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Abstract. We consider a system of integrodifferential equations of the

form

(1) o = Ale + f:C(t, 8)5(s)ds

which we then write as

(2) o = L)z + f'c (¢, 9)u(s)ds + (i) StH(t o)w(s)ds
o B dt/Jo :

A number of Lyapunov functionals are constructed for (2) yielding necessary
and sufficient conditions for stability of the zero solution of (1).

1. Introduction. We consider the system
(L.1) o = Al + Y C(t, s)x(s)ds
0

in which A(¢) is an »xn matrix continuous for 0 <t < o, C(t, s) is an
n X n matrix continuous for 0 < s <t < o, and n = 1.

We write (1.1) as
1.2) 2 = L(t)x + S: Ci(t, s)x(s)ds + ;ld? S: H(t, s)x(s)ds
and discuss stability and instability of the zero solution of (1.1) via the
construction of Lyapunov functionals for the system (1.2).

Evidently, (1.1) can be regarded as a special case of (1.2) and there-
fore any stability result for (1.2) is also a stability result for (1.1).
However, the most interesting stability results of this paper are those
obtained by converting (1.1) to (1.2). It turns out that (1.1) can be
reduced to (1.2) in several ways and consequently a variety of stability
results will be obtained. In most cases, we obtain simple and practical
results under mild conditions.

The following terminology is used throughout this paper. For any
t, = 0 and any continuous function ¢: [0, {,] — R", a solution of (1.2) and
hence of (1.1) is a continuous function «: [0, «) — R", denoted by x(t, ¢, ¢)
or x(t), which satisfies (1.2) for ¢ = ¢, and such that z(¢) = ¢(t) for 0 =<
t <t, The solution # = 0 is called the zero solution.
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DEFINITION. The zero solution of (1.2) and hence of (1.1) is said to
be

1. stable if for every ¢ > 0 and every ¢, = 0, there exists a 0 =
(¢, t,) > 0 such that |4(t)] < & on [0, t,] implies |x(¢, t,, ¢)] < & for t = t,.

2. uniformly stable if it is stable and the ¢ in the definition of
stability is independent of ¢,.

3. asymptotically stable if it is stable and for each ¢, = 0 there is
a B =pB{)>0 such that |¢(f)] < B on [0, ¢] implies (¢, ¢, ¢) >0 as
t— oo,

4. wuniformly asymptotically stable if it is uniformly stable, the g
in the definition of asymptotic stability is independent of ¢, and for each
7 >0 there is a T = T(y) > 0 such that [¢(¢)] < B on [0,¢t] implies
Ix(t’ 178 ¢)| <7 for ¢t = t,+ T.

An nxn matrix is said to be stable if all of its characteristic roots
have negative real parts. Also, when a function is written without its
argument, then it is understood that the argument is ¢. If D is a
matrix or a vector, |D| means the sum of the absolute values of its
elements.

Most stability results for the system (1.1) assume that A(t) = A =
constant. In this paper we allow A(t) to be a function of ¢ which may
be unbounded for » = 1. For this reason we discuss the scalar and the
vector cases separately.

2. Scalar equations. Consider the scalar equation

@.1) o = Lt} + S’ C(t, 8)x(s)ds + Edt_ S' H(t, )z(s)ds

where L(t) is continuous for 0 < t < «, and C,(¢, s) and H(t, s) are con-
tinuous for 0 < s <t < «. Here L,C, H and x are all scalars.
Let

2.2) P(t) = So IC,(t, 8)|ds
2.3) I = | 1, 9)1ds,
and

@4 09 = | [+ Jw)IClw, )| + (L) + Pw)|H, 9lldu

assuming of course that &(t, s) exists for 0 < s <t < oo.
Let
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2.5) Vi, a(-) = <x - S’ H, s)x(s)ds>2 + S' O(t, 8)a*(s)ds ,

where v is an arbitrary constant. The functional V(¢ 2(-)) plays a
central role in the derivation of most of the stability results in this
section. Thus, if «(t) = (¢, &, ¢) is a solution of (2.1), then the derivative
Viey(t, 2(+)) of V(t, x(-)) along x(t) satisfies

Vi, o(-) = 2(90 - S H(t, s)x(s)ds)(L(t)x + S Ci, s)x(s)ds)

+ vi St D(t, s)x*(s)ds

dt do
= 2L(t)a* + 2x S Cyt, $)x(s)ds — 2L(t)x So H(t, s)u(s)ds
—2 S' H(t, s)a(s)ds S C(t, s)a(s)ds + ».0% S' (¢, s)u(s)ds .

Thus,

Vit o) — 2Lt — -1 | 0(¢, s)a#(e)ds|

< 2{ 1C(t, 9 lol|a(s)lds + 2|Leo) || 1H(, o) [l 2(s)| s
+ 2| 1B 9)lle@)lds || 1€, 9)los)lds -
Using the Schwarz inequality, we may write

|| 15, s)lla@ds = | 1Ht, )71H(t, 5)lo(s)|ds

1/2

= U: |H(t, s)|ds S: |H(t, s)Iwz(s)ds]
= [J(t) || 17, xﬂ(s)ds]”
so that

2 {"1H(, 9)l1o)1ds || 1€t 9 o) ds

< 2[J(t) S:IH(t, 5) Ixz(s)ds]m[P(t) S ICLt, 3)] xﬂ(s)ds]‘”
= 2[P(t) S‘ \H(¢, s)]xz(s)ds:ll/z[J(t) So IC,(t, 9)| xz(s)ds]

