module theorem in n-space. Then, it follows
that the estimate obtained by using such a modification for certain K-
quasiconformal mappings in n-space corresponding to Theorem B has the
exponent 1/2K (see [2]).
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The main purpose of this paper is to improve on the exponent in
the latter estimate. That is to say, we establish, as Theorem 1, another
modification of Teichmiiller’s module theorem under an additional condi-
tion that the unbounded component of the complement of the ring in
n-space contains the ball B*(0, »,) with certain radius 7, centered at the
origin, and, as its application, we obtain in Theorem 2 an estimate,
where the exponent can be taken to be 1/K, for certain K-quasiconformal
mappings in n-space corresponding to Theorem B.

THEOREM 1. Suppose that a ring R in m-space separates a pair of
points a and B from the origin and the point at infinity, and that the
unbounded component of the complement of R contains the ball {x||x| < 7y}
for certain positive number r,. Then, we have -

mod R < log @,({12{|a[[(I8] + 7o) + | B (|| + ro)'}*/1el ¢ — BI) ,
where log @,(a) denotes the module of the Grotzsch ring im m-space.

THEOREM 2. Let y be an n-dimensional K-quasiconformal mapping
of the unit ball onto itself normalized by y(0) = 0. Then, for every
pair of points a and B with |a| <1, |G| £ 1, we have

ly(a) — y(B)| = cla — BV,
where ¢ = 2"VE(1 + 1/00)N,, and N, is such a bound that 9,(a) < \,a,
00 = 1O [{@,()}E], and @, is the inverse function of @,.

REMARK 1. It should be noted that the exponent 1/K in Theorem 2

cannot be replaced by any larger number. Because, if we consider the

following K-quasiconformal mapping y = y,(», 6, - -+, 0,._.):
y, = r"%cos b, ,
y; = r"*sin g, -- - sin §;_, cos b, 7=238,---,m—1)
Y, = r"¥sing, ---sind,_,sind,_,,

then there exists such a point a that |y, (@) — ¥,(0)| > c|lalt, |a] <1 for
each constant ¢ provided that ¢ is larger than 1/K.

3. As regards the definition of the module of a ring in the case of
dimension # = 8 and its fundamental properties, i.e., the superadditivity
of the module, Grotzsch’s and Teichmiiller’s module theorems, and the
definition of a K-quasiconformal mapping and its fundamental properties,
we refer the reader to Mostow [5] and Viaisald [6]. We here note only
that a K-quasiconformal mapping in this paper is equivalent to a K" '-
quasiconformal one in the sense of Vaisala.

4. Proof of Theorem 1. We may assume, without loss of generality,
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that the point « lies on the positive x,-axis, since this can be obtained
by a suitable rotation around the origin and the inequality to be es-
tablished is invariant with respect to such rotations. Now, let a =
(a,0,--,0) (@ >0) and 8= (b, ---, b,).

First, let us map the ring R into the ball B*(0, »,) by the inversion
& = fi(x) = rix/|x|* with respect to the sphere S*~%(0, »,). Denote by o/,
B’ the images of «a, B, under & = f(x), respectively. Then o' =
(ri/a, 0, --+,0) and B = (rb,/| B[, - -, 7bu/| BI)-

Next, let us map the ball B*(0, »,) onto the half space {9|7, = r,}
by the inversion 7 = f,(&) = —re, + 474& + 7re)/|& + 7e,|* With respect
to the sphere S*~'(—7e,, 2r,), where ¢, = (1,0, ---, 0). Let a”, 8" be the
images of a', (', respectively, by 7 = f,(§). Then we have a” =
(=70 + drf(ro/a + 1), 0, -+, 0), B" = (=, + 4(|B] + rd)r/|8 + 7.l
4rdi/IB + re.l?) (2 = 5 = m).

Finally, let a’’, 3" be the images of a”, 8" by the translation { =
Jin) =n + re,. Then

(1 @ "= (4ro)(rofa + 1), 0, -+, 0),
(8" = (B + rb)ri/| B + 7esl’, 49b,/|8 + 10, @ =4 =m).

