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1. Introduction. In this article, we consider the stochastic switch-
ing problem of tandem type, related to optimal stopping. The model is
described as follows. .

Let X, 1 =1,2, ---, N, be a sequence of measurable processes. For
each sequence 7' = (r, T, --+, Ty) of N stopping times T'=< T, < --- £
Ty, we define the following process Xj;:

X,@) if T, ,=t<T,

0 if t=Ty,
where T, = 0. Then the process X; starts with X;(¢) = X)) if 0t < T

1
and it switches in tandem from X, to X, at the time T, fori=1,2, -.-, N.
The object is to maximize the profit:

Xi(t) = i

J(T) = EB” o f(Xf(t))dt] =, EU

" e X))

i—1

where f is a given bounded measurable function and a strategy is the
sequence T of stopping times of switches. The problem is reduced to
the optimal stopping problem when N = 1.

The content is as follows: In §2 we formulate the general switching
problem of tandem type as Problem (I) in precise terms and we recall
some results on the optimal stopping problem [2], [9] and [12]. In §3,
extending the Snell envelope in optimal stopping, we shall define the
generalized Snell envelope. In §4 we show the existence of an optimal
strategy by a constructive method. In §5 we give a necessary and
sufficient condition for optimality, which is different from that of [4].
Finally, in §6 we give a penalty method ([1], [9], [12]) to find the optimal
strategy from the computational point of view.

2. Preliminaries and formulation. Let (2, F', P) be a complete prob-
ability space equipped with an increasing and right-continuous family of
sub-g-fields (F),s, such that V., F, = F and F, contains all null sets.
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Let W be the Banach space of all right-continuous (F,)-adapted processes
X with its norm || X || = ||sup, | X,| ||z < oo.

Now we formulate the switching problem of tandem type with finite
steps.

PrROBLEM (I). For a given positive integer N, let (fi(t)),1=1,2, ---,
N, N + 1, be a sequence of processes from W with fy..(t) =0. Let C be
the class of all sequences T = (T, T,, --+, Ty) of N stopping times such
that 0 =T, < T, =T, < --- < Ty. We define the profit:

Tq
T

J(T’):é‘;E[S e‘“tfi(t)cltzi, TeC, (@>0).

i—1
Find an optimal strategy T* e C, that 1s, J(’f’*) = SUPseo J(f'), and charac-
terize 1ts maximum.

We give some results on optimal stopping problems which will be
needed below. Let Xe W. A stopping time S is said to be optimal if
E[X] = sup, E[X,], where the supremum is taken over all stopping times
T and X, = limsup,... X,. There exists a right-continuous supermartin-
gale Y, called the Snell envelope, majorizing X and satisfying:

2.1) lim Y, = limsup Y, = lim sup X, ,
t—o0 t—c0 t—oo

(2.2) Y, = ess sup B[X,|F\],

(2.3) E[Y,] = sup E[X,] .

Moreover, for any stopping time S,

(2.4) Ys = esssup E[X,| Fs], E[Y,] = sup E[X,] .
TzS =S

Suppose that X satisfies the additional hypothesis:

(2.5) For any increasing sequence of stopping times (T,) with limit
T, E[X,,] - E[X,].

Then D =inf{t|X, = Y,} is an optimal stopping time. Also, for any
stopping time S, the stopping time D(S) defined by

(2.6) DS) =inf{t|t =S, X, =Y}
is optimal, that is, E[X,4] = supy.s E[X;]. Furthermore, Y satisfies
(2.5).

Next we give the penalty method, approximating the Snell envelope
Y of X when X is of the form:
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t

@.7) X, = etf, + S emgds, fgeW, a>0.
0

Note that Y can be rewritten as follows:

t

2.8) Y, = ea(t) + S og,ds ,
0

where 2(t) = eSS Supys; E[e‘”" 0 fp + Sre‘“"‘”g,dsiFt]. We define the
t

linear operators (G,).>, from W into itself by

2.9) Ga(t) = E[S“ =g ds
t

F,:! , xeW.

