To6hoku Math. J.
41 (1989), 589-596

CAYLEY SURFACES IN AFFINE DIFFERENTIAL GEOMETRY

Dedicated to Professor F. Hirzebruch for his sixtieth birthday
KatsuMi Nomizu* AND ULRICH PINKALL

(Received May 20, 1988)

A Cayley surface in affine space R? is given as the graph of a cubic polynomial,
say, z=xy—y>/3 or z=xy— x>/3. This ruled surface is an improper affine sphere which
is also one of the homogeneous nondegenerate affine surfaces (see [1, p. 243], also [2,
Chapter 12]).

One of the further properties of the surface is that its (nonzero) cubic form is parallel
relative to the induced affine connection. The purpose of this paper is to show that this
property alone characterizes the Cayley surface up to an equiaffine transformation in
R3. Namely, we prove the following

THEOREM. Let M? be a nondegenerate surface in R®. Let V be the induced affine

FIGURE. Cayley surface.
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connection and let h be the fundamental form (affine metric). If V2h=0 but Vh#0, then
M? is congruent to (an open subset of) the Cayley surface z=xy—y?|3 or xy—x3/3 by
an equiaffine transformation of R>.

We shall follow the terminology and notation in [3] and [4], which provide a
modern introduction to affine differential geometry. A quick review of the basic notions
and facts is provided in Section 1. In Section 2, we study the behavior of the cubic
form for dimension 2. In Section 3 we show that the assumption V2A=0 but VA#0
implies that the induced connection is flat and, consequently, the surface is the graph
of a certain function z= F(x, y) such that the Hessian determinant is + 1. In Section 4
we discuss the reduction of the Hessian matrix to a simple form by an equiaffine change
of the corrdinates system x, y. This argument makes use of an inner product of signature
(—, +, +) in the space of symmetric 2 x 2 matrices. Once we obtain the function F
from the reduced Hessian matrix, our surface is shown to be equiaffinely congruent
to the standard Cayley surface.

1. Affine surfaces. Let f be an immersion of an n-dimensional differentiable
manifold M" into an (n+ 1)-dimensional affine space R"*! with a fixed parallel volume
element w. Choose any transversal vector field £ on M. For vector fields X and Y, we
may write

Dy fu(V)=£(VxY) +h(X, Y)E,
Dyé=—f(8X)+1(X)¢,

where V is the induced affine connection on M™", the bilinear symmetric tensor 4 the
fundamental form, the (1, 1) tensor S the shape operator, and t the transversal connection
form. We also introduce a volume element § on M" by setting

H(le o ',Xn)=(‘0(X1’ . .’Xm é)

for any tangent vector Xy, -, X,.

Whether 4 is degenerate or nondegenerate is independent of the choice of £. When
h is nondegenerate, we say that the hypersurface M" is nondegenerate. It is a
fundamenental fact in classical affine differential geometry that if M” is nondegenerate,
then we can choose ¢ uniquely such that

(1) ©=0, which implies that 0 is parallel relative to V;

(2) the volume element for 4 coincides with 6.
The uniquely determined ¢ is called the affine normal and the corresponding /4 the affine
metric. The induced connection V and the volume element 6 together define an equiaffine
structure on M".

The covariant differential C=Vh is called the cubic form of M". It is related to
the difference tensor K between the induced connection V and the Levi-Civita connection
V for the affine metric. If K, Y=V,Y—V,Y, then we have
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1
WKyY, Z)= _YC(X , Y, Z) for any tangent vectors X, Y, Z .

Thus C=0 if and only if V and V coincide.

Because of Condition (2) above, we have apolarity: trace Ky=0. If we express A
and C by their components relative to any basis in the tangent space or any local
coordinate system, apolarity can be expressed by

YLhiCyu=0,  where [h7]=[h;]"".

It is a classical theorem due to Pick and Berwald that a nondegenerate hypersurface

with vanishing cubic form is a quadric. This result has been extended. See [5] for the
proof including the classical case.

2. Cubic form on an affine surface. We now consider exclusively nondegenerate
affine surfaces M in R3. We wish to study the behavior of the cubic form in more detail.
Some of the information given below appears in [6].

Let ¥ be a 2-dimensional real vector space with a nondegenerate inner product A.
Let C be a nonzero cubic form, namely, a 3-linear symmetric function on V'x V'x V,
which satisfies the apolarity condition relative to 4. By a null direction of C, we mean
a direction of a vector X#0 such that C(X, X, X)=0.

LemMMA 1. If h is elliptic (that is, positive-definite), then C has three distinct null
directions.

Proor. Take a basis {e,, e,} such that h,;=h,,=1, h;,=h,; =0. By apolarity
we have C;,;+C,,;=0 and C,,,+C,,,=0. Setting a=C,,, and b=C,,,, we have
for x=x'e; +x%e,

C(x, x, x)=a(x*)3+3b(x')*x2 — 3ax(x?)? — b(x?)* .
Case where b=0. Then
C(x, x, x)=ax'[(x")* —3(x*)*]

so that (0, 1), (/ 3, 1), and (v/ 3, — 1) give three distinct null directions.
Case where b#0. Writing t=x2/x! and c=a/b, solving the equation C(x, x, x)=0
is reduced to solving

fO=t3+3ct>—3t—c=0.