1/2

= Pt) || |H(, 9)la(6)ds + Jt) |, 6., 9)l@)ds .
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Thus,

, s od :
| Viutt, a(-)) — 2Lt - vd || oct, 91 )ds|

< | 16t 9@ + wends + L) | 1HE, 9l + 2@)ds
+ P | H, 9)la@ds + J0) 10t ) ds

= [P®) + [LOITOkR: + | [+ Te) IO, 9)
+ (L@ + PO)IHC, 9)la*(s)ds
Using (2.4), we obtain

(2.6) Vot #(+)) — 2L(t)a* — ugt_ St O(t, $)z*(s)ds

0

< [P®) + L@@ — | %ﬁ;s)x%s)ds :

THEOREM 1. Let P, J, and @ be defined by (2.2)-(2.4). If L(t) <0
and

(i) stg?J(t) <1

and

(ii) JOILE®)| + P@) + 0@, t) < 2|L(@) ,
then the zero solution of (2.1) is stable.

Proor. Taking v =1 in (2.5) and observing that

@7 4 o, sr(s)ds = 0, 1t + St 990, 8) pos)gs

dt Jo o ot
we obtain from (2.6) and (ii) that V7i,,(, 2(-)) < 0. Since V{(¢, z(:)) is
not positive definite, we still need to prove stability. Let ¢ = 0 and
€ > 0 be given. We must find 6 > 0 so that if ¢: [0, t,] » R is continu-
ous with |4(t)] < 8, then |x(¢, ¢, ¢)| < ¢ for all t = ¢,. As Vi, 2(-)) <0
for ¢t = ¢,, we have

Vet () S Vit 5) = (st — | Hety 990)ds) + | 0t s)e)ds
<o{ @+ 6y + "0, s1as]

def

< 52[4 + §'° o(t, s)ds:| lof SN
]
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On the other hand,

Vet o) 2 (o) — || B, 912(6)ds) 2 (le@)] - || 17, o) lat@)lds) .
Thus,

a(t) < N + || 1H(t, 5)1n(o)lds .
0
As long as |z(t)] < ¢, we have
lo(t)] < ON + esup J(£) = 6N + e8 < ¢
t20

for all ¢t = t, provided that § < ¢(1 — B8)/N. Thus, the solution z =0 is
stable.

THEOREM 2. Let P, J, and @ be defined by (2.2)-(2.4) and suppose
there is a continuous function h:[0, ) — [0, ) such that |H({, s)| <
h(t —s) with h(u) >0 as u— . If L(t) >0 and there is a positive
constant « such that
(2.8) J(@®)|L(t)| + P(t) + o(¢, t) + a = 2|L(¢)| ,
then the zero solution of (2.1) is unstable.

Proor. Taking v = —1 in (2.5) and using (2.6)-(2.8) we obtain

e, x(+)) = ax® for all ¢t =t,, Now, for any t, =0 and any d > 0 we

can find a continuous funection ¢: [0, t,] — R with |¢(t)] <06 and V(t, ¢(-)) >0
so that if x(¢) = x(¢, ¢, ¢) is a solution of (2.1), then

t 2 t
@9 (s~ | Ht, 90e)ds) 2 Ve, 0() 2 Vit 6()) + a || as)ds -
0 0
We will show that x(¢) is unbounded. Suppose x(t) is bounded; then as
t
J(t) <2 by (2.8), we have S H(t, s)x(s)ds bounded and hence, by (2.9),
0
2*(t) is in L0, ). By the Schwarz inequality we have

(S‘ H(t, 5)| |x(s)|ds>2 < S \H(t, 5)|ds S \H(t, 8)|2(s)ds < 2S ht — s)a*(s)ds .

The last integral is the convolution of an L'-function with a funection
tending to zero. Thus, the integral tends to zero as t — oo and hence

S‘H(t, S)a(s)ds — 0 as t — 0. Now, by (2.9), we have
0

lx(t) - S: H(t, s)x(s)ds’ > [V(t, ¢(- )]

so that for sufficiently large T it follows that |x(t)] = v for some 7 >0
and all ¢t = T. This contradicts #*(t) being in L'. Thus, «(¢) is unbounded
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and so the zero solution of (2.1) is unstable. This completes the proof.
Now, consider the scalar equation
2.10) o = At + S C(t, $)x(s)ds ,
0
where A(t) and C(¢, s) are continuous for 0 <t < c and 0 = s = ¢ < oo,
respectively. Suppose that
Ct, s) = Ci(t, s) + Cu(t, 8) ,

where Ci(t,s), ¢ = 1,2, are continuous. Select a continuous function
H(t, s) such that

2.11) (0/ot)H(t, s) = Cy(t, 8) .
For example, if Sm Cy(u, s)du exists, then H(t, s) may be defined by
t
H(t, s) = —Sm Cy(u, s)du .
t

If we let
(2.12) L) = A@t) — H@&, ¢t) ,

then (2.10) takes the form (2.1). Thus, Theorems 1 and 2 combined yield
the following necessary and sufficient condition for stability of (2.10).

THEOREM 3. Let P, J and @ be defined by (2.2)-(2.4), where H and
L are defined by (2.11) and (2.12). Suppose there is a continuous func-
tion h: [0, o) — [0, ) with [H({, s)| = h(t —s) and h(u) —0 as u — oo,
and suppose there s a positive constant o such that

(i) sup J(t) < 1

t20
and

(ii) J@)|L()| + Pt) + O, t) + a = 2|L(t)| .
Then the zero solution of (2.10) is stable if and only if L(t) < 0.

