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Consider the following systems of Volterra equations

(1) Z\ΐ) = A(t)Z(t) + Γ C(t, s)Z(s)ds ,
Jo

(2) y\t) = A{t)y(t) + (' C(t, s)y(s)ds + /(ί) ,
Jo

(3 ) a '(ί) = A{t)x{t) + \* C(t, s)x(s)ds + f(t) ,
J-oo

where 4 is an wxw matrix of functions continuous on (—°°, +°°), C
is an n x n matrix of functions continuous for — °o < s ^ t < °o, and
/: (— oo, +oo) — > Rn is continuous. For the fundamental properties of
solutions of these equations, we refer to Driver [4] and Burton [2], Some
of those properties may be listed as follows:

(a) There is an nxn matrix Z(t) satisfying (1) on [0, oo) and Z(0) = I.
For each zoeRn, there is a unique solution z(t, 0, z0) of (1) on [0, oo) and
z(t, 0, z0) = Z(t)z0.

(b) For (2), given tQ ^ 0 and a continuous function φ: [0, t0] —> Rn,
there is a unique solution y(t, t0, φ) satisfying (2) on [ί0, oo) with
V(ί, ί0, φ) = φ(t) for ίe[O,ίo].

S o
|C(t, s)\ds is continuous for 0 ^ t < oo.

- o o

If tQeR and if φ\(—°°, to]-+Rn is a bounded continuous function, there
is a unique solution x(t, t0, 9) satisfying (3) on [ί0, 00) with a?(ί, t0, 9) =
9>(ί) for t ^ ΐo.

(d) There is a unique % x n matrix R(t, s) satisfying

(4) Λβ($, 8) = -i2(ί, s)A(s) - Γ R(t, u)C(u, s)du , Λ(ί, ί) = J

for 0 ^ s ^ ί < 00. For each yoeRn, the unique solution j/(ί, 0, y0) of (2)
satisfies

(5 ) y(fi, 0, y0) = Z(t)y0
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where Z(t) = R(t, 0). If, in addition,

(A) A(t + T) = A(ί) , C(ί + Γ, β + Γ) = C(ί, 8) ,

then Λ(ί + Γ, 8 + Γ) = Λ(ί, s).
The purpose of this paper is to discuss the stability properties of

solutions of the homogeneous equations

(6) y\t) = A(t)y(t) + [ C(t, s)y(s)ds ,
J

(7 ) x'(t) = A(t)x(t) + Γ C(ί,
J_oo

DEFINITION 1. The zero solution of (6) is called
( i ) stable if for every ε > 0 and any ί0 ^ 0 there exists a <5 > 0

such that \φ(t)\ < δ on [0, £0] and ί ^ t0 imply

(ii) uniformly stable if it is stable and the 3 above is independent
of to;

(iii) asymptotically stable if it is stable and if for each ί0 ^ 0 there
is an η > 0 such that \φ(t)\ < 77 on [0, tQ] implies

#(*> ίo, 0>) -* 0 a s ί -> °°

(iv) uniformly asymptotically stable if it is uniformly stable, the
Ύ] above is independent of t0, and for every ε > 0 there is a Tie) > 0
such that \φ(t)\ < η on [0, ί0] and ί ^ ί0 + Γ(e) imply

The various stability properties for the zero solution of (7) can be
defined in the same way as the corresponding type of stability for (6).

THEOREM 1. The zero solution of (6) is
( i ) stable if and only if for any τ > 0, there is an M(τ) > 0, such

that

Wτ{t): = Γ I Γ Λr(ί, 8)C(β + τ, u + τ)dsdu ^ M(τ)

and \Rτ(t, 0)| ^ Λf(r) /or ί ^ 0, where Rr(t, s) is the unique solution of (4)
with A(s) and C(u, s) replaced by A(s + τ) and C(u + τ, s + τ), respectively.

(ii) uniformly stable if and only if there is an M > 0 swcfe ίfeαί
I WΓ(ί)| ^ M, and \Rτ{t, 0)| ^ Af /or all t^0 and τ ^ 0.

(iii) asymptotically stable if and only if it is stable and both Wτ(t)
and Rr(t, 0) tend to zero as t -> 00 /or cm /̂ τ ^ 0.
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(iv) uniformly asymptotically stable if and only if it is uniformly
stable and both Wτ(t) and Rτ(t, 0) tend to zero uniformly in τ ^ 0.

