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Abstract. In this paper we prove a central limit theorem for a class
of piecewise continuous and convex transformations from the unit interval
into itself.

1. Introduction. Recently many authors have discussed the ex-
istence of an invariant measure for a transformation of a compact mani-
fold into itself (Lasota and Yorke [2], [4], Lasota [5], [6], Krzyzewski and
Szlenk [7], Kosjakin and Sandler [8], Bunimovi¢ [9], Renyi [10], Boyarsky
and Scarowsky [11]). Many of these results were proved by showing the
existence of a fixed point for the Frobenius-Perron operator. In several
situations one can strengthen these results. Namely, one can show that
the iterates of the Frobenius-Perron operator are exponentially convergent
to the fixed point. By using such result [3] we shall prove in this paper
a central limit theorem for a class of piecewise continuous and convex
transformations of the unit interval. We do not require that our
mappings are C' and expanding. The central limit theorem for trans-
formations of the unit interval into itself was given also by Boyarsky
and Scarowsky [11], Walters [12], Ishitani [13], Wong [14], Tran Vinh
Hien [17]. These results were generalized by Keller [16]. But he
required in his paper that transformations under consideration were
piecewise C* and expanding.

Since our transformations are exact [2] and all iterates of our trans-
formation have property inf |[(T'")’| > 1 for » sufficiently large (Proposi-
tion 1) then Ratner’s theorem in [18] implies the weak Bernoulli condi-
tion for their natural extensions. Therefore Ornstein and Friedman’s
theorem [19] implies that the natural extension of our tranformations
are isomorphic to the Bernoulli shifts for which the classical central limit
theorems hold. But we do not obtain automatically from this the same
result for our transformations. In particular, it is not easy to verify
that the assumptions of the classical central limit theorems for random
variables given by Holder continuous functions or functions of bounded
variation over the unit interval are satisfied.
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The present paper consists of three sections. In the first one we
shall state our main result Theorem 1. The second section contains some
preliminary notations and auxiliary results which may be of some interest
in themselves, namely Theorem 2, Propositions 1, 2 and a lemma. The
proof of Theorem 1 we shall give in the last section.

2. A central limit theorem. Let T be a given transformation of
the unit interval into itself satisfying the following conditions:

(a) there is a partition 0 =a¢, < a, < --- <a,=1 of the unit
interval such that for each integer k (k =1, ---, 7) the restriction of T
to the interval [a,_,, a,) is continuous and convex,

(b) T(ar) =0, T"ap)) >0, k=1, ---, 7,

(e) T'(0) > 1.

In [2], it is shown that for such a transformation there exists a
unique normalized absolutely continuous measure g invariant under T,
the density g. = dp/dm (m denotes the Lebesgue measure) is bounded
and decreasing and moreover, the system ([0, 1], ¢, T') is exact.

Under the above assumptions on the transformation T' we shall prove
our main result:

THEOREM 1. If either

(i) f 18 a function of bounded variation over [0, 1]
or

(ii) f is Holder continuous
then

(1) o =EJ(f — Ef) + 22 El(f — Bf)(foTi — B f)] < o ,

(2) lim {(U/®) 3 (f o ¥ — Buf) < 3} = 4,@) »
(3) lim m{(L)/ %) 3, (F o 7% — Bulf o T9) < 3} = $u(a)

where Byf = | fip, Bu(foT9) = | £oTidm, 4, = (fzzo)) || _exp(—t/
[1] 0 -0
@0%)dt if 7> 0 and ¢z) = {(1) EZ ; 8;.

3. Definitions and auxiliary results. Let ([0, 1], 3, m) be the measure
space with Lebesgue measure m and let L,([0, 1], ¥, m) = L,(m) be the
space of all functions f defined on [0,1] for which |f| is integrable.
For a measurable nonsingular function z:[0,1] —[0, 1] (i.e., if Ac X,
m(A) = 0 implies m(z7(4)) = 0) we define the Frobenius-Perron operator
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P.: L(m) — L,(m) by the formula

Prf:._‘_i_

dx Sr“l([o,z]).fdm ’

The operator P, is linear, continuous and satisfies the following conditions:

(4) P, is positive: f =2 0=P.f =0,
(5) P, preserves integrals: Sl P.fdm = Slfdm y feL(m),
0 0

(6) P is the Frobenius-Perron operator corresponding to z*,

(7) P.f = f iff the measure dp¢ = fdm is invariant under <z, i.e.,
wT(A)) = pn(A4) for Ae X,

(8) S:(P, Fgdm = S:(goz')fdm for any feL(m) and ge Lo(m).

For convenience, we shall simply denote by P the Frobenius-Perron
operator corresponding to T satisfying conditions (a)-(c).