One can show that this equation has three distinct roots by checking the values of f
at two critical points:

f(=c—(+1)Y)>0 and f(—c+(c2+1)'?)<0. O
LEMMA. 2. If h is hyperbolic (that is, indefinite), then C has either
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(a) ome null direction of multiplicity 1 and C can be written in the form
C(x, x, x)= u(x)g(x, x), where p is a 1-form and g is a definite inner product on V, each
unique up to a scalar; or

(b) a null direction of multiplicity 3, in which case there is a nonzero x in V such
that h(x, x)=0and C(x, y, z)=0for all y, zin V. The direction of x is uniquely determined.

We have case (b) if and only if Pick’s invariant h(C, C) is 0.

PrOOF. We use a null basis {e,, e,} so that A, ; =h,,=0and h,, = 1. From apolari-
ty we get C;,,=C,,,=0. Thus

C(x, %, X)=C111(x")* + C25(x*)> .
Case (a). If C;;;#0 and C,,,#0, let « and B be their real cubic roots. Then
C(x, x, x) = (ax" + fx?)(a*(x")? —afx'x* + f*(x?)?) .

We may define a 1-form p by u(x)=ax'+px? and an inner product g by g(x, y)=
axiy! — (1/2)ap(xy? + x2y') + B2x%y?. Clearly, g is positive definite and C has only
one null direction. The uniqueness assertion is also obvious.

Case (b). If C;;;=0, then X=(1,0) is a null direction of multiplicity 3. Since
C(X, e;, e))=Cy;;=0for all , j, we see that X is in the kernel of C. Obviously, h(X, X)=0.
If C,,,=0, then X=(0, 1) is the vector. The uniqueness is easy to see.

The additional statement in Lemma 2 follows from

h(C, C) = Zhiphthkrcijkcpqr = 2C1 11 szz
in terms of the same null basis {e,, e,} . O

ReEMARK. Each of the two cases in Lemma 2 is actually possible at a point of an
affine surface. For example, for the graph of z=xy+(x*>+y%)/6 at the point (0, 0, 0)
the vector d/0x—0/0y gives the only null direction of the cubic form. On the other
hand, for the Cayley surface, the cubic form has a null direction of multiplicity 3 at
every point.

3. Consequence of VC=0, C#0. We prove

LEMMA 3. Let M be a nondegenerate surface in R® such that the cubic form is
parallel but not 0. Then V is flat and M is the graph of a function z= F(x, y) defined on
a certain domain D of the (x, y)-plane and the Hessian determinant of F is+1.

ProOF. First assume that 4 is elliptic. Let p be a point of M and consider the
three distinct null directions at p that exist by Lemma 1. Since C is parallel, each linear
transformation ¢ belonging to the linear holonomy group of V based at p leaves the
three null directions invariant or permutes them. In the first case, ¢ must be a scalar
multiple of the identity transformation. But since there is a parallel volume element 6,
the determinant of ¢ is 1, which means that ¢ is the identity. Considering the possibility
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of permutations of the null directions, we conclude that the holonomy group is a finite
group. Hence V is flat, that is, the curvature tensor R is 0.

Now for an affine surface (or hypersurface), it is known that R=0 implies that
the shape operator S is 0. Indeed, this follows easily from the Gauss equation:
R(X,Y)Z=hY,Z)SX —h(X, Z)SY, see [S]. From the second basic equation in Section
1 the affine normal ¢ is parallel in R3. It follows that M is affinely equivalent to the
graph of a certain function z=F(x, y) on a domain D of the (x, y)-plane. Since the
affine normal ¢ is thus identified with the vector (0, 0, 1) in the (x, y, z)-space, the Hessian
matrix of F expresses the fundamental form 4 relative to 0/dx, 0/0y. The condition that
0 coincides with the volume element of % is equivalent to the fact that the Hessian
determinant has absolute value 1. (For the detail, see the remark following (7) in [3].)
The components of C=Vh are the third partial derivatives of F and those of VC=V?h
are the fourth partial derivatives of F. Hence VC=V?h=0 means that each second
partial derivative of F is an affine function of the form ax+by+c.

Now consider the case where 4 is hyperbolic. Again, we show that V is flat and
hence M is the graph in the manner stated just above.

Since C is parallel, the behavior of C as in Lemma 2 remains the same for all
points. Namely, we have either case (a) at every point or case (b) at every point. In the
first case, we have a positive definite inner product g at each point. Since C is parallel,
the holonomy group of V at a point p leaves g, invariant up to a scalar. Since each
element ¢ has determinant 1, it must leave g, invariant, that is, it is a rotation. On the
other hand, ¢ leaves the only null direction invariant and cannot be a proper rotation.
Thus the holonomy group consists of the identity transformation and 4 is flat.

We now deal with the second case so we have at each point a vector X, unique up
to a scalar, such that h(X, X)=0 and C(X, U, V)=0 for all U and V. We may choose
locally two vector fields X and Y such that

(1) hX,X)=0; (2) WX,Y)=1; (3) h(Y,Y)=0;
4) C(X,U,V)=0 for all vectors U, V,
5 C(y,Y,V)=1.

