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1. Introduction. Let Γ be a Fuchsian group acting on the upper
half-plane U. A holomorphic function φ on U is called a quadratic dif-
ferential for Γ on U if φ(y(z))Ϋ(zf = φ{z) for every 7 e Γ. Let σ be a
Γ-invariant closed subset of the extended real line R = dU, which contains
0, 1 and oo and satisfies A(Γ, σ) Φ {0}. Here A(Γf σ) denotes the space
consisting of all the quadratic differentials φ for Γ on U, which are con-
tinuously extensible to R\σ and real on R\σ9 and satisfy

U/Γ = \\ \φ(z)\dxdy<
JJU/Γ

Let E be a Γ-invariant measurable, possibly empty, subset of U, where
U\E has positive area measure and where, if dim A(Γ, σ) = °°, then
E/Γ is assumed to be relatively compact in {U{J(R\σ)}/Γ. In what fol-
lows, such a configuration (Γ, σ, E) is said to be admissible.

The "fundamental variational lemma", referred to in the title, is stated
as Theorem in Section 4, and is formulated for an arbitrary admissible
configuration (Γ\ σ', E'). It is a generalized form of the corresponding
one in Reich [7]. Quite recently, in [2], Fehlmann has succeeded in proving
it in the case Γ' = 1.

In this note, following the method in [2] with some parts modified,
we give the proof of our Theorem. In other words, we prove the
fundamental variational lemma for an arbitrary admissible configuration
(/"", a', E'). In [10], Corollary to our Theorem will be applied to the
characterization problem of extremal quasiconformal (qc, for short) map-
pings compatible with an arbitrary Fuchsian group with an arbitrary
dilatation bound. To be more specific, in [10], Corollary to our Theorem
will play an important role in characterizing extremal qc mappings within
a class Q = Q(Γ, h, σ, E, b) when Γf, σf and Ef are suitably chosen for
such a given class Q (see Section 2 for the definitions of h, b and Q).
This is the reason why we formulate our Theorem and Corollary by using
notation (Γ', σ', E')> instead of (Γ, σ, E), for an admissible configuration.
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The introduction in [2] contains a detailed list of references for the
extremal problem for qc mappings mentioned above.

The author would like to express his sincere thanks to Professor
Tadashi Kuroda for his helpful advice, and to Professor Richard Fehlmann
for valuable information. The author also thanks Professor Masahiko
Taniguchi, his colleague Hiromi Ohtake and the referee for helpful com-
ments on the original version of this note.

2. Extremal quasiconformal mappings. In this section, we first
collect necessary definitions and notation. For a qc self-mapping F of C7,
we denote its complex dilatation by κF, the dilatation of F at the point z
by DF(z) = (1 + \ιcF(z)\)l(l — \ιcF(z)\) and its maximal dilatation by K(F).

Let (Γ, σ, E) be an admissible configuration. We denote by A(Γ, σ\
the set of those φeA(Γ, σ) with \\φ\\u/Γ = 1. We note that A(Γ, σ) Φ {0},
because (Γ, σ, E) is admissible. Let b(z) be the so-called dilatation bound
function, that is, a non-negative measurable function on E, being auto-
morphic for Γ and satisfying

H&lloo Ξ= ess sup b(z) < 1 .
ze E

Furthermore, we are given a quasisymmetric mapping h: R —> R induced
by a certain qc self-mapping Fo of U, which is compatible with Γ and
leaves 0, 1 and oo fixed. We denote by Q = Q(Γ, h, σ, E, b) the class of
all the qc self-mappings F of U, which are compatible with Γ and satisfy
the conditions F\σ = h\a and 1^(^)1 ^ b{z) a.e. in E. In the case £ 7 = 0 ,
the class is abbreviated to Q(Γ,h,σ). A mapping FeQ is said to be
extremal if it minimizes the value ||A:F|^\^||OO within the class Q. By
Lehto and Virtanen [6, pp. 71-74] and Strebel [11, Satz on p. 469], we
see that there exists at least one extremal qc mapping within Q, provided
that Q Φ 0. We put σ' = h(σ), Eo = {zeE; b{z) = 0} and, for a fixed
FeQ, we introduce

/ = F~ι , Γ' = FΓF~γ , fc = fcf , kF = \\ICF\U\E\\°O

Here we note that Γr is determined by Γ and h independent of the choice
of FeQ. In fact, if ΎeΓ and FeQ, then FojoF'1 is identical with
the Mbbius transformation which sends 0, 1 and oo into Λ(7(0)), fe(7(l))
and fe(7(oo)), respectively. We denote by k the extension of IC\FUU^E)ΌEQ)

to U which satisfies

κ(z) = kFκ(z)/b(f(z)) for zeF(E\E0).

