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1. Introduction. In 1929, Nevanlinna [5]asked whether his defect relation remains
valid for mutually distinct meromorphic target functions g,, - - -, g, on C which grow
more slowly than a given meromorphic function f on C, that is, the Nevanlinna
characteristic functions of those functions satisfy T,(N=0o(T(r)asr—oo, (j=1, - -, q).
We say that g is a slow moving target function for f if T,(r)=0(T((r)) as r—co.

Nevanlinna [5] proved the conjecture for g=3. Dufresnoy [3] proved a defect
relation with defect bound d+2 for polynomials of degree <d as target functions.
Chuang [2] obtained a defect relation with bound p(1—¢ (0))+1 for slow moving
target functions which span a vector space of dimension p over C. Thus Nevanlinna’s
conjecture is valid for an entire function f on C. In 1986, Steinmetz [8] proved
Nevanlinna’s conjecture with an elegant short proof. On the other hand, in higher

dimension, Shiffman [6], [7] proved Nevanlinna’s conjecture for a meromorphic function
fon C"if

(%) rank{{f}u®}=1+rank @,

where @ is a set of slow moving target functions ¢; on C" for f. If n=1, then the
condition ( *) implies that all elements of @ are constant. Stoll [9] and Mori [4] discussed
the problem for holomorphic mappings of C™ into P*(C). Stoll [10] proved an analogous
defect relation with a defect bound n(n+ 1) for holomorphic mappings of C into P*(C),
but this bound is much bigger than n+1 when » is large. We expect that the bound
n(n+1) is replaced by n+ 1. (cf. Mori [4])

In this note, we give a short proof of Stoll’s theorem ([10, Theorem 6.19]).

2. Preliminaries. Let f: C—P"(C) be a holomorphic mapping of C into the
n-dimensional complex projective space P*(C), and (fo, -, f,): C—»C"*1—{0} a

reduced representation of f. Set | f(2)l2=Y.7_, | fiz)|>. We define the characteristic
function T'(r) of f by

) 2n
TAr): =?ln— f log|| f(re')|d6 .

0
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This is well defined up to addition of constants. For a meromorphic function
@(z): C—»Cu {0}, its characteristic function T(¢, r) is defined by
2n

T($,9:= e f log*| ¢(re) 8+ N(6, ),
2n Jo
where n(¢,?) is the number of poles of ¢ in |z|<t counting multiplicities,
N(¢, r)=j:, n{@, t)dt/t and log* x =max(log x, 0). Let ® be a finite set of holomorphic
mappings h: C—P"(C)* with n+2<q:=*® < c0. Here we say that 4 is a moving target.
Assume that

(A1) & is in general position. (cf. [10, p. 7))

This means that at least one point z, € C exists so that #®(z,)=¢ and that 6(z,) is in
general position. Let (f,, - - -, f,) and (hy, - - -, h,) be reduced representations of f and
h, respectively. Define N ,(r):=N(1/F,r) and

2n 0V o i0
1 J tog IO - IHre o o

G A Y

where F(z)= Z:; ofi2) h{z) #0. Then it is known that
Ty (r)+ Ty(r)= Ny r)+mg 4(r)+ O(1) (r—o).

If f or h is nonconstant, then T(r)+ Ty(r)—co (r—o0) and the defect 6(f, k) for the
moving target 4 is defined by

0<8(f. hy: =lim inf 754D 1 _jim sup 2Dy
o TN+ Tyr) e’ TN+ T0)

Assume that
(A2) T, (N=0o(T{r) (r»>o), foral ¢'eG.

Then the moving target g is said to grow more slowly than f, and the defect 8(f, g*)
is written as

A qien i e My gill) n
3. ) =lim iy = lm e S
Let 8¢ be the field generated by ® over C, that is, the field generated by elements of
the form gj,-=gf/gf) @i=0, ---,n;j=0, - -, q) over C, where (gd, - - -, gi) is a reduced
representation of g’. By the assumption (A2), Ty(r)=o(T,(r)) (r—o0) for any ¥ € K.
Assume that

(A3) f is linearly non-degenerate over K¢ ,

that is, fo, - - -, f, are linearly independent over K. Then Stoll proved the following
theorem.
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THEOREM ([10, Theorem 6.19]). Assume that (A1)~ (A3) hold. Then
Y 0(f,g)=nn+1).

gie®

ReEMARK. The proof should be easily extend to meromorphic mappings
f: C™—P"(C) by means of a result of Biancofiore-Stoll [1] or Vitter [11].