G, is one-to-one and satisfies the resolvent equation. Let A be the gener-
ator from D[A] into W, defined by

(2.10) A=a—-G;', D[A]=GW),

where G;' is the inverse of G,. Let us consider the solution z° of the
penalty equation

(2.11) (a— Az —(f —2)e=g, €>0.

Let V. be the class of all progressively measurable processes 'v'= (vy)
such that 0 < v, < 1/e. For ve V., we set

@12)  Jw) = ED“’ exp(—| a+v,dr)g, + v,f,,)dle,] .
Then the solution z¢ is given by
(2.13) 2*(t) = esssup J,(v) .

veEV,

Letting ¢ | 0, we obtain that 2‘(f) converges to z(¢) almost surely for
each ¢t = 0.

3. The generalized Snell envelope. For each stopping time S, let
C(S), i=1,2,---, N, denote the classes of all sequences T = (T,_,
T, ---, Ty) of stopping times such that S=7,_, < T, < --- < T,.

THEOREM 1. There exists a sequence z = (2, 2y, ***, 2y, Zy41) Of Tight
continuous adapted processes z; such that for each stopping time S and

i=12 -+, N,

(3.2) )z o) 2 22d) 2 2y.0) =0, t20,
3.3 e vz, e W,

(3.1) 2,(S) = esssup F [ﬁ]

TeCy(8) g=1

STj e—a(t—S)fj(t)dt

Tj-1
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(3.4) lim e *'2,(t) = 0,
t
(3.5) <e"“‘z,(t) + S e‘“f,(s)ds) 18 a supermartingale ,
0
(3.6) ¢-oiz,(t) = ess Sup E[STe““’f}(s)ds + e“"sz(T)lFt] ,
T2t t
(3.7) E[2(0)] = sup J(T) .

TeC

ProoF. We define inductively z = (2, 2, + -, 2y, 2y, as follows: we
set zy.,(t) =0, and if z,,,(t) is given, we define 2, by
T
t

e~ '2,(t) = esng?up E U e~ fy(s)ds + e‘“Tz,.+1(T)’Ft:| .

Since the process (e‘“‘éi(t) + Ste'“"ﬁ-(s)ds) is the Snell envelope of the
0
process <e‘“‘zi+1(t) + St e""ﬁ(s)ds), it has a right continuous modification
0
by (2.2), denoted by (e‘“‘zi(t) + Ste““{ﬂ(s)ds). It is clear that (8.6) and
0
(8.8) dre verified. (3.2) follows immediately from (3.6), and we obtain
(8.5), combining (3.6) with (2.2). By (2.1) and (3.6),

lim (e““zi(t) + S e f(s)ds) = lim sup (e““‘z,+1(t) + SO o i(s)ds) ,

¢
o 0
from which
lim e~*z,(t) < lim sup e *z,,(t) = 0.

t—oo t—00
This implies (3.4) by (8.2). We show that (3.1) holds. We denote by
y(S), 1 =1,2, .-+, N, the right hand side of (3.1), and for each stopping

time S, we set

e *'f(t)dt = ess sup G(S; T, Tiyyy -+, T)

s
0 TeCy(s)

YiS) = e=oy(S) + |

N T;

where G(S; T,y o -+, T) = B[ | ‘it + 3 |7 ewtat|F,|
0 = §—

for T=(T,_,, Ti, -+-, Tx) €Cy(S). Then for any stoppirfg1 times S T,

we have
(3.8) . E[Y(T)|Fs] < Y«(8) .
Indeed, let I" be the class of all F\,-measurable functions G(T; T, T, - -,

Ty) for each T = (T,_, T,, -+, Ty) €C(T). For T(k)e C(T) with T(k) =
(Ty_i(k), T(k), -+, Ty(k) (k =1, 2), we define T = (T,_,, T\, - - -, Ty) € C(T)
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by T; = T;UI; + T2)Izc, where B = {G(T;T.1), T..,(1), ---, Tx(1)) =
G(T; T,(2), Ti11(2), -+, Tx(2))}. Then it is easy to see that

G(T; TQ), -+, TNV G(T; Ty2), -+, Tw(2) = G(T; Ty, -+, Ty) ,

that is, I is closed under the operation “sup”. By Proposition VI-1-1
of [10], there exists a sequence T(n) = (T,_,(n), Ty(n), ---, Tx(n)) € C{T)
such that

Y(T) = lngg 1 G(T; Ti(n), Tipa(n), - -+, Ty(n)) .
Hence, for any Be Fy,
(3.9) ElY,(D)I5] = _Sug EIGT; T, Tiyy -+, T3] .