PROOF. Given initial values (τ, / ) , let y(t) = y(t, τ, f) be the cor-
responding solution of (6). To prove (i), assume that for any τ ^ 0,
there is an M{τ) > 0 such that | Wr(ί)| ^ M{τ) and \Rτ(t, 0)| ^ M{τ) for
t ^ 0. We have

y'(t + τ) = A(f + τ)y{t + τ)

= A(t + τ)y{t + τ)

+ j° C(ί + r, s

by (d) above, and

y(t + τ) = Rτ(

C{t + τ, s)y(s)ds

Γ C{t + τ, s
Jo

λf(β + τ)ds

Rτ(t, β)(j ^ ( s + r,

Rτ(t, β)C(β

Then

\y(t + T, T, f)\ ^ \Rτ(t,

where | |/ | | r = sup{/(ί): 0 ^ t ^ τ). Thus, a; = 0 is stable.
Now assume that x = 0 is stable. Then for any τ ^ 0, there exists

a constant B(τ) > 0 such that | |/ | | r ^ 1 implies \y(t + τ, τ, f)\ ^ B(τ)
for all ί ^ 0. Now fix t, τ, and choose / so that | |/| |Γ 52 1, f(τ) a unit
vector and

\ Γ\ Rz(t, s)C(s + τ,u + τ)ds\f(u + τ)du <, 1 .

Then

\Rτ{t, + τ, τ, f)\

5°_τ[5]Λr(ί. s)C(s + τ,
1 + 1.

u

So

2r(ί, 0)1 ^

Furthermore, for all t 2; 0 and | |/ | | r 5S 1, we have
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\y(t + τ, τ, /) - Rv(t,

Then

|TΓr(t)| ^2B(τ) + 1 for ί ^

To prove part (ii), we note that B can be chosen independently of
τ ^ 0. Parts (iii) and (iv) follow in a similar manner.

THEOREM 2.

( i ) The following statements are equivalent:
(a) the zero solution of (6) is stable)
(b) the zero solution of (7) is stable)
(c) for any τ ^ 0, and for every FeBC(—oot +oo), ίfeere are M(τ)

and M*(τ, F) such that \Rv(t, 0)| ^ Af(r) and \x(t, τ, JF)| ̂  M*(r, F) /or
aii ί ^ 0, where x(t, τ, F) is the solution of (7).

(ii) The following statements are equivalent:
(a) the zero solution of (6) is uniformly stable)
(b) the zero solution of (7) is uniformly stable)
(c) JBr(t, 0) is bounded on R+ uniformly in τ ^ 0 ami /or eacfc i*7 e

BC(—oo9 +oo) ί̂ e solution x(t, τ, F) of (7) is bounded on R+ uniformly
in τ ^ 0.

The proof differs very little from that of Miller's Theorem 2 in [5]
and therefore is ommitted.

THEOREM 3. The following statements are equivalent:
(a) the zero solution of (6) is uniformly asymptotically stable)
(b) the zero solution of (7) is uniformly asymptotically stable)
(c) JBr(ί, 0) tend to zero uniformly in τ as ί —> <*> αwd /or eαcfc F 6

BC(—°°, +oo), £fce solution x(t, τ, F) of (7) temϊs ίo a ero as ί -* oo uni-
formly in τ.

LEMMA 1. // (A) holds and

(B) 1 \C(t, s)\ds is continuous in t e ( — oo, + c o ) ,
J-OO

then the solution y(t, τ, f) of (6) has the property that for any L > 0
there is a B(L) > 1 such that τ ^ 0 and t 6 [τ, τ + L] imply

PROOF. For τ ^ 0 and ί e [ r , τ + L],

ί/f(ί, r, /) = A(%(ί) + Γ C(ί,
Jo
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Vifi, τ, f) = f(τ) + £ A(s)y(s)ds + j * du

= /(τ) + [ A(s)y(s)ds + Γ du [ C(u, s)y(s)ds
Jr Jr JO

du I C(u, s)y(s)ds

= ftτ) + j * du j r C(w, s)/(s)ώs + J* ds Γ C(w, s)y(s)du

Thus

| ( ί , τ, / ) | ^

\C{u, s)\du)\y(s)\ds

[\C(uf s)\du)\y(s)\ds

where

M1 = sup Γ |C(ί, s)| ds , M2 = sup|A(s)| + L sup |C(ί, s)\ .

From Bellman's inequality, we get

\y{t, τ, / ) | ^ (1 + LMJWflUexviM^t - τ)) ^ (1 + LMJ\\f\\rexv(LM2) .

COROLLARY 1. Suppose (A) and (B) hold.
( i ) The following statements are equivalent:
(a) the solution y(t, τ, f) of (6) is uniformly bounded, that is, for

any a > 0, there is a B(ά) > 0, such that τ ^ 0, | |/| |Γ ^ α, αwd ί ^ τ
imply

(8) Mi, r, / ) | ^ B(α)

(b) ίfce solution y(t, τ, f) of (6) is uniformly bounded for τ e
{kT\ k = 1, 2, •}, ίftαί is, (8) λoZcfe oniy for τ e {kT: k = 1, 2, •}.

(ii) TΛe following statements are equivalent:
(a) the zero solution of (6) is stable (resp. uniformly stable, resp.

uniformly asymptotically stable);
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(b) the zero solution of (6) is stable (resp. uniformly stable, resp.
uniformly asymptotically stable) for τ e {kT: k = 1, 2, •}.

