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Consider the following systems of Volterra equations

(1) 7@ = vz + | o, 94s4ds
(2) v = A + | O, (s + A1),
(3) (1) = Atat) + || _Ct, s)as)ds + A,

where A is an nXxXn matrix of functions continuous on (—co, + ), C
is an n X n matrix of functions continuous for —c < s =<t < o, and
fi(—o0, +)— R" is continuous. For the fundamental properties of
solutions of these equations, we refer to Driver [4] and Burton [2]. Some
of those properties may be listed as follows:

(a) There is an n X n matrix Z(¢) satisfying (1) on [0, =) and Z(0) = I.
For each z,€ R", there is a unique solution z(t, 0, 2,) of (1) on [0, =) and
2(t, 0, z,) = Z(t)z,.

(b) For (2), given t, =0 and a continuous function o: [0, {,] — R",
there is a wunique solution y(t,t, @) satisfying (2) on [t, «) with
Yt by P) = @(t) for te0, ).

(¢) For (3) we suppose that S |C(t, s)|ds is continuous for 0 < t < oo,

If t,e R and if @:(— o, t,] — R" is a bounded continuous function, there
is a unique solution x(t, ¢, @) satisfying (3) on [t, ) with x(¢, ¢, @) =
@(t) for t < t,.

(d) There is a unique nxn matrix R(t, s) satisfying

(4) %R(t, s) = —R(t, 8)A(s) — Y R(t, w)C(u, s)du , R, t)=1

for 0 £ s <t < . For each y,€ R", the unique solution y(¢, 0, ¥,) of (2)
satisfies

(5) u(t, 0, %) = Z(ows + | R(t, 9f(s)ds
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where Z(t) = R(t, 0). If, in addition,
(A) At + T) = At) , Ct+ T, s+ T) =C,s),

then Rt + T, s + T) = R(, s).
The purpose of this paper is to discuss the stability properties of
solutions of the homogeneous equations

(6) y® = Aty + | o, s,
(7) (8) = A(D)z(t) + S_w C(t, 8)a(s)ds .
DEFINITION 1. The zero solution of (6) is called

(i) stable if for every ¢ > 0 and any ¢, = 0 there exists a ¢ > 0
such that ()] < é on [0, t] and ¢ = ¢, imply

le(t, t, @) < €

(ii) uniformly stable if it is stable and the 6 above is independent
of ¢,

(iii) asymptotically stable if it is stable and if for each ¢, = 0 there
is an 7 > 0 such that |@(f)] < 7 on [0, t,] implies

x(t, t, ) >0 as t— oo ;

(iv) uniformly asymptotically stable if it is uniformly stable, the
7 above is independent of £, and for every & > 0 there is a T(¢) >0
such that |[@(t)] <7 on [0, t,] and ¢ = ¢, + T(e) imply

[, &, @) < €.

The various stability properties for the zero solution of (7) can be
defined in the same way as the corresponding type of stability for (6).

THEOREM 1. The zero solution of (6) is
(i) stable if and only if for any © > 0, there is an M(z) > 0, such
that

W.(t) = S IS R.(t, $)C(s + 7, u + 0)ds|du < M(z)

—o0

and |R.(t, 0)] < M(z) for t = 0, where R.(t, s) s the unique solution of (4)
with A(s) and C(u, s) replaced by A(s + 7) and Clu + 7, s + 7), respectively.
(ii) wumniformly stable if and only if there is an M > 0 such that
|[W.(@t)| = M, and [R.(t,0)| < M for all t =0 and z = 0.
(iii) asymptotically stable if and only if it is stable and both W.(t)
and R (t, 0) tend to zero as t — o for any v = 0.



LINEAR VOLTERRA INTEGRODIFFERENTIAL EQUATIONS 457

(iv) wuniformly asymptotically stable if and only if it is uniformly
stable and both W (t) and R.(t, 0) tend to zero uniformly in = = 0.

PROOF. Given initial values (7, f), let y(t) = y(t, 7, f) be the cor-
responding solution of (6). To prove (i), assume that for any z =0,
there is an M(z) > 0 such that |W.(¢)] < M(z) and |R.(t, 0)] < M(z) for
t=0. We have

Yt +1)=At+ Dyt + 7) + S:+ C@t + 7, s)y(s)ds
= A(t + Dyt + 7) + S: Ct + 7,8 + )y(s + 7)ds
+ SO_ Ct + 7,8+ )f(s + 7)ds
by (d) above, and
y(t + 2 = R(t, 0f) + | Bulty o)(|_Co + 7w + 2)ftw + 2)du)ds

= R.(t, 0)f(r) + S (S R.(t, 8)C(s + 7, u + r)ds)f(u + o)du .