TeCy(T)

Since C(T) c C(S), the right hand side of (3.9) is less than
SUDP7eq, BIG(S; Tiy Tivyy « -+, Tw)Is] = E[Y(S)I5] by (3.9). Therefore we
obtain (3.8).

Now, let us note that z,(S) = y»(S) for any stopping time S by the
definition of yy, applying (2.4) to (3.6). Suppose that y;(S’) = 2;,(S’) for
any stopping time S’ and j =4 + 1. Since y,(S") = ¥,,..(S") by definition,
(3.8) yields that

FS:I

> EB: e ()dt + e‘“Tz,-H(T)!FS] .

N T
0 0

e *y(S) + S e “ft)dt =z E U e~ fi®)dt + e “Ty(T)

Thus, by (2.4) and (3.6),

y(S) Z ess sup ED S f()dt + e Tz, (T)

T
N

FS] = 2(5) .
Conversely, let us suppose that y;(S’) < 2,(S’) for any stopping time S’

and j=1i+1. By the definition of y,,,, for T" = (T}, T}y, * -+, T%) € Cisu(S),
we have
FS,:‘ .

Hence, by (2.4) and (8.6), for any T = (T,_,, Ty, -+ -, Tx) € C«(S),
N Tj
E[ZS o) £ ()t Fs]

N

T,
) 2 B 3 |7 emrimat

J=i+1 -1

=i driy
_ EDT‘ =9 £.(6)dt + eaSE[ﬁ; ST" o (8)dt F,,] FS]
s i=i+1 dTjy
< B[ [ o0t + 70y, (10| Fi |
é E[:grt e'”‘(t—S)fi(t)dt + e—a(TrS)ziﬂ(Tt) Fs] é zi(S) .
N
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Consequently, we have (8.1). (3.7) follows from (3.1) and (38.9). The
theorem is established.

4. Existence of optimal strategies.

THEOREM 2. The strategy T* = (T*, T¥, ---, T%) e C given by
(4.1) Tr =inf{t =2 TH,[2(8) = 2.}, TS =0,
18 optimal in Problem (I).

PrOOF. Let us note that the process z; satisfies (2.5) for each ¢ =
1,2, ---, N, N+ 1. Indeed, clearly z,,, satisfies (2.5). Suppose that z,,,
t
satisfies (2.5). Then, by (3.6), the process <e‘“‘zi(t) + S e“"‘ﬁ(s)ds) is the
0
Snell envelope of the process (e“"zm(t) + Ste”‘“ ﬁ(s)ds), which satisfies
(2.5). Thus, as is described in §2, the process <e““‘zi(t) + Ste“" i(s)ds)
0
satisfies (2.5), and so does z,.
Next, we show that for T} of (4.1), 1 =1,2, ---, N, we have

(4.2) sup () = B[ | eefio)ds + eemiaiTy) |

TeC

T*

(4.3) Ele-Ti-(T%)] = ED Cemf(s)ds + e‘“T?zm(T:‘)] .