3. Proof of the theorem. We now give a short proof of this theorem.

We may assume that gi(z)#0 (j=1, - - -, q) by a linear change L of P"(C)*= P"(C).
Set f=Lof and §i=Log’ (j=1,--,¢g). Then it follows that T{r)=T{r)+O(l),
T,(r)=T;{r)+O0(Q1) and N, ,{r)=Nz;r),s0 &(f, g’)= 8(f, ) (j=1, - - -, g). Itisknown
that

T -0WST 0S¥ Tun+00) (),

@i=0, ---,n; j=1,---,q). This yields T(g;, r)=0o(Tr)) (r—o0), i=0,--,n j=
1, -+, ¢q). Let Fl{z)=22‘=ogj,{z)- f{2) (j=1, - - -, g). Then the assumption (A3) yields
F{z)#0. Let Z(s) be the vector space over C spamed by the set

e

{by, -+, by} be a basis of £L(s) and {c,, - - -, ¢;} a basis of L(s+1). Then it is evident
that L(s)c L(s+1) and k<1
Set

Sji
iza9ji
i<n

|s; are non-negative integers with Y, 1sjs 2Si=5},

Sisn

HNAIIA

J:=Wbifo, - s bifoseifis s af s eifw s af)
and
Jj:=W(b1Fj’ "’,bij’ cfis e s et ok

where W(hy, - - -, h,,) denotes the Wronskian determinant of 4, - - -, h,,. Then it is easy

to see that J=J; (j=1, - - -, g) and J#0 by the assumption (A3). At any z€C, the F}’s
may be ordered as

|F,(0)|SIF@)|S - SIF)|S + 0.

Since G is in general position, we can find a function C(z) independent of the arrangement
of F, - - -, F; so that

log [ f(2)l Slog|Ffz) | +1log|C(z)|[S +0  (j=n+1, -, q)

and

2n
J log*| C(re®)|d0=o(T{r)) (r—o0).
0
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Indeed, by (A1) we can write

n+1

D= 3 Afe) Efe),

where 4;;€ S are rational functions of g;’s (i=0, - - -, m; j=1, - - -, n+1). Hence we have
n nt+1
Ilf(Z)lI<\/n+1 Mmax If{2)|<\/n+ {Z I ,,I} F,(@)].
i=0 j=1

So we set

Cla)=/n+1 {Z |Ai1{z)|}a

where the summation is taken over all A4;; corresponding to all combinations
F. of F,, - -+, F,. Then we see that

J1? K ]n+1

f - log*| C(re®)|df=o(T/r) (r—o0).

0o

Therefore we have

|F"‘F k IJ ”.J“
ar Fal tog|Fyyyo o FyF—log 12

log G
[J]" |Fy- - Fy

[17

n J.
=log|F,+, " -Fql"— y log% —nl-log

ji=1 Iijlk l:[lf; i=1
=log|F,,, " "F,[*— Y log|D;|—nllog| ] £i|,
j=1 i=1
where
1J;
Il%|= 2 1
(IFI [l )
i=1
bl s, bk R ¢ REEEN q
b FyY (bFy) (cofy) (af)
= F; C F; ’ S I
(ble)(n+k—1) (bij)(n+k—1) (clfl)(n+k—1) o (clf;')(n+k—'1)
Fj ’ ’ Fi , f1 ’ ’ f,.
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and

jnlog+|Dj|d0=o(TAr)) (r-o) /|, (=1,---,n).

0

The notation ““//” means that the stated inequality holds outside an exceptional intervals
of finite total length. Hence we have

F,---F k n
L—“HZ log | D;|+nllog
j=1

log|F,,, " F,|*=lo
gi +1 ql g |J|" ¥

]

Integrating both sides along the circle {ze C | |z|=r}, we have

2n

. q
Ka—mT,(N<k 3 N, )+ f log - d
j=1 ’ 2“ 0 |J'

2

1 n
d6+—J log*| C|db
2n J,

Il £,

i=1

n 1 2n . nl 2n
+Y — log™| D;|d0+— log
j=1 2n 0 2n

0o

<k i‘, N () +n2ITAr)+o(THr) (r—) //.
Thus we have
q 2
3 o0, gsn "

By Steinmentz’ lemma (cf. [8, p. 138] or [10, Lemma 3.12)), lim inf,_, ., //k= 1. Therefore
we obtain

b

2. olf, g)<nn+1). q.e.d.

j=1
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