Regarding (2.10) as a special case of (2.1), we obtain the following
corollaries.

COROLLARY 1. Suppose that for some a > 0,
[[icct 1ds + |7 icww, Hldu - 2140) = —a.

Then the zero solution of (2.10) is stable if and only if A(t) < 0.
PRrROOF. Let Cy(¢, s) = 0 in Theorem 3. Then C.(t, s) = C(¢, s), J(t) = 0,



VOLTERRA EQUATIONS 495

L(t) = A(t), and (ii) of Theorem 3 reduces to P(t) + @(t, t) + a < 2|A(t)|

with @, t) = S |C(u, t)|du. If we choose h(t) = 0, then all the conditions
t

of Theorem 3 are satisfied and the proof is complete.

Letting H(t, s) and L(t) satisfy

(2.18) (6/at)H(t, 8) = C(t, 8)
and

(2.14) L(t) = A(t) — H(t, t) ,
we have:

COROLLARY 2. Let H and L satisfy (2.13)-(2.14). Suppose there is
a continuous fumction h:[0, o) — [0, ) with |H(t, s) < h(t —s) and
h(w) — 0 as w4 — oo, and suppose there is a positive constant a such that
t
(i) supS \H(t, 8)|ds < 1
t=0 0

and

@ Lol | 15 9lds + |7 I 1 H, Oldu + @ < 2]Le) -

Then the zero solution of (2.10) is stable if and only if L(t) < 0.
PrRoOOF. Let C(t, s) =0 in Theorem 3. Then C,(%, s) = C(¢, s), P(t) =0,
and (ii) of Theorem 3 reduces to

JOILO| + 0, 1) + a S 2/LE) with 0, ) = | ILw]|H, tldu.

Thus all the conditions of Theorem 3 are satisfed and this completes the
proof.

REMARK 1. Corollary 1 is [3, Theorem 3]. Also, Corollary 2 improves
[3, Theorem 4] by relaxing the boundedness condition on L(t). Now, if
L(t) is bounded, say Q, < |L(t)| < @, for some positive constants @, and
Q,, then, for a = 2Q, — RQ, with 0 < R < 2, Corollary 2 reduces to [3,
Theorem 4]. We give below two illustrative examples in which both
A(t) and L(t) are unbounded.

ExAMPLE 1. Consider the equation

o = —(t + 2z — St (8 + 1)t — 8 + 1)~x(s)ds .

As A(t) = -t +2)<0, S:IC(t, s)ds=t+2—(t+2)(t+ 1) —In(t +1),
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and r |C(u, t)|du = t + 1. Then the conditions of Corollary 1 are satisfied
t

and hence the zero solution is stable. However, Corollary 2 does not
apply as H(, s) = (s + 1)t — s + 1) + g(s) does not satisfy condition (i)
for every choice of g.

ExAMPLE 2. Consider the equation
t
o = [@t + 1)3 — ¢ — 1/10]z — S  + s + )-z(s)ds .
0
As A(t) changes sign, Corollary 1 does not apply. However, by letting
H(t,s) = (t + s + 1)7%/3, we have
L(t) = A@t) — H(t, t) = —t — 1/10,

[| 17, s)lds = [t + 1 — @ + D6 < 16,
and

|7 1Ll 1H @, Hldu = ot + 1)@t + 160 .
Thus,

L) |, 1, 91ds + |7 L] 1 Hw, 1] du

= (10t + D[ + 1) — (2t + 1)77]/10 + (30¢ + 11)(2t + 1)7*/60

= (2t + 1)7'/6 + (10t + 1)(t + 1)7°/60 < 1/6 + (10t + 1)/60

= t/6 + 11/60- < 2|L(¢)| .
All conditions of Corollary 2 are satisfied and hence the zero solution is
stable.

REMARK 2. While Corollary 1 requires a sign condition on A(%),
Corollary 2 requires a strong integral condition on C(¢, s). On the other
hand, both results can be considered as extreme cases of Theorem 3.
Consequently, Theorem 3 does not only extend and unify Theorems 3
and 4 of [3] but also yields a new stability result which is more refined
than either of these theorems. This is illustrated by the following
example.

ExaMPLE 3. Consider the equation
o = [(sin £)/2 — 1/4]w + § [(t+5+1)%9 — (t — s + 1)~ sin sla(s)ds ,

where neither Corollary 1 nor Corollary 2 apply. However, by letting
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C(t,s) =t +s+1)?%9, Cyt,s)=—(t—s+1)"sins, and H(¢,s) =
-, C.(u, s)du, we have

H(t,s) =[(t —s + 1)*sins]/2,

sy =\ 16, s = [ ¢ —s + s <112,

P(t) = S’ Ct, 9)ds = [t + 1)~ — @t + 1)~]/9
< sup Pit)=(8—22)9 <1/45,
L) = A®) — H(t, t) = —1/4,
and
o, t) < (3/2) S“’ IC(u, )| du + (49/180) S‘” \Hu, 1) du
= (2t + 1)/6 -+ (49/360)|sin £| < 109/360 .

Thus, J(@)| L) + P(t) + @(t, t) < 9/20 < 2|L(t)| and hence, by Theorem 83,
the zero solution is stable.