We set hereafter 47,/(r/a + 1) as «;” for simplicity sake. Then, the
ring R is mapped onto the ring R’ in the half space {{|{, = 27,} by the
composite mapping of & = fi(x), » = fi(&), { = fi(y). Let R"” be the ring
symmetric to R’ with respect to the hyperplane {{|{, = 0}. Then,
mod R = mod R’ = mod R".

Now, denote by C;, C;’ the bounded components of complements of
R', R”, respectively, and let R, be the ring with C;, C; as its comple-
mentary components. Then, R’ and R” are disjoint rings each of which
separates the boundary components of R, and hence we have mod R’ +
mod R’ <mod R, by the superadditivity of the module of a ring, so that
(2) mod R < (1/2) mod R, .

Put «) =&’ and BY = B", and let a’, B”" be the points sym-
metric to a/, BY, respectively, with respect to the hyperplane {{|{, = 0}.
Then a”' = (—4r/(r/a + 1),0, ---,0), "' = (—4(B[* + rd )| B + reesl’,
473,/18 + 1) (2 =< j < n), which belong to the unbounded component
C; of the complement of R'.

Here, we consider the auxiliary Mobius transformation

b= (56— a} [{@ + ary + S0}
v=2aef{c+an+ 35} esism,
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which maps R, onto a ring B, and carries a?’, « into the origin and
the point at infinity, respectively. Denote by 3., B_ the images of
B, B, respectively, under the above Mobius transformation. Then
the ring R, separates the origin and 5, from the point at infinity and
B_. Thus, we can apply Teichmiiller’s module theorem in n-space to
the ring R, to obtain the estimate

(3) mod B, = mod R, < 21log @,({(|8+| + |B_1)/|B+ [} .

Since B, = ((S-, 81" — a"If{(al” + BI") + Si. 67"}, 200" 8] H(@!” +
U + S gy ) and B = (S5, 65" — Y@l — B + S 57,
20" B (e — B + i, 8Y) for 5 = 2,8, ---, m, we have, after some
elementary computations,

(4) (UB+] + |B-DNBs| = 2(la™ [ + | "Bl — B[

Substituting (1) into the right hand side and continuing elementary

computations, we obtain

[ [* + [ B"F = (dr){lal’| B8 + 7. + | BI(la] + 7)Y/ (a] + 7)*| B + 7.l
=S WrHlal(B] + r)® + |81l + 7o)} (la] + 7)*| 8 + 7l

and | — B[P = (4r)’|la — BI/(|a] + r)*|8 + re . Consequently, we

have from (8) and (4) into which these two relations are substituted,

mod B, = 2log @,({2{|a[*(|18| + )" + [B[(|a| + 7o) }"*[re|la — BI) .

Combining it with the preceding (2), the statement of the theorem
follows immediately.

5. We need the following two lemmas together with Theorem 1
for the proof of Theorem 2.

LEMMA 1. For n = 2, @,(a) £ \na and 4 < \,.

The upper bound for ), is omitted since it is not used immediately
(see [1]).

REMARK 2. It is well known that @,(a) is increasing and is continu-
ous for a > 1 (see, for instance, Mostow [5, Sections 6 and 7]).

LEMMA 2. (A space analogue of Schwarz’s lemma). Let y = f(x)
be a K-quasiconformal mapping of |x| <1l onto |y| <1l im m-space
normalized by f(0) = 0. Then, for 0 < |xz| <1, we have

?,(1/| fw)]) = {@.(1/[x}* .
Proor. Let R, be the ring obtained by deleting from the unit ball

|z| <1 the segment connecting the point z to the origin, and let R, be
the ring, in y-space, similar to R,. Then,
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mod R, = log @,(1/|2]) ,
mod R, = log @,(1/|y]) .
It is well known that the inverse mapping f~(y) of f(x) is also K-quasi-
conformal. Denote by f~'(R,) the image of R, under f~'(y). Then we
have mod f~(R,) < mod R, by Grotzsch’s module theorem in n-space
which is deduced by means of the spherical symmetrization (see Mostow
[5, Sect. 8]). This together with the characterization of the K-quasi-
conformality (1/K)mod R, < mod f~%(R,) yields

(1/K)mod R, < mod R, .