The following Lemmas 1 and 2 play important roles in the proof of
our Theorem. Lemma 1 is due to Gardiner [3]. We can verify Lemma 2



EXTREMAL QUASICONFORMAL MAPPINGS 107

in the same way as in the proof of [2, Lemma 2.1].

LEMMA 1. Suppose that dim A(Γ, σ) < °° and b(z) = 0 in E. Then
F e Q(Γ, h, σ, E, b) is extremal if and only if

sup Re I I kφdxdy — kF ,
J JU/Γ'

where the supremum is taken over all φ e A{Γ', σf) with

\φ\dxdy = 1 .
{U\F{E))/Γ'

REMARK 1. It is known that dim A(Γ, σ) < °o if and only if Γ is
finitely generated and the set (σ\Λ(Γ))/Γ is finite, where Λ{Γ) denotes
the limit set of Γ. In particular, A(Γ, σ) and A(Γ', σf) are simultaneously
finite dimensional or not.

By Remark 1, we easily have the following Corollary 1 to Lemma 1.

COROLLARY 1. Suppose that Γ is finitely generated and the set
(σ\Λ(Γ))/Γ is finite and that b(z) = 0 in E. In this case, if F is extre-
mal within Q(Γ, h, σ, E, 6), then there exists some φ e A(Γ', σf)γ such that

tc(z) = kFφ(z)l\φ(z)\ a.e. in U\F(E) , and

κ(z) = 0 a.e. in F{E) .

LEMMA 2. Let Γ, σ, E, h, Γf and σr be as above and let K ^ 1 be
a fixed number. Then there exists some q<l satisfying \\φ\\G{E)/Γ, <. q
for every φ e A(Γ', σ'\ and every G in QK{Γ, h, σ), where QK(Γ, h, σ) means
the class consisting of all the K-qc self-mappings in Q(Γ, h, σ).

3. Approximation of (Γ', σ'). Let Γ' be a Fuchsian group and let
σ' be a /"-invariant closed subset of R, which contains 0, 1 and oo. In
this section, we prove some lemmas on an approximation sequence of the
configuration (Γf, σ') and recall some results.

Let {Γr

n} be a sequence of finitely generated subgroups of Γ' and let
{σ'n} be a sequence of closed subsets of σ'. Suppose that the paired
sequence {(Γή, σ'n)} satisfies the following properties, where A'n denotes the
limit set A(Γ'n) of Γ'n:

(a) Γ S Γ U and UΠ = Γ,
(b) σ'n Q σ'n+1 and the closure of (J o'n is identical with σf,
(c) σ'n is invariant under Γ'n, σ'n 2 Λ'n and the set (σ'n\Λ'n)IΓn is finite,

and
(d) 0, 1 and oo are contained in σ[.

In this note, we say that such a sequence {(Γf

n, σ'n)} is an approximation
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sequence of the configuration (Γ'f σ').
As Gardiner [4] states, the following Lemma 3 is not so difficult to

show. Here we just sketch the proof.

LEMMA 3. For an arbitrarily prescribed configuration (Γ\ σ'), there
exists an approximation sequence {{Γr

n, σ'n)} of (Γ't σr).

PROOF. First we assume that both the group Γ9 and the set σ'\Λ(Γ')
are infinite. Let 1, y19 τ2, be an enumeration of all the elements of
Γ'. We choose a countable dense subset {alf a2, •••, an, •••} of σ'\Λ{Γ').
For every n, let Γf

n be the group generated by {y19 72, •••, 7n} and let σ'n
be the smallest Γή-invariant closed subset of R, which contains {av α2, ,
an9 0, 1, oo}. As is known, the derived set of {7(z);7eΓ'n} is identical
with Λ(Γn) for every z$A(Γ'n) (see Lehner [5, p. 89]). Furthermore, A(Γ')
is identical with the closure of the set consisting of all the fixed points
of hyperbolic or parabolic transformations of Γ' (see [5, p. 104]). In view
of these results, we can easily check that {(Γ'nf σ'n)} is an approximation
sequence of (Γ'f σf).

Next we assume that either Γ' or σ'\Λ(Γ') is finite. In each of these
cases, by obvious modification of the above argument, we can obtain such
an approximation sequence of (Γ\ σ'). q.e.d.