We now apply Theorem 3 to the convolution equation
t
(2.15) 2 = Ax + S C(t — s)x(s)ds
0

in which A is constant and C(¢) is continuous for 0 <t < «. Let
Ct) = C(t) + C(t) ,
where C;(t), 1 = 1, 2, are continuous for 0 <t < oo,
We assume that C,(t) and r C.(v)dv are L'-functions and let H(t) =
Sw C,(v)dv. Then P(t), J(t), and L(t) defined by (2.2), (2.8), and (2.12)
reduce to P(t) = | (CIdv, Jt) = n Cw)dv|du, and L(H) = 4 +
C,(v)dv. As L(t) is constant, then, without loss of generality, we may

r(éplace P(t) and J(t) in @(t, t) and in (ii) of Theorem 8 by P(c) and J(o).
Thus, letting

(2.16) P= S: IC@)ldv

o

(2.17) J =

ey
=)

S:" Cu(v)dv j dt

and
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2.18) L=A+ S“’ Cyv)dv ,

we have @0(t,t) = 1 + J)P + (L] + P)J so that conditions (i) and (ii) of
Theorem 3 reduce to P(J + 1) + (J — 1)|L| < 0.

THEOREM 4. Let P, J and L be defined by (2.16)-(2.18).

(i) If PJ + 1)+ (J —1)|L| <0, then the zero solution of (2.15) is
stable if and only if L <O0.

(ii) If, wn addition, Ct) is im L°[0, ), 7 =1 or j =2, then the
zero solution of (2.15) is asymptotically stable if and only if L < 0°

(iii) If, furthermore, J S ICw)|dv 18 im L0, ), 0 < q <2, then

t

the zero solution of (2.15) is uniformly asymptotically stable if and only
of L <O.

Proor. If we let h(t) = H(t), Part (i) follows from Theorem 3. To
prove Part (ii), we use (2.15) to obtain

@ < l4lla)] + | 106 = o) la(e)|ds

< A1k + r2) | 1c¢ - rds + | ls)rds ] -

If L < 0, then the Lyapunov functional V(¢, x(:)) defined by (2.5) satisfies,
as in the proof of Theorem 1, V'(¢, x(-)) £ —ax?, a > 0. Thus, x*t) is
in L'[0, ). By the above inequality and the hypothesis in (ii), it follows
that «'(t) is bounded. Since #*(¢) is in L' and [2*(£)] = 2x(t)2'(¢) is bound-
ed, then x(t) -0 as ¢ > . Thus z =0 is asymptotically stable. To
prove (iii) we consider separately the two cases J = 0 and J = 0. Suppose
that J = 0. Then for any ¢, = 0 and any continuous function ¢: [0, ¢,] > R
we write (2.15) as

() = A(t) + S C(t — 9)3(s)ds + Sto C(t — s)e(s)ds .
If we let y(t) = z(t + t,), we obtain
v@ = Ay + | O — 9uEds + " C + t, — 9)pE)s .
Let Z(t) be the nxn matrix (here, n = 1) satisfying
20 = AZ(E) + S’ Ct — 8)Z(s)ds and Z(0) =I.
Then by the variation of parameters formula, we have

y@t) = Zt)g(t,) + S: Z(t — u) S:c Clu + t, — s)¢(s)dsdu
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= Z(t)p(t,) + S:Z(t —u) Suﬁo C)g(u + t, — v)dvdu .
Let K = maX,g,|¢(t)]. Then

we) < KI1Z@®)| + K | 12¢ - ) | 10w)|dvdu
Letting G(¢) = Sm |C(v)|dv, we have

y(e) < KI1Z@)| + K | 126 - w)|Gwdu = KIZ0)| + K| 6 — w2 du
= K12t) + K | [6¢ — wI*(6¢ — w1 2w du
By the Schwarz inequality, we have
vl = K120) + K({ 16¢ — widu | 166¢ - wr-|zaprde)”

As x =0 is asymptotically stable, then Z() >0 as t— «. By the
hypothesis in (iii), G(¢) is an L°function and furthermore G(t) — 0 as
t— . On the other hand, |Z|* is an L'-function and the last integral
is the convolution of an L'-function with a function tending to zero.
Thus, the right hand side in the above inequality tends to zero and hence
2t +t,) >0 as t — « uniformly in ¢,. Consequently, the zero solution
is uniformly asymptotically stable.

If J =0, then Cy(t) = 0 and C,(t) = C(t). The condition in (i) reduces
to P < |A| and hence the conditions in (ii) and (iii) are satisfied. If we
assume A < 0 and consider the functional

Wit a(-) = lal + | |7 I1C@ — 9l duleo)ds,
then, for some a > 0,
et a(-) S Alal + | 10¢ — 9)llats)lds + | 1Cw — Didula
= [1c - siateids = [ 4 + [T 1c@)dv |ial = —alal .

Thus, «(t) is in L'[0, ) and this is equivalent to uniform asymptotic
stability of the zero solution of (2.15); see [6].

COROLLARY 3. Suppose that

S“ ICw)|dv < |4 .
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Then the zero solution of (2.15) is uniformly asymptotically stable if and
only if A <O0.

COROLLARY 4.

(i) If r’r Clv)dv|dt < 1, then the zero solution of (2.15) is stable
if and only if 4+ " Cydo < 0.

(il) If, in addition, C(t)eLi[0, =), j =1 or j =2, then the zero
solution of (2.15) is asymptotically stable if and only if A + Sm Clv)dv < 0.