0
Then
[yt + 7, 7, £l = |R.(2, 0)f(D)] + W) f
= M@)|f@)] + M@) || f 1l
= 2M@)||fll. ,
where ||f]|. = sup{f(¢): 0 =t = 7}. Thus, z = 0 is stable.
Now assume that x = 0 is stable. Then for any z = 0, there exists
a constant B(z) > 0 such that ||f|. <1 implies |y(t + 7, 7, f)| < B(x)

for all t = 0. Now fix ¢, z, and choose f so that || f|l. =1, f(z) a unit
vector and

MO_TU: R.(t, s)C(s + 7, u + z‘)ds]f(u + z-)dul <1.

Then
|R:(t, 0)f(7)| = ly(t + 7, 7, f)
+ |So_t [S: R.(t, s)C(s + 7, u + r)ds]f(u + z—)dul
<B(zx)+1.
So

IRt(ty O)I é B(T) + 1 .

Furthermore, for all ¢ = 0 and ||f]|. <1, we have
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[yt + 7, 7, f) — R, 0)f(z)| = 2B(r) + 1.
Then
|[W.(t) <2B(r) +1 for t=0.

To prove part (ii), we note that B can be chosen independently of
7 = 0. Parts (iii) and (iv) follow in a similar manner.

THEOREM 2.

(i) The following statements are equivalent:

(a) the zero solution of (6) is stable;

(b) the zero solution of (7) is stable;

(¢) for any t =0, and for every F e BC(— o, + ), there are M(zr)
and M*(z, F') such that |R.(t, 0)| = M(z) and |2, 7, F)| = M*(z, F') for
all t =0, where x(t, 7, F) 18 the solution of (7).

(ii) The following statements are equivalent:

(a) the zero solution of (6) is uniformly stable;

(b) the zero solution of (7) is uniformly stable;

(e) R.(t, 0) is bounded on R uniformly in =0 and for each F &
BC(— oo, + o) the solution x(t, z, F') of (7) is bounded on R* wuniformly
m =0,

The proof differs very little from that of Miller’s Theorem 2 in [5]
and therefore is ommitted.

THEOREM 3. The following statements are equivalent:

(a) the zero solution of (6) is uniformly asymptotically stable;

(b) the zero solution of (7) is uniformly asymptotically stable;

(¢) Rt 0) tend to zero uniformly in t as t — o and for each F¢&
BC(— o0, + ), the solution x(t, 7, F') of (7) tends to zero as t — o« uni-
formly in .

LEmMMA 1. If (A) holds and
(B) St |C(t, s)|ds s continuous in te€(—oo, +0),

then the solution y(t,z, f) of (6) has the property that for amy L >0
there is a B(L) > 1 such that ¢ = 0 and t€[z, T + L] imply
ly(t, 7, £l = BA) | fIl- .

Proor. For =0 and te[zr,z + L],

Y, 7, ) = A + | O, oueds
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Y, 7, f) = flz) + S:A(S)y(S)ds + S:du S:C(u, 8)y(s)ds
= 1@ + | A@eds + | du | cu, 9usras
+ Sidu SjC(u, s)y(s)ds
= s + | au | cw, 917t0)ds + | ds || cu, 9u)au

n S:A(s)y(s)ds .

Thus
w7 Al s (1+ |7 au [ icw, s)1ds)il.
+ . (1461 + | Ica, o)1)l ds
< (1+ [ " icw 91ds) sl
+ (141 + | 1o, )1aw)us)as
< @+ L) |fl + M. ly@lds
where

M, = sup S;IC(t, 9lds, M, =suplA@| + L_ sup |C(t,9) .

rs8stst+2L

From Bellman’s inequality, we get
ly@, 7, /Il = @ + LM) || fl. exp(M(t — 7)) = 1 + LM,)||f|l. exp(LM,) .

COROLLARY 1. Suppose (A) and (B) hold.

(i) The following statements are equivalent:

(a) the solution y(t, , f) of (6) 1s uniformly bounded, that is, for
any o >0, there is a Bla) >0, such that =0, ||[fl.<a, and t =<7
mply
(8) ly(@, 7, £)l = Bla) ;

(b) the solution y(t,z, f) of (6) is wuniformly bounded for te
{(kT:-k =1,2, ...}, that is, (8) holds only for te{kT:k=1,2, ---}.