LEMMA 4. Let {(Γή, σ'n)} be an approximation sequence of (Γ\ σf).
Suppose that g is a qc self-mapping of Uf which is compatible with Γ'
and where its complex dilatation κg satisfies

Re \ I /Cgφdxdy = 0 for every ώ e A(Γ', σ') .
JJU/Γ'

Then we have

Re \\ ιcgψdxdy — 0 for every n and every ψeA(Γ'nf σ'n) .

PROOF. Take an arbitrary element ψ in A(Γi, σ'n). Then, by [8,
Lemma 8], there exists some Φ e A(l, σ'n) satisfying ΘΓ'nΦ = ψ, where ΘΓ^
is the Poincare series operator with respect to Γ'n. Put ΘΓ>Φ = φ. If we
note that A(l, (7ί)cA(l, σ'), then, again by [8, Lemma 8], we see that
φ 6 A(Γ'f σr). Since g is compatible with Γ', κg satisfies

fcg(Ύ(z))Ϋ(z)/7\z) = ιcg(z) for every 7 e Γ .

From this, it follows that

Re \\ itgψdxdy = Re \\ κgΦdxdy = Re \\ ιtgφdxdy = 0 .
JJU/Γn JJU JJU/Γ'

We are done, since the choice of ψ is arbitrary. q.e.d.
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LEMMA 5. Let {(Γ'n, σ'n)} be an approximation sequence of (Γ', σ') and
let {φn} be a sequence where φn e A{Γf

n, σ'n\. Then {φn} is normal as a
family of analytic functions on U{J(R\σ'). Moreover, if we take a
convergent subsequence, which we call again {φn}, then {φn} converges to some
φooeA(Γ', σ') locally uniformly in U\J(R\σ') and we have \\φ«>\\u/r' ^ 1.

PROOF. Take any z e U\J(R\σ') and let N be the order of the stabi-
lizer Γz in Γf of z. Let V(z) be an open neighborhood of z with respect
to the topology of U\J{R\σ'), such that Ύ(V(z)) = V(z) for every yeΓz,
and such that Ύ(V(z))Γ\V(z) is empty for every ΎeΓ'\Γ'M. Since Γ'naΓ'
and ||^n | |σ/r; = 1, we then have

(3.1) \\ \φn\dxdy <; N for every n .
JJV(z)

Thus, if we choose an open neighborhood Vx(z) of z which is relatively
compact in V(z), then, by the mean-value property of analytic functions, we
see that {̂ J is uniformly bounded on Vx(z). Hence {φn} is a normal family.
If a convergent subsequence of {φn}, which we call again {φn}, converges
to φoo, then we easily have

11 I φoo \dxdy ^ lim inf 11 | φn \dxdy ^ 1 ,
JJω' n-*oo JJω'

where ωf is a fundamental region representing {U{J(R\σ')}/Γ'. Clearly,
the limit function ψ^ is compatible with Γ' and real on R\σ'. Thus we
see that φ^eAiΓ', σf). q.e.d.

Lemmas 6 and 7 below follow from the so-called "main inequality"
of Reich and Strebel (see Bers [1] and Strebel [12]).

LEMMA 6. Suppose that f and g are two qc self-mappings of U, which
are compatible with Γ' and agree on σf. Then, for every φ in A(Γ', σ'\,

\φ(z)\(\l - fcf(z)φ(z)/\φ(z)\\2/(l - \ιcf{z)\*))Dg-,{f{z))dxdy .
U/Γ'

LEMMA 7. Suppose that fn is a Teichmuller mapping with complex
dilatation (Kn — ϊ)φJ(Kn + l)\φn\, where φneA(Γ'n, σ£)i If g is a qc self-
mapping of U, which is compatible with Γf

n and agrees with fn on σf

n,
then

Kn <z \\ I φn(z) 111 + κg(z)φn(z)/\ φn(z) 11V(l - I κ,(z) \2)dxdy .
n

4. A fundamental variational lemma. Let (Γ', σ', Ef) be a given
admissible configuration. We denote by N{Γr, σ', Ef) the class of all the
qc self-mappings g of U, which are compatible with Γf and where their
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complex dilatations κg satisfy

zcg(z) = 0 a.e. in E' , and

(4.1) Re \\ κgώdxdy = 0 for every φeA(Γ', σ') .
}JU/Γ'

Now, using lemmas in the previous sections, we prove the following
theorem.