(iii) If, furthermore, S:ﬂ |C(w)|dv € L0, =), 0 < q < 2, tohen the zero
solution of (2.15) is uniformly asymptotically stable if and only if A +
| caran <.

PrOOF. We need only to show that A + r C(v)dv = 0 implies stability
in (). In fact, by letting C,(¢) = 0 in Theorem 4, we have Cy¢) = C(t),
P =0, and (i) of Theorem 4 reduces to (J — 1)|L| < 0. If L 0, the
result follows from Theorem 4. If L = 0, the result also follows from
[8, Theorem 5].

In [4] Grossman and Miller gave a characterization of the uniform
asymptotic stability of the zero solution of the convolution system

(2.19) 2 = Ax + S: Ct — s)x(s)ds

in terms of the location of the zeros of det(s — A — é‘(s)) in the complex
plane; C(s) denotes the Laplace transform of C(t).

THEOREM (Grossman-Miller). Suppose Ce LY 0, ). Then the zero
solution of (2.19) 18 uniformly asymptotically stable if and only if
det[sI — A — C(s)] # 0 for Res = 0.

Letting Fi(s) = s — A — C(s), we have F(0) = —A — S“’ C()dt. Thus,
in the case m =1, if A4 + S“ Ct)dt = 0, then F(0) < 0. Since F(s)—> oo
as s — oo along the real axisf then F'(s) has zeros in the right halfplane.
By the above theorem, the zero solution of (2.19) is not uniformly

asymptotically stable. In other words, 4 + r C(t)dt < 0 is a necessary
condition for uniform asymptotic stability. Buto, when C(t) = 0, it follows
from Corollary 3 that A + Sw C(v)dv < 0 is a sufficient condition for uni-
form asymptotic stability. ’i‘hus, when C(t) = 0, Grossman-Miller’s result
is equivalent to the condition A + Sm C(v)dv < 0. This result was also
obtained by Brauer [2] under strongger conditions on C(¢). In general,
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such a result is much easier to apply than Grossman-Miller’s result. In
fact, apart from kernels such as C(t) = ke ™, a > 0, the location of the
zeros of F(s) is not an easy task, especially when A4 > 0.
When C(t) = 0 or C(t) changes sign, the condition A + Sw Clw)dv < 0
0
is no longer sufficient for uniform asymptotic stability. In this case, we
may apply Corollary 3 if A < 0 and |A| sufficiently large or Corollary 4

it A+ S“’ Ctw)dv < 0 and S“’ S“’ C(v)dvldt < 1. The last condition is mild

if ‘A + r C(v)d'vl is small; see Example 2 of [3]. Here is another example.
ExAMPLE 4. Consider the equation
= St C(t — s)x(s)ds ,
0

where
bsint if 0Zt<2rn
Ci) = -
® {O if t=2rx,

with b > 0.
As A + Sw C(w)dv =0 and Sm' Sw C(v)dv‘dt = 2rb, we conclude, by
0 0 t

Corollary 4, that the zero solution is stable if b < 1/(2x). However, for
b = ala* + 1)/A — e7**), a > 0, the function x(t) = exp(at) is a solution
on [2m, ). Since b—1/2r) as a — 0, and b — « as a — o, then the
zero solution is unstable for every b > 1/(2x).

If ‘A +§ C(v)d’ul is large, then the condition S:'r C(v)dvldt <1

may be severe. In this case, Theorem 3 provides us with a stability
criterion under mild donditions.

ExXAMPLE 5. Consider the equation

2 =—x— 1/a) S: e~ y(s)ds, a>0.

Here, A + S“’ G)dv = —2, J=a, and A+ S“’ ICw)|dv = 0.  Thaus,
0 0

Corollary 3 does not apply and Corollary 4 yields uniform asymptotic
stability only if a <1. However, the zero solution is uniformly
asymptotically stable for all large values of a. If we choose Cy(t) =
—[exp(—2¢t)]/a and C(t) = [—exp(—t/a) + exp(—2t)]/a, then L = —1—
1/2a), J =1/(4a), P=1—1/2a), and P(J + 1) + (J — 1)|L| = —1/(2a).
By Theorem 3, the zero solution is uniformly asymptotically stable.
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REMARK 3. Example 5 can easily be handled by Grossman-Miller’s
result. The purpose here is to show that, by an appropriate decomposi-
tion of the kernel C(t), Theorem 3 can yield a well refined criterion for
uniform asymptotic stability. This criterion will be quite useful when
the kernel is of the form C(t) = —k(at + 1)~* as Grossman-Miller’s result
is very hard to apply. Below we give an effective decomposition of
kernels of the form C(t) = (at — b)(ct + d)?, where a =0, b >0, ¢ >0,
and d > 0. We ask that p > 3/2 if a =0 and p > 5/2 if @ #0.

If a =0, then C(t) = —k(at + 1)7? for some k>0 and > 0. In
this case, we let
C() if 0=5t=B8, B=0
—Y(@t + 1) if t=2,
where ¥ = k(aB + 1) * and ¢ > max(2, p). We choose B and ¢ so that
J <1, L=A+S C,(w)dv < 0, and P(J + 1) + (J — 1)|L| < 0.

0
If a # 0, then C(¢) changes sign. We may then write C(¢) as

Cit) =kJ(at + 1)** — kJ(at +1)?, 0<k <k,
and let C,(t) = k,/(at + 1) and C,(t) = —k./(at + 1)*.