Taking (5) into account, we have the desired relation.

(5)

REMARK 3. It follows from Lemma 2 that on |2| =17, 0 <7, <1,
we have | f(z)| = 1/0;'[{®,1/r,)}*]. Since 1/0;'[{®,1/|2|)}¥] is an increasing
and continuous function in |z, Lemma 2 and Remark 2 imply that the

.image of the ball |z| <, under y = f(x) contains the ball {y||y| <

/0. [{2.1/r)} 1}

6. Proof of Theorem 2. Since |y(a) — y(B)| = |y(a)] + |y(B)| = 2,
it follows that for |a — 8| = 1/A,,

ly(a) — y(B) = 2 < ¢ < eA(I/N)VE S eyl — BIVE .

The theorem is trivial for |& — B3] = 0, and so it suffices to prove it
for 0 < |a — B| <1/n,. For that purpose, we consider the following
two cases: (i) |a + 8| =1 and (ii) @ + 8| > 1. Note that |a — B]/2 <
1/2n, < 1/8 by Lemma 1.

(i) The case |a + B| =1. Consider the spherical ring A =
{x||la — Bl/2 < |z — (¢ + B)/2] < 1/2}. Then A is contained in the unit
ball, hence so is the image y(A) of A under y(x). Therefore, y(A4) is
contained in the ball {y||y — y(@)| < 2}. Hence one of the complementary
components of y(A) contains both y(a) and y(B), and the other contains
the outside of a ball {y||y — y(a)| = 2}. Thus, by the monotonicity of
the module of a ring and Grotzsch’s module theorem in n-space, we
have

mod y(A) =< log 9,(2/|y(a) — y(B)I) .

Taking into account the module condition of the K-quasiconformality
(1/K) mod A = (1/K)log (1/la — 1) < mod y(4), we have 1fja — B/F <
?,2/|y(a) — y(B)). By means of Lemma 1, we have 1l/la — B["* =
2\n,/|y(a) — y(B)|, from which it follows that

ly(a) — y(B)| = 2n,la — BIYF < ena — BIVE .
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(ii) The <case |a+ 8| >1. Consider then the ring B =
{x]la — Bl/2 < |x — (a + B)/2| < 1/4}. It is either completely contained
in || <1 or not. In the latter case, consider the following mapping
y*(x), instead of y(x), defined by

o @, lelsT,
y@/leHy@/|=) ], |z >1,
representing an extension of y also outside of the unit ball as a K-
quasiconformal mapping.

The ring B separates a pair of points @, 8 from the origin and the
point at infinity. On the other hand, the unbounded component C,(B)
of the complement of B contains the ball [x| < 1/4. Hence Lemma 2 and
Remark 3 yield that the unbounded component of the complement C,(y*(B))
of the ring y*(B) contains the ball |y| < p,, where p, = 1/0;'[{2,.(4)}*].
Thus, the ring y*(B) separates a pair of points y(«), ¥(G) from the origin
and the point at infinity, and C,(y*(B)) contains the ball |y| < p,. Con-
sequently, we have by Theorem 1, mod y*(B) < log @, ({2{|y(a)|*(|ly(B)| + 0,)* +
ly(B) (| y(a)| + )1} */ooly(a@) — y(B)]) = log @, ({2{|y(@)*(|y(B) I/ + 1)* +
ly(B) P y(a) /o0 + L}/|ly(a) — y(B)]). Hence, we have

mod y*(B) < log 0,(2(1 + 1/0,)/|y(@) — y(B)]) .
Combining it with the module condition of the K-quasiconformality
(1/K) mod B < mod y*(B), we obtain (1/2|a — g|)"* £ @,(2(1 + 1/p,)/| y(a)—
y(8)|. By virtue of Lemma 1, we have (1/2|a—g)"*<2(1+1/0)\, /| y(a)—
y(B)|, from which it follows that

ly(a) — y(B)| = 2(1 + 1/p)\, 27 | — BIVE = ¢cla — B[V
as desired.
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