Ti1

By (38.7) and (3.6), we have

sup J(T) = B[z(0)] = E|esssup B[ || e £0)dt + ~"2(T)

TeC

&l
= sup E’B: e~ fi(t)dt + e““Tzz(T):l ,

which follows from (2.3). Since the process <e““z1(t) + Ste“"“‘ 1(s)ds) is
0

the Snell envelope of the process <e‘“‘z2(t) + Ste‘“’ 1(s)als), we have (4.2)
0

by (2.6). On the other hand, by (8.6) and (2.4), we have

T

. e fi(8)ds + e T2 (T) | Fory

]

e (8)ds + 2 (T) |

e~z (TE.,) = ess sup EB
T2T*

-1 Ti—1

Hence, by (2.4),

@4.4)  EleTig (Tr)] = sup ED
T2T3 -1

Also, by (2.6) and the above arguments,
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4.5) E[S e £(s)ds + e““’izm(T;*)]

= sup E[S: e fi(s)ds + e“”sz(T):' .

T2T5

Thus (4.3) follows from (4.4) and (4.5). Combining (4.2) with (4.3), we
establish the theorem by induction.

5. Conditions for optimality. Let us consider the following problem.
PROBLEM (II). Let U be the class of all processes we W defined by

N A
u(t) = up(t) = % Iy <o » T=({T,T, -+, TyeC, T,=0.
We define the profit:
Iw) = ED‘” e (s, u(s))ds] L wel, a>0,
0

where f(s,1) = fi(s) 1s as in Problem (I). Find an optimal strategy
w*e U, t.e., I(u*) = sup,.y I(u), and characterize its maximum.

Problems (I) and (III) are identical in the following sense:
(5.1) sup J(T') = sup I(w) .
1reC uelU
Indeed, taking into account f(s, N + 1) = 0, we have
Iug) = B[ | eeifts, uso)ds | = Bl S| e=s(s, uso)ds |
0 i—1

=1 JT
- E[ﬁ, S: e £ (s, i) ds:l = J(f),
= i—1
which implies (5.1). Thus, Problem (I) is a kind of stochastic control
problem with the profit I(u). We would like to obtain dynamic program-
ming conditions for optimality. But U is not closed under concatenation,
i.e., if w,ve U, then (u,v,t) does not necessarily belong to U where
(u, v, t)(s) = u(s) for s =t, = v(s) for s > t. Therefore we cannot apply
the technique of [3] and [4] to I(w). Here we show that Theorem 1
enables us to give an optimality condition.

THEOREM 3. For each T = (T, T, -+, Tx)eC and i =1,2, ---, N,
T;
(5.2) Blemz(T ) 2 B| | efio)ds + e—”iz,-ﬂ(m] .
Ti—1

Furthermore, T* = (T¥, TF, -+--, TH eC is optimal if and only if for
each 1 =1,2, .-+, N,

(5.3) Ele i~z (TE)] = E[STi

Tia

= f(s)ds + e—“T:zH!(T:)] .
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PROOF. (5.2) is immediate from (3.6) and (2.4). Suppose that (5.3)
holds. Then, by induction, we have

*

N r*
E[(0)] = E[ZS g f,-(s)ds] .
=1 Tj—l
Thus T* is optimal by (8.7). Conversely, let 7* € C be optimal. To prove
(5.8), it suffices to show that for 1 =1,2, ---, N,

(5.4) Blemioa(T2)) = B[ 3 [ e fis)ds).

j=i T_’,',i_l
By the optimality of 7'*, (5.4) holds for ¢ = 1. Suppose that (5.4) holds
for 1 = k. By (8.1),

6:5)  Ble a1 = B 5| efisds)

g -1

Tk N1
=B[{* eonwis + 3 |7 ewsieas)
LJry_, i=k+1 JTy_
=K ST;“ e *fi(s)ds + esssup E[ >, Sj e~ fi(s)ds FT?cﬂ
LT,y T*eCppy(T3) iSkH Iy

~E S e f(s)ds + e-”fczm(T:)] .

Th—1
On the other hand, by (3.6) and (2.4), we obtain the converse inequality
of (6.5). Thus, (5.4) holds for ¢ =k + 1.

6. Penalization. Let @ be the class of all sequences x = (x,, @, -,
xy) of right continuous adapted processes z;, ¢ = 1,2, ---, N, such that

(6.1) e*x,e W and lime *wx,(t) =0,
t—oo
(62) m1(t) g xz(t) Z M Z xN(t) g 0 ’ t g 0 ’
(6.3) <e“‘”x,-(t) + Ste‘“fi(s)ds> is a supermartingale .
0

Let us consider the penalty equation:
6.4) (a— Azi— Fn—2)e=fi, 2n.=0, t=12---, N.