ExAMPLE 6. Consider the equation

Cz(t) = {

' = (1/5)x — (1/3) S: (t — s+ 1)x(s)ds .

Here, C(t) = —(1/3)(t + 1)2. Thus, by choosing 8 =6 and q = 4, we
have A + S“ Cyv)dv = —32/315, P = 2/63, and J = (421n 7 — 17)/126 < 1.
Thus, all coonditions of Theorem 4 are satisfied and the zero solution is
uniformly asymptotically stable.

ExaMPLE 7. Consider the equation
o = Aw + S [(8¢ — 8s + 1) — ¥(3t — 35 + 1)~*la(s)ds ,

0< <18,

Letting C(t) = 8t + 1)* and C,(t) = —7(3t + 1)~°, we have J = 7/18,
P=1/3,and A + S: Clv)dv = A—7v/6. If A<1/3)[7/2+ (v + 18)/(v — 18)],
then all conditions of Theorem 4 are satisfied and the zero solution is
uniformly asymptotically stable. Observe that the right-hand side of the

above ine_quality is an upper bounded for A which is maximum for v =
18 — 61/ 2. Thus, for this choice of v, we can take A = 1/2.

3. Vector equations. We consider the system
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@) o =Lo+ Ltw + | Ot s + dit [, Het, ))ds
where L is a constant »xn matrix, L,(f) is an n»xn matrix continuous
for 0=t < o, Cyt, s) and H(t,s) are nXxXn matrices continuous for
0=s=t< o,and n=1.

If B is any positive definite » xn matrix, then there is a positive
constant %k such that

3.2) kle? < 2™Bx for all xeR".
Let D be an nxn symmetric matrix satisfying
(8.3) LD+ DL = —1I.
For a detailed discussion of the existence of such a matrix D, see [1]
and [3].
Let
(3.4) P = sup St |Ci(t, 8)|ds ,
t20 0
t
3.5) J= su?S \H(, 5)|ds ,
t= 0
(3.6) m = sup|Ly(d)] ,
and

@n o9 =710+ DG 9] + (L] + P+ m)|Hw, 5)ldu

assuming that @(¢t, s) exists for 0 < s <t < o,

THEOREM 5. Let D, P, J, m and @ be defined by (3.3)-(8.7) and
suppose that for some constant «,

(i) J<1
and

(i) |DI[P+ 2m + J(m + |L|) + 0@, t)] < a < 1.
In addition, suppose there is a continuous function h: [0, ) — [0, =)
such that |H(t, s)| < h(t —s) and h(u) —0 as u— . Then the zero
solution of (3.1) is stable if and only if D is positive definite.

Proor. Let
Vi, o(-)) = (m - S Hit, s)x(s)ds)TD<x - S Ht, s)x(s)ds)

+ 1D, |/ 0t 9 la(e)rds
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The derivative of V(t, x#(-)) along a solution x(t) = (¢, £, ¢) of (3.1) is
given by

wnt, o) = [ 2L + LI + (| €.t 92(s)ds) D — || Ht, s)ats)ds)
+[am = ([ 7, s)(0ds) |p] 10 + Lo + || .t s)a(e)ds |
+ DL | 0tt, 9)la(e)rds .
Using (3.3), we may write
wat, #() < —lal* + 2|D||LO)lf + 21D | Gt )] lol la(s) s
+ 2D/} || 1H, 9)lal o) ds
+ 21D | |H, 9 1al ()] ds
+ 21D/ [ 16, 9lle@ds | 1, 9)]la(o)]ds
+ DL ot 6) o(o)ds
Applying the Schwarz inequality as in the proof of Theorem 1, we obtain
walt, 8()) < —laf + 2m(Dlfaf* + D] || ICt, 9] (ol + lo(6))ds
+ DIIL] + m) | 1B, 9] (ol + ln@)[ds
+ D17 | (Cit, s) la(e)ids + |DIP || |H(t, o) las)ds
+ Djott, &) lsf + 1| || (@100, 9ia@)ds -
By (3.4)-(3.7), we have
ety ®() S (~1+ D|[2m + P+ (m + [L)J + 0(t, )]} lof
+ 1D [+ DICE, 9 + (L] + P+ m|HGE, 5)lln(e)ds

t
+ 11| (@)t o)las)ds
S (—-l+ o= -7, v>0.
Suppose that D is positive definite and let ¢ > 0 and ¢, = 0 be given. We

must find 6 > 0, § < ¢, so that if ¢: [0, t,] — R" is continuous with [¢(¢)| < d,
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then |x(t, ¢, )| < ¢ for all t = ¢,. As Vi, 2(+)) <0, then
7 2
Vet () < Vito ) < D[ 1p(t)] + | 1Ht 9)llp(o)]ds

1
+ 101" 0(t,, 9)s(s)rds
< 0®N* for some constant N = N(i,) .
Using (3.2), we may write

Vi, 2(-) = (w _ So Ht, s)x(s)ds)TD(oc — S:H(t, s)x(s)ds)
> 'r‘"<lwl - S’ \H(¢, s)llx(s)lds)2 for some > 0.
Thus,
o0 < ONJr) + | 1H, 9lla(o)]ds .

As long as |x(t) <e, we have |z(t) < ON/r) +eJ <e for all t=¢,
provided that 6 < er(1 — J)/N. Thus, the zero solution of (3.1) is stable.