The convergence of iterates P~ is discussed in [3] where is stated
the following:

THEOREM 2. There exist constants K> 0, ¢ >0 and se€(0,1) such
that for a nonnegative integrable function f with bounded variation over
[0, 1]

(9) 1P7f = gl oy < SK(V f + €l £ l1,) s

where Vi f denotes the variation of f over [0, 1].

Now, we shall show two properties of the transformation T satisfy-
ing conditions (a)-(¢) which will be needed for the proof of Theorem 1.

PROPOSITION 1. There exists n,€ N such that inf, ;. |(T")'(x)] > 1
Jor m > n,

PrOOF. Denote by 0 = af < af -+ < a7, = 1 the partition correspond-
ing to T" (i.e., T" is convex on each interval [a}_,, a}) and T"(a}_,) = 0)
and by T7 the restriction of 7" to the interval [a}_,, a}). The functions
T: are increasing, continuous and differentiable except on a set of at
most countable number of points.

Consider, now, the set S = Uz, T "({ay, a, -+, a,}). Since clS =
[0, 1] (see the proof of Theorem 3 in [2] for details), there exists m,e N
such that for any n > m,
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(10) max (aj — o) <7 = (a,/2) ,ifﬂo,fu | T"(2)] -
Let n > m,. Define

4, = T((a, &) = U (T (a, @)
and B, = [0, 1]\ A,. It is obvious that

(11) T x) < a, if wecA,
and
(12) T(x) =a, if x€B,.

Since the function T satisfies conditions analogous to (a)-(c) and in
particular (T7) (=1, 2, ---, r,) is increasing, by (10) and (12) for z € B,
we have (T7)(x) = a,/np. Hence, by (10)

(13) (ToT9'(x) = T(Te@))TD' () = (/1) inf (T'(x)) = 2

whenever £ € B,. By the same arguments and (11) for xc A, we have
(14)  (ToTy)(2x) = T(TH@))(T?) (x) = T"(OXT?) (ai-) = T'(O)igfu (T (=) .

Inequalities (13) and (14) give us inf (T"*')" = min (2, 77(0) inf (T™)') and
consequently, by induction, inf (T")’ = min (2, [7'(0)]* ™ inf (T™)’). Hence,
gince inf (T™)" > 0 and T7(0) > 1 we have the conclusion of Proposition 1.

PROPOSITION 2. There are C > 0 and q€(0,1) such that
a? - a?—-l é an

where 0 = af < af < +-- < a7, =1 18 the partition corresponding to the
transformation Tm.

ProOF. By Proposition 1, there exists n, such that inf (7™)" > 1.
Put T™ =q. It is obvious that & — b7, < (max (b, — b,_,))/(inf (4+")"),
where 0=0 <0} < ---<bp, =1 and 0=0,<b < ---<b,=1 are
partitions corresponding to +" and +r, respectively. By this, since
{b:, b;‘y ) b?.,‘} = T—nno({aw Ay * 7y ar}) U {1} and T_n({a’oy Ay * a’r})c
T-"({a, a, **-, a,}) Whenever m = n, we obtain max (af — a?,) < Cq"
where C = p' max (a; — a,_,), 0 = (inf 4')™* and g = p"™. q.e.d.

Now, we give a lemma corresponding to the strong mixing coefficient
for some stationary process. Before that, we establish some notations.
Let £, be a process on the probability space ([0, 1], X, ¢) (¥ is the
o-field of the Borel sets) given by the formula &, = X(T") where X =
Diici Akia, a9 With a; #= a; for ¢+ j and X, denotes the characteristic
function of the set A. Denote by I, the o-field generated by the sets
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of the form {x €[0, 1]: (&,(x), - - -, &(x)) € A} where ACR'**is an (I—k-+1)-
dimensional cube. It is easy to see that ¥ is generated by the set of
intervals A, ...;, = T;'--- T; [0, 1)) where T; is the restriction of T to
the interval [a;_,, a;) and j; =1, ---,7, =0, ---, k. It is also obvious
that T**(4;,...;,) = Tj0 -+ o T;(A;,...;) is an interval with the left end-
point equal to zero. '

We have the following;

LEMMA. &, is a stationary process with the strong mixing coefficients

a(n) = sup sup sup [#(AN B) — p(A)u(B)|
k20 Adewmy Besm::’_*_k

satisfying
(15) a(n) < s"M
with s from Theorem 2 and with some M > 0.

ProOF. Since the measure g is invariant under 7T the process ¢, is
stationary. It remains, therefore, only to prove (15).

By simple computations the Frobenius-Perron operator for the trans-
formation 7T satisfying (a)-(c) has the form Pf = 37, f(®,)|®:| where

T () for ze T([a;,, a))
a; for xz¢€[0, 11\ T([a;_,, a;]) .