(ii) The following statements are equivalent:

(a) the zero solution of (6) is stable (resp. uniformly stable, resp.
uniformly asymptotically stable);
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(b) the zero solution of (6) is stable (resp. umiformly stable, resp.
uniformly asymptotically stable) for te{kT:k=1,2, ---}.

LEMMA 2. Suppose (A) and (B) hold. Let W(t) = Wy(t), R(t,0) =
Ry, 0). Then
(i) for kT=z=E+01DT, t=z &k + 1T — 7,

B.(t, 0] < (B@, 0) + W(¢*)max B(s)
|W.(6)] < 2R, 0) + W(t*)max B(s) ,

where t* =t — ((k + 1)T — 7);
(ii) for kT<z=k+ DT, t=7 — kT,

[R(¢, 0)] = (IR(¢**, 0)] + Wr(t**))gil; B(s) ,
W@ < 2R, 0)] + W.t**)max Bs) ,
where t** =t — (v — kT).
PROOF. For 0=t=(k + 1)T — 7, by Lemma 1 we have
vt + 7,7, Al = B |Ifll. = max Bls)|If]l. -
Let (s) = y(s, 7, ), 0 < s < (k + )T. Then
[ llasor = max B[]l -
Fort=Fk+1)T -7, t=(+ 1T — 7 + t*
yt+ 7,0, f)=yt*+ &+ 1T, 7, ) =yt* + k+ 1T, (k + 1T, +)
= R(t*, 0)y((k + 1)T)
w1 AL Rer 90, wdshy + & + DTu,

0

Y& + 7, 7, I = (BE* 0)] + WED) 19l gsrnr
= (IR, 0)] + W(e)max Bs)|If]l. -

For fixed ¢, ¢ and any ¢ > 0, choose f so that |f()| =1, |f|l. =1
and

'SL(S: R.(t, 8)C.(s, u)ds) f(z + u)du| <e,
where

C(s,u)=C(s+7,u+17), R(t,s)=Rt+7,8+7).
Then, since
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yt + 7,7, 0) = Bt Of0) + | (|, Butt, 9)Cuts, wds)fic + i,
we have
|y(t7 T, f)l g |Rr(t1 0)f(T)| — €&,
and hence

|[Be(t, 0f7)] = e + (B(E*, 0)] + W(t*))max B(s) .

This implies
IR, 0)) < (B(t*, ) + W(t*)max B(s) ,

([ R, 9166, wis) stz + wan| < 19 + 7, 7, ] + 1R, 0)7t2)
= (IR, 0) + W(t*)max Bs)([If ]l + 1/ .
Thus
W.0)] = 20, 0)] + Wt*)max Bs) .
(i) For 0=t<rt—kT, B
y(t + kT, kT, /) < BO)| ]l < max B[ . .
Let 4 = y(t, kT, f), 0 St < 7. Then h
Yyt + kT) = y(z + t**, kT, f) = y(t + t**, 7, 4)
= R, 0@ + || ([ R, 906, widshiu + du

= (IR, 0) + W(t**)) |yl
= (R, 0)] + Wr(t**))ggfl;; B [1fller
for t =7 —kT. But
yt + KT, 1T, f) = B, OfeT) + | (| B, 910G, wds)fw + kT)du
Using the same proof as above, one obtains
|R(, 0)] = (|RLt**, 0)] + Wr(t**))gfls}f B(s) ,

W) = 2(R.(¢**, 0)] + W(t**))max Bs) ,

and the lemma is proved.

COROLLARY 2. For (6) or (7),
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(i) the zero solution is uniformly stable if and only if there is a
t, = 0, such that the zero solution is stable at 7 = t,;

(ii) the zero solution is uniformly asymptotic stable if and only if
there is a t, = 0, such that the zero solution is uniformly asymptotically
stable at © = t,.

COROLLARY 3. If (A) and (B) hold, then the following are equivalent:
(i) the zero solution of (6) is uniformly stable;

(il) Z@t) and W) = S IS R(t, w)Cu, s)du‘ds are bounded on R*;
(iii) the zero solution of (7) 18 uniformly stable.

COROLLARY 4. If (A) and (B) hold, then the following are equivalent:
(i) Z@t)—0, W(t)—0 as t — oo}

(ii) the zero solution of (6) is uniformly asymptotically stable;
(iii) the zero solution of (7) is uniformly asymptotically stable.

The authors would like to thank Professor T.A. Burton for his
helpful discussions.
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