Now, suppose that « = 0 is stable but D is not positive definite.
Then there is an x, 0 such that xz{Dx, <0. If k& is any non-zero
constant, then x, = kx, # 0 and «7Dx, < 0. Let ¢e=1 and ¢, = 0. Since
2 =0 is stable, then there is a 6 > 0 and x, = 0 such that |x,| < ¢ and
lx(t, 0, x,)] < € for all t = 0. Let x2(¢) =2(,0,2,). Then along the solu-
tion x(t), we have V(0,x,) = 27Dz, <0 and V'(t, 2(-)) < —7|x]> so that

for some t, >0, V(t, 2(+)) <0 and
Vit 5() < Vit o) = 7 || la@rds = —7 = 7 || lntelids
where 7 = — V(t,, (+)) > 0 and ¢ = £, Thus,
(3.8) o) — | Ht, s)a(0)ds | D] att) - || He, (s)ds)
< Vit a() < 7 = 7| la(e)rds .
Since |2(t)] < 1 for all t = 0 and
7+, wolds < D[ lnw)] + | 1, )lls0)lds | < DL+ J¢ < 41D,
then [x()} is in L0, ). By the Schwarz inequality,

[ 1, 9lso1ds [ < | 1, 91ds | 1 o)llat)rds < 7 | 1t - s)ats)rds -
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The last integral tends to zero as it is the convolution of an L'-function
t
with a function tending to zero. Thus, S |H(t, s)||x(s)|ds — 0 as t — =

and hence, by (3.8), «"(¢)Dx(t) < —n/2 for :111 sufficiently large ¢. This
implies that |z(t)* = g for some g > 0 and all sufficiently large ¢, a con-
tradiction to |x(¢)|* being L'. Thus, the assumption that D is not positive
definite is false and the proof is now complete.

Let us apply Theorem 5 to the system (1.1) assuming that A(f) =
A = constant and the matrix D satisfies
3.9) A’™D + DA = —1I.
Taking L,(t) = H(t,s) = 0 in Theorem 5, we obtain the following, which
is [3, Theorem 8]:

COROLLARY 5. Suppose that A(t) = A = constant, D satisfies (3.9),
and there is a comstant o such that

[D]B: IC(t, 9)|ds + S;” ICu, t)ldu] <a<l.

Then the zero solution of (1.1) is stable if and only if D s positive
definite.

Now, suppose that A(t) is not constant and Sm A(w)dv exists and in
t o
L0, ). Letting Cy(t,8) = C#, 8) — A(t —s) and H(t) = "S, AW)dw,
Equation (1.1) takes the form

o = —HOWw + Ao + | C(t, 9u(e)ds + L | Ht - o)a(e)ds
with
(3.10) P = sup S' IC(t, 5) — At — 8)|ds ,
(3.11) 7=\ Ao |dt,
(8.12) m = §30p1A(t)l ,
and _
(3.13) S;” [A*(t)D + DA@®)Jdt = —1I .

THEOREM 6. Let P, J, m and D be defined by (3.10)-(3.13) and sup-
pose there is a constant a such that
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(3.14) D{g]m +9(m + [ Awar]) |

+ 1+ J)[P +|Tca, o - Aw - Dldull sa<1.

Then the zero solution of (1.1) is stable if and only if D is positive
definite.

PROOF. As H(t, s) = H(t — 5), then §:° \Hu, )| du = S” \Hw)|dv = J.
Also, L = —H(0) = So A)dv ando° (ii) of Theorem 5 reduces to (3.14).
But, (3.14) implies that 21D1J|§0 A(t)dt' <1 and (3.13) implies that
2|D|Ho A(t)dt' >n. Thus, J < (I/n) <1 and hence (i) of Theorem 5 is
satisfied. Taking h(t) = H(t), we have all the conditions of Theorem 5
satisfied. This completes the proof.

In the special case where C(¢, s) = C(t — s), Equation (1.1) reduces to

(3.15) o = Al + gt C(t — s)u(s)ds
and P of (3.10) reduces to
(3.16) pP= S“ ICv) — A()|dw .

THEOREM 7. Let J, m, D and P be defined by (3.11)-(3.13) and (3.16)
respectively, and suppose that

3.17) (m + P)(J + 1) + J( Sj A(t)dt] < 1/@2|D) .

Then the zero solution of (3.15) is asymptotically stable if and only if
D 1is positive definite.

Proor. As C(t,s) = C(t — s), then
S:" IClu, t) — Alw — t)|du = S“’ ICw) — A(w)|dv = P .

Thus, (8.17) implies (3.14) and the stability or instability of (3.15) follows
from Theorem 6. To show asymptotic stability, we observe from (3.17)
that m and P are bounded. Hence, by (3.16) and the assumption on
A(t), it follows that C(t) is in L0, ). As x =0 is stable, then by
(8.15), z'(t) is bounded. Using the functional V(¢, 2(-)) in the proof of
Theorem 5, we see that along a solution x(f) = x(t, ¢, ¢) of (3.15),
V'(t, x(+)) £ —dlx|>, 6 > 0. Thus, |z(t)is in L'[0, ) and since (|z(t)])’ =
(@")'x + x’x’" is bounded, then 2(f) -0 as t— c. This completes the
proof.
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COROLLARY 6. Let J, m and P be defined by (3.11), (3.12), and (3.16)
respectively, and suppose that n =1 and

(3.18) m+PJ+1)+J— 1)’5: A(t)dt’ <0.
Then the zero solution of (8.15) is asymptotically stable if and only if
S“’ Ab)dt < 0.
0

ProOF. For n =1 we have by (3.13), 2101]8“’ A(t)dtl —=1. Thus,
(8.17) reduces to (3.18) and this completes the proof.