The functions @, are increasing, continuous and differentiable except on
a set of at most a countable number of points. At these points ¢, can
be defined as the right hand side derivative. The functions ¢ are
decreasing and bounded (since 7T"(a;) > 0). By its very definition the
operator P is a map from L, into L,, but the last formula enables us to
consider P as a map from the space of functions defined on [0, 1] into
itself. It is obvious that Pf is decreasing for any decreasing f.

Let B be a Borel set and A = Uj,,....j,e1 4jy,....5, Where I is a subset
of the k-th Cartesian product of the set {1,2, ---,7}. We have

Pi(x) =

P¥gX,) = é . (9uXs) o (@j 0= 0P ) [(Pg, 0+ op;) |

J1rernrdg=

=, Z;,k I((gyxajl,...,jk)°(%l° s 0@ N(@g0 0@y |
e

- i1 --'z;kez IulPso - °¢ik)x0i1 ----- jkl(q)jl o °§Dik),[

< P*g, = g,

where C;, ....;, = T*4;,,...;;) is an interval with the left endpoint equal
to zero. Hence, P*(g,X,) is decreasing, and moreover,
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VPd) =V gu+ [19ullz;= Vout1.
Now, by (7), (8) and (9) we have

(T 4B)N A) — p(AuB)| = 18: (PYP*(gX,) — gullg:Xs ||L1)XBdm|
= [|PY(P*(g.Xs)) — g#”ngA”L1”L1
< #K(V PHo) + cloull) < oK(V gut+ o +1) = M

where the constants K, ¢ are from (9) and M = K(Vig + ¢ + 1). There-
fore, since
a(n) = sup sup sup [#(T~""*(B) N 4) — p(A)K(B)]

A€My

we obtain a(n) < s"Ms™. , q.e.d.

4. Proof of Theorem 1. The estimation of the strong mixing
coefficients for a stationary process X, allows us to invoke [1, Theorem
18.6.2] directly, to obtain a central limit theorem. Thus, we must only
to prove

(16) E,| f"*" < o for some & >0,
(17) i [E#If — El,{fiSm(’;}|(2+6)/(1+5)](1+5)/(2+a) < oo
k=1

where E.{f|ME} is the conditional expectation of f with respect to a
o-field Mk, and

(18) g(a(n))"/‘”’” < oo

for any f satisfying the assumptions of Theorem 1.

Let f be of bounded variation. The inequality (16) is obvious for
each 6 > 0. The condition (18) follows immediately from (10). Therefore,
it remains only to prove (17). Denote by Q, the set of intervals A; .. ;,-
By Proposition 2 the length of each interval from @, is not greater
than Cq", where g€ (0,1). From this, for any f of bounded variation
we have

E|f - Bir1wgrs 3 | [ - aman|, e o

AeQp

< 50, (yrrap=vr 3y an

AeQy

=(VF) 35 Y Hswuay=(Vr5)cr.
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Hence, since L(p) < L*(¢) for 6 = (2 + 8)/(1 + §) < 2, we obtain (17).
Now, let f be Holder continuous. We have

sup | £ — B,{f|9)| < sup sup| fl@) — W(A)|  sap
= sup sup |f(z) — f(v)| < Km(4)’ = KCg)"

for some K >0 and 8> 0. This yields (17) and completes the proof of
(1) and (2). Now, in the same method as in [18] we prove (3). Let

A=UVM) ST~ Bf) and A=AV W) S (fo T = Bu(f o T%) .
We have

| E,(exp (i€2h)) — E,(exp (i£22))|
< |EJ(exp (i£z;)) — E,(exp (i£z,))| + | E.(exp (i€z)) — E,(exp (1£22))]

= B[ — exp {ish/m) 3 (7 o T — Euf} |

+ B,

1 exp {(igh/®) 3 (F o T — By |

n—1

+ (B~ B exp {igh/ ™) |5 (FoT* — Bu|

+ E,|1— exp {(is/l/W)g(fo T E,,f)} [

k=w+1

+ B,|L = exp {(igh/ 1) 3, (f o T* = Eu(f o T} |

k=0

n—1

+ B[t - exp {6eh/0) 5 (Ef — Bu(7o T}

Hence, setting w = [log n], by (9) we obtain

k=w+1

lim | E(exp (621)) — En(exp (1627))| = 0

uniformly on any bounded interval. This gives us (3) and completes the
proof of Theorem 1.

Under the same assumptions as in Theorem 1, without any difficul-
ties we may prove the following:

THEOREM 3. If o > 0, then

lim {1/ W) 5, (Fo T = Bf o 1) < 2} = 4.(2)

whenever Vidy/dm < oo.
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