LEMMA 2. Suppose (A) and (B) hold. Let W(t) = W0(t), R{t, 0) =
R0(t, 0). Tλew

( i ) for kT^τ^(k + 1)T, ί ^ (ft + 1)Γ - τ,

ί* = ί - ((& + 1)Γ - τ);
( i i ) / o r A Γ ^ τ £ (k + 1)T, t ^ τ - k T ,

\R(t, 0)| ^ ( I W , 0)1 + ^r(ί**

\W(t)\ ^ 2(\Rτ(t**, 0)| + Wτ(t**))maxB(s) ,

where t** = t - (τ - kT).

PROOF. For 0 ^ t ^ (k + 1)T - r, by Lemma 1 we have

lv(t + r, r, / ) | ^ B(ί) | |/ | | r ^ max B(β

Let f(s) = j/(s, r, / ) , 0 ^ s ^ (fc + 1)Γ. Then

For t ^ (k + 1)Γ - τ, t = (k + 1)Γ - r + ί*,

y(t + T, τ, f) = y(ί + (fc + 1)Γ, r, /) = y(t* + (k + ΐ)T, {k + 1)Γ, ^

= Λ(t*, 0)f ((fc + 1)Γ)

+ \ |\ J?(ί*, 8)C(β, %)cisl f ( t t + (Jfe + l)Γ)cίί* ,

\y(t + τ, τ, / ) | ^ (|Λ(ί , 0)| + TΓ(t*))ll̂ llc*+i,r

^ (|Λ(ί*f 0)| + W(t*))wAxB(8)\\f\\v .

For fixed t, τ and any e > 0, choose / so that |/(r)| = 1, | |/| |Γ

and

where

Cτ(8, u) = C(s + τ, u + τ) , iίr(ί, β) = R(t + τ, s + r) .

Then, since
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y(t + τ, τ, f) = Rτ(t, 0)/(τ) + j° ^ Rτ{t, s)Ct(s, u)ds}f(τ + u)du ,

we have

\y(t, τ, f)\ ^ \Rτ(t, 0)/(τ)| - e ,

and hence

\Rr(t, 0)/(τ)| ^ s + (\R(t*, 0)| + W(t*))max B(s) .

This implies

\RT(t, 0)| ^ (\R(t*, 0)| + W(t*))max B(s) ,

Rτ{t, s)Gτ(s, u)ds)f(τ + u)du ^ \y(t + τ, τ, f)\ + \Rτ(t,

^ (\R(t*, 0)| + W(t*))maxB(s)(\\f\\τ + |/(τ)|) .

Thus

I Wτ(t)\ ̂  2(|Λ(ί*, 0)| + W(t*))max B(s) .

(ii) For 0 ^ t ^ τ - kT,

y(t + kT, kT, f) ^ B(t) | | / | | r ^ max B(s) \\f\\t .

Let ψ = y(t, kT, /) , 0 ^ t ^ τ. Then

y(t + kT) = 2/(r + t**, kT, f) = y(τ + ί**, τ, -f)

= Rτ(t**, 0)y(τ) +\ (\ Rτ(t**, s)CT(s, tt)ds) ψ (« + τ)du
J—τ \Jθ /

^ (|i2r(ί**, 0)| + Wr(ί**))||iH|r
<C Π Ί-? f/-** AM _i_ TΛ7̂  ί f **^TYΊ51 Y 7?/Q\ II •/*||

ίor t ^ r - fcΓ. But

ι/(ί + kT, kT, f) = R(t, 0)f(kT) + Γ (Γ i2(ί, s)C(s, u)ds)f(u + kT)du .
J-kT \Jθ /

Using the same proof as above, one obtains

\R(t, 0)| ^ (|ΛΓ(ί**, 0)| -

I TO I ^ 2(|jBr(ί**, 0)| 4

and the lemma is proved.

COROLLARY 2. For (6) or (7),
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(i) the zero solution is uniformly stable if and only if there is a
t0 ^ 0, such that the zero solution is stable at τ = to;

(ii) the zero solution is uniformly asymptotic stable if and only if
there is a t0 ^ 0, such that the zero solution is uniformly asymptotically
stable at τ = tQ.

COROLLARY 3. // (A) and (B) hold, then the following are equivalent:
( i ) the zero solution of (6) is uniformly stable;

(ii) Z(t) and W{t) = Γ I Γ R(t, u)C(u, s)du ds are bounded on

(iii) the zero solution of (7) is uniformly stable.

COROLLARY 4. // (A) and (B) hold, then the following are equivalent:
( i ) Z(t) -* 0, W(t) -> 0 as t -> oo;
(ii) the zero solution of (6) is uniformly asymptotically stable;
(iii) the zero solution of (7) is uniformly asymptotically stable.

The authors would like to thank Professor T. A. Burton for his
helpful discussions.
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