THEOREM. Suppose that an admissible configuration (Γf, σ\ Ef) is
prescribed. Then, for every g in N(Γ', σf, E'), there exists a qc self-
mapping g* of U, which is compatible with Γ" = gΓfg~γ, and satisfies
the following properties, where id means the identity automorphism of
UUR:

g* o g = id on σf ,

ιcg*(z) = 0 a.e. in g(E') , and

(4.2) K*IU = O(\\/cg\\l) as ||/cJU -> 0 .

PROOF. Let geN(Γ', σ'f E'). Without loss of generality, we may
assume that g leaves 0, 1 and °° fixed. We put Γ" = gΓ'g~λ, σ" = g(σ'),
E" = g(Er) and consider the class Qo = Q(Γ", g~ι\^, σ", E", 0). Qo is not
empty, since Q03g~\ Thus we can choose an extremal qc mapping g*
within the class Qo. We show that #* satisfies the required properties.
It suffices to prove (4.2). For this purpose, we modify the arguments
developed in [2]. By Lemma 3, we have an approximation sequence
{(Π, σ'n)} of (Γ', σ'). Put r: = gΓng~l and σ': = g(σ'n). Choose a funda-
mental region ω" representing {U\J(ίt\σ")}/Γ" and let S" be the subset
of a)" representing E"jΓ" and put E'n' = {jreΓ- 7(S"). We note that
E"cE". Similarly as above, for every n, we can choose an extremal
qc mapping Gn within the class Qn = Q(Γ", g~l\k, a", E", 0). Put kn =
II &G Ii7\s"l|oo. Then, by Corollary 1, there is some όne A(Γ'n, σ

f

tι)1 such that
the complex dilatation κn of gn = G~ι satisfies

fcn(z) = kn~φ~M/\Φn(z)\ a.e. in Gn(U\E:r) , and

ιcn(z) = O a.e. in Gn(E?) .

By definition, we have QnuQn+1Z)Q0 and

K(f \u^+i) = K{f \π^κ) for every / e Qn+1 ,

K{f \π^κ) = K(f l^,,) for every / e Qo .

Thus we easily see that kn <; H/ĉ lU and that {kn} is an increasing sequence.
By normality, we may assume that the sequence {Gn} converges locally
uniformly to a qc self-mapping G^ of U. Then, obviously G^ is compatible
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with Γ" and satisfies GooL" = flΓ1!*"- By [11, Satz on p. 469], we have

(4.4) I fcGoo(z) I ̂  lim sup | ιcσ(z) | a.e. in U .

From this, it follows that κGoo vanishes on S". On the other hand, since
Goo is compatible with Γ", κQoo satisfies

KQJV(Z)W(Z)IΊXZ) = κβoo(z) for every γ e Γ .

Since E" = Urer"^('S")> we see that κβoo vanishes on E". Similarly, by
(4.4), we have

II tfffoo \U^E" lU ^ lim fcn ^ || *> |U .

Therefore Goo belongs to Qo and GM is extremal within QQ. So we have

= lim Kn, where ίΓn = (1 + fcn)/(l - fcn) .

In order to estimate the numbers kn, we let fn to be an extremal
qc mapping within the class Q(Γ'n, g\&, σr

n). Its complex dilatation Zn is
equal to knφj\φn\ a.e. in U for some φne A(Γ'n9 σf

n)ι and for some constant
kn, 0 ^ kn < 1. Now we use Lemma 6 with Γ' (resp. &\ φ, f and g)
replaced by Γ'n (resp. σ'nf φ'n, gn and / J . Then, for j?n = (1 + fcj/(l - fcJ,
we have

(4.5) 1 ^ \\ I ^ ) | ( | 1 - ιcn(z)φn(z)/\φn(z)117(1 - Iκn(z)\2))Kndxdy .

Using (4.3), we split the right hand side of (4.5) into an integral over
Gn(U\E'n')IΓn plus an integral over Gn(E")IΓ'n. From Kn times each of
the both sides of the inequality, we subtract Kn\\φn\\Qn{En)/Γ> . We then
have

Kn(l - μ j k ( < ) / r ; ) ^ Kn(l - \\φn\\Gn{K)/r>) + (Kn - l)Kn\\φn\\Gn{E,)/Γn .