In the following we use the fact that (Vyh)(U, V)=C(X, U, V)=0 for all U and V and
(Vyh)(X, U)=C(Y, X, U)=0 for all U. Now taking Vy of (1) we obtain A(V,X, X)=0,
which implies V,X'=1X for some function 1. From (5) we get C(V,Y, Y, Y)=0, which
implies that Vy,Y=vX. (We shall see in a moment that A=v=0.)

From (2) we get /(VxX, Y)+h(X, VxY)=0. Since A(V,X, Y)=A4 and h(X,V,Y)=
h(X,vX)=0, we get A=0. From (3) we get /(VyY, Y)=0, which implies v=0. We have
thus far shown VyX=0 and V,Y=0.

From (1) we get A/(VyX, X)=0, which implies Vy X = uX for some function u. From
(5) we get C(VyY, Y, Y)=0, which implies V, Y =1X.

From (2) we get A(VyX, Y)+h(X, V,Y)=0, which implies u=0, that is, V,X'=0.
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Finally, from (3) we get (Vyh)(Y, Y)+2h(VyY, Y)=0. By (5) and h(V,Y,Y)=
h(zX, Y)=r, we find t=—1/2, namely, V, Y= —(1/2)X.

To summarize: VyX=V,Y=V,X=0 and V, Y= —(1/2)X. We get [X, Y]=0. Aso
we have R(X, Y)Y=R(X, Y)X =0, that is, R=0. Again, we have M as the graph of
a function z=F(x, y) as before. O

4. Reduction of the Hessian matrix. We consider a differentiable function
x3=F(x', x?) defined on a domain D of the (x!, x?)-plane. We may assume that D
contains (0, 0). Denote the Hessian matrix by H=[F;], where F;;=0*F/dx'0x’.

We assume that

(I) det [F;;]=+1 at all points;

(IT) each F;; is an affine function of x' and x*. Not all F; are constant functions
(corresponding to the condition C#0).

We shall show that actually det[F;;]=1 at all points and find an equiaffine change
of the coordinates (x!, x2) to (x, y) which reduces the Hessian matrix to the form

01 ax 1
<'1/3y) <10) % P20

We begin by stating without proof
LEMMA 4. Consider a coordinate change of the form
£ =plxt+ph?
x2=pix*+p3x?
and think of the function F(x', x*) as a function F(x', x%). Then the Hessian matrix
H=[F;], where F,;=0%F|0x'0x’, is related to the original Hessian matrix H=[F,;] by
H='PHP, where P is the matrix whose (i, j)-component is p;
Next, we consider, in the vector space gl(2, R), the inner product with signature
(_’ > +a +)given by '
(A, A>=(—ad —a'd+bc’'+b'¢c)2.
The corresponding quadratic form is simply {4, A)= —det 4. Let s(2) denote the

subspace of all symmetric matrices in gl(2, R). The restriction of the inner product to

5(2) has signature (—, +, +), that is, it is a Lorentzian inner product.
Now for any Pe SL(2, R), the mapping

Xes(2)—'PXPes(2)

preserves the inner product and hence is a linear isometry. We may easily verify that
SL(2, R)/{ £ I1,} is isomorphic to the rotation group of s(2). In other words, for any
linear isometry of s(2) there is a suitable P which induces it in the manner above.
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We now consider the affine mapping given by the Hessian matrix
(x', x*) > H(x!, x?)es(2),
which we may write in the form
H(x!, x*)=x'4A+ x*B+ C, with constant 4, B, C in s(2) .

If we set x'=0, the determinant of x*B+C must be +1. Thus —det(x>B+C)=
(x*B+C, x*B+C)={(B, B)(x*)?+2(B,C)x*+{(C,C>=+1. So we must have
{B, B)={B,C»=0 and <{C, C)= +1. Similarly, we get (4, A)=<{A, C)>=0. Now if
{C,C)=—1, then 4 and B belong to the orthogonal complement of {C} on which the
inner product is positive definite. It follows that 4= B=0, contrary to the assumption
that H is not a constant map. Hence {C, C>=1. We also get (4, B)>=0.

Since 4 and B are two null vectors in {X e s(2); (X, C)=0} whose dimension is 2,
they are linearly dependent, say, 4 =kB. Thus H(x!, x*)=(kx' 4+ x?>)B+ C. Now since
{B,B)={B,C>=0 and <{C, C)=1, we can find an isometry X+>'PXP of s(2), with
PeSL(2, R) which takes B into B, and C into C,, where

+1
Bl=<0 0 ) or (‘ 0) and C1=<0 1).
0 +1 0 0 10

By using this matrix P, we consider an equiaffine change of the coordinate system from
(x', x?) to, say, (x, y). By Lemma 4 we see that the Hessian of F relative to (x, y) is of
the form (ax+ By)B, + Cy, i.e.
<ocx + By 1)
1 0/

(3 i)
1 ax+ By

In the first case, the original function as a function of x