ExAMPLE 6. Consider the equation
o = —(1/2)ate "z — (1/2)a S' etp(s)ds, 0<a<1/3.
0

Here, C(t) = A(t) = —a’e™/2. Thus, P =0, m=«a*2, J =1/2, and
r A(t)dt = —a/2 < 0. Hence
0

m+P)(J+1) + (J — 1)’§:° A(t)dtl —aBa—1/4<0,

and, by Corollary 6, the zero solution is asymptotically stable.
Now, we present another interesting application of Theorem 5.
Consider the scalar equation

(3.19) o = Aw + S [kt — s) + C(t, 8)]x(s)ds

in which A is a constant, C(t, s) is continuous for 0 £ s <t < ~, and
k: [0, o0) — (— 0, o) is differentiable with k' in L0, o).
We differentiate (3.19) to obtain

2 = Ax + k(O0)z + S: K (t — s)u(s)ds + Tjt“ S‘ Ct, $)x(s)ds .

Let 2’ = y. Thus,

v = kO + Ay + S' Kt — s)a(s)ds + % S C(t, s)u(s)ds .

Then we have

d

73 S: H(t, s)z(s)ds ,

2 =Lz + S: Ci(t — 8)z(s)ds +

where
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e [0 0 /00
e = <y> Cilt) = <k'<t> 0)’ A, 5) = <C<t, 9 0>’

and

o b= (0.
Thus,

3.21) P={"Wwldv
and

3.22) J =sup| [0t 5)lds .

If A <0and k(0) <0, then L is a stable matrix and there is a symmetric
positive definite matrix D such that

(3.23) LD + DL = —1I.

THEOREM 8. Let L, P, J and D be defined by (3.20)-(3.23). If
A <0, E(0) <0, and there is a constant « such that

(i) J<1
and

(i) lDl[P(J +1) + P+ |LIJ + (P + |L) S:" Clu, t)ldu:l <a<1,
then the zero solution of (3.19) is stable.

Proor. If we observe that the condition [H(t, s)| < h(t — s) is needed
only to prove the converse of Theorem 5, then Theorem 8 is an immediate
consequence of Theorem 5.

REMARK 4. There is no integrability condition on the kernel in
(8.19). Thus, if we take k() = k = constant and C(t, s) = C(t — s), then
(8.19) reduces to

(3.24) o = Az + §' [k + C(t — 8)]x(s)ds .
In this case P =0,
(3.25) J = S“ IC(w)|dw ,

and Theorem 8 reduces to the following:
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COROLLARY 7. Let L, D and J be defined by (3.20), (3.23), and (3.25)
respectively. If A <0, k<0, and

2|L||D|J < 1,
then the zero solution of (3.24) is stable.
ExXAMPLE 7. Consider the equation

= —x+ S: [—a + Bt — s + 1) *x(s)ds ,

where a and B are positive constants.
As
( 0 1)
L= ) :
—a -1
b
p={ 4
c d

with ea=(@+ 1+ 1/a)/2, b=1/2a) and ¢ =1 + 1/a)/2. Thus, by
Corollary 7, the zero solution is stable if B(a* + 4a + 8 + 8/a) < 1.

a simple calculation yields

The following result is an extension of Theorem 4 to the convolution
system

(3.26) 2= Ax + St C(t — s)x(s)ds ,

where A is an nxn constant matrix and C(¢) is an n X% matrix con-
tinuous for 0 £ ¢t < oo.
Let

Ct) = Cy(t) + Cy(8) »
where C,(t), 7 = 1,2, are continuous for 0 <t < . We assume that
C,(t) and r C,(v)dv are L'-functions and let
t

(3.27) j S‘” IC(v)|dv
(3.28) J = S:’ [ S:’ Cy(v)dw |dt :
and

(3.29) L=A+ S“’ Cy(v)dv .



VOLTERRA EQUATIONS 511

Let D be an nxn symmetric matrix satisfying
(3.30) L*D + DL = —1I.

THEOREM 9. Let P, J, L and D be defined by (3.27)-(3.30).

(i) If PJ+ 1)+ J|L| < 1/2|D]), then the zero solution of (3.26)
18 stable if and only if D is positive definite.

(ii) If, in addition, C(t) is in L0, =), 5 =1 or j =2, then the
solution of (3.26) is asymptotically stable if and only if D is positive
definite.

(i) If, furthermore, J = 0 and §°° ICw)|dv s in L0, =), 0 < q < 2,
t

then the zero solution of (3.26) is untformly asymptotically stable if and
only if D s positive definite.

PrOOF. Let H(t) = ——Sm C.(v)dv. Then (3.26) may be written as
t

o = Lo + S Cy(t — s)u(s)ds + ;ld—s H(t — s)u(s)ds .

This is (3.1) with L,(t) =0, C(t, s) = Cy(t —s) and H(t, s) = H(t — s).
Thus m =0, S ICy(u, )| du _S C(v)ldv = P, and S \Hu, t)|du =
lH(v)ldv = J. Hence, (ii) of Theorem 5 reduces to P(J + 1)+ J|L| <

1/(2[D[). This condition with (3.30) implies that J < 1. If we let h(t) =
H(t), then Part (i) of the theorem follows from Theorem 5. Parts (ii)
and (iii) are proved exactly in the same way as the corresponding parts
of Theorem 4.
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