By this inequality, we obtain

(4.6) Kn^Kn + {Kn - l)K(g*)Kl - \\ φn \\on^urn) ,

since I ^ J I ^ ^ v r ; < 1 and Kn ^ K(g*).
Next, in order to estimate Kn1 we use Lemma 7 with φn replaced

by φn and with Γ'n, σ'n, fn and g unchanged. Then we have

(4.7) Kn^\\ Iφn(z) 111 + ιcg{z)φn{z)l\φn{z) \ |2/(1 - Iκβ(z) \2)dxdy .

By (4.1) and Lemma 4, we see that the right hand side of (4.7) is not
greater than

(1 + | |*, | |y/(l - K i l l ) + 2Re \\ {κgφj{l - \/cg\η - κgφn)dxdy .
J J U/Γ'
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Since t h e second t e r m is not g rea ter t h a n 2||ic f ||L/(1 — II^IIL), we easily
have

(4.8) £ m £ l + 2||*JL/(lHI*.IU).
Thus, by (4.6) and (4.8), we see that

(4.9) Kn ^ 1 + (2| |* f | |l/(l - | | c f |U))(1 + K(g*)/{1 - \\φn\\Gn^n)/rn)) .

By Lemma 5, we may assume that {φn} converges to φ^ locally uniformly
in U\J(R\σ'), where ^ 6 A ( Γ , σ') and ||0<x>||iw ^ l By our construction,
we have

r; = \\ \Φn\dxdy .

Now we note that S" is relatively compact in U\J(R\σ") provided that
dim A(Γ\ σ') = ©o. Thus, as in Fehlmann [2, Appendix], the following
equality holds:

l i m 11 I φn \dxdy = 1 1 | φ* \dxdy = II $>«, \\Qoo{E"vr>
n-»oo JJGn(S") JJGooiS")

From this equality and (4.9), it follows that

(4.10) K(g*) = lim Kn

Now, for a fixed number ίΓ > K(g)2, we use Lemma 2 with Γ (resp. σ,
7̂, h, Γ and σ') replaced by Γ' (resp. σ', £", id, Γ' and σ') Since

Gj(β") = Goo o ί/(^) and G^o ge QK(Γ', id, σ'), there exists some g < 1,
which depends on K but not on the choice of g e N(Γ', σ', E') satisfying
K(g)2 < K, such that ||0co||βββ(JΪ",/r' ^ q. Hence, by (4.10), we finally have

K(g*) £ 1 + (1 + K/(l - g))2||icf HL/α - ||icf | |.) .

This implies (4.2), because we can leave K fixed as K(g) converges to 1.
q.e.d.

Let LOO(JΓ') be the closed linear subspace of LTO(ί7) consisting of those
veLoJJJ) which satisfy

V(7(Z))Ψ(Z)/Ύ'(Z) = v(z) for every τ e Γ

For veLooCΓ') with | |v | | o o< 1, we denote by gv the uniquely determined
qc self-mapping of U with complex dilatation v and which leaves 0, 1 and
oo fixed (see [6, p. 185 and p. 194]). Then we have the following corollary
to our Theorem.

COROLLARY. For a given admissible configuration {Γf, σ', E')f suppose
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that a 6 Loo(Γ') vanishes on E' and that

Re 11 aώdxdy = 0

))u/r'

for every φ e A(Γ', σ'). Then there exists a mapping τ of an interval
(0, ί0) into Loo(/")> which satisfies the following properties:

τit){z) = 0 a.e. in E' ,

gr{t) = id on σ' , and

l i m | | τ ( ί ) / ί - α l U = 0 .

PROOF. If a = 0, then we have only to choose τ(t) = 0. So we
may assume that ||α||oo > 0. From our hypotheses, it follows that gtae
N(Γ', σ', Er) for t < l / | |α |U. Thus we can apply our Theorem to gta for
t < l/||α||oo. Then there exists some qc self-mapping gf of U, which is
compatible with gtaΓ'g7a and satisfies

ΰΐ ° Qta = id on σ' ,

f̂fj(̂ ) — 0 a.e. in gta(Ef) , and

i = O(f) as t —> 0 .

If we put τ(t) = fcg*ogtaf then we can easily check that r(ί) satisfies the
required properties. q.e.d.

ADDENDUM. The above corollary is a restatement of Proposition in
[9] which was used in the proof of Theorem 2 in [9]. The proof of the
proposition was incomplete. The gap in the argument in [9] was on p. 89,
lines 8-9, where {λ6LTO(F, G); | |λ| |oβ= | | r 2 (\) | | } is not a linear space in
general. By the above corollary, however, Theorem 2 in [9] is nonethe-
less valid.
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