By (2.11) and induction, the equation (6.4) has a solution z* = (2, z;, - - -,
2y), and then we can obtain the following theorem.

THEOREM 4. Let 2 = (2, 2, -+, 2y) be a sequence of the processes z,,
©1=1,2, -+, N, given in Theorem 1. Then 2(t) converges to z,t) almost
surely for each t =0 and i =1,2,---, N, as €| 0.
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LEMMA 5. For each 1=1,2, .-+, N, we have
(6.5) Z1) = () ,
(6.6) Z(t) < 25'(t) for e=¢€.
ProOF. By definition, (6.5) holds for ¢ = N + 1. Suppose that (6.5)

holds for ¢ = k + 1. Then we have zi,, < 2., < 2, by (3.2). Thus, by
(2.13),

z(t) = e§§Vsup EB? exp(—S: a + v,dr)( Ju(s) + v,z;ﬂ(s))ds‘Ft]

< ess sup E[Sj exp(—s: a + 'vrdr)(f,,(s) + v,zk(s))ds’Ft] ,

vevV,

which is less than z,(t) by virtue of Lemma 5 in [9]. This implies (6.5).
Next, taking into account 25.,(t) = z¥..(t) = 0, we assume that 2z, < 2,
for ¢ = ¢’. Then, by (2.13),

zi(t) = ess sup EBQo exp(—gs a + v,dr)(f;(s) + vszﬁﬂ(s))ds‘Ft}
veVs t t
< ess sup E[Sm exp(—sx o+ vrdﬂr)(fi(s) + vszi;l(s))ds|Ft] = 2¢(t) ,
veVE, t t
which implies (6.6).
Proor oF THEOREM 4. First we note that z = (2, 2,, - - -, 2y) of Theo-
rem 1 belongs to @. Moreover, it is a minimal element of @. Indeed,

Ietx = (xu Loy ***y xN)e@! T = (Ti—ly Ti, Sty TN)Gcl(t)andi = 1, 2, ety N.
By (6.3) and (6.2),

T.
i (T,_) = E[e‘“Tixj(Tj) + S g e"”"f,-(s)ds'FTHJ
Tj—l

gE[e—aTa-x,.ﬂ(Tj) +ST e‘“’fj(s)ds‘FTj_l], iz,

Hence, by induction,
T; N o (T;
ot (t) = EB efe)ds + 3 |
By (8.1), we obtain x;, =%, for ¢ =1,2, ---, N.
Next, by (6.6), we can define the process z}(¢t) = lim,,, T 2(¢). Then,
by (6.5), we have z} <z,. To prove the theorem, it suffices to show
that z* = (2F, 2%, - - -, 2}) belongs to @. By (6.4) and Lemma 2 of [9],

e“"sfj(s)dsl F] .

i

A(e“"‘zi(t) + S:e'”ﬂ(s)ds> = e — A)2t) + e FiD)
= —e (&, — 2)*(t)e = 0.
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By virtue of the corollary to Theorem 5 in [9], <e‘°‘tz§(t) + Ste“"‘”fi(s)ds>
0
is a right continuous supermartingale. By the monotone convergence theo-
t
rem and Theorem 16 of [8, Chap. VI], <e‘“‘zf(t) + S e ﬁ-(s)ds) is a right
0

continuous supermartingale. Thus 2} is a right continuous adapted process
and z* satisfies (6.3). Since e *z:e W and lim,_ . e *2:(t) =0 by zie W,
z} satisfies (6.1). By (6.4) and (6.5),

Gu(zi, — 2)7(t) = e(zi — G L)) = (2, — G f)(@)

which goes to zero as ¢ | 0. By the bounded convergence theorem, we
have G, (z},, — 2¥)* = 0. This implies (6.2). The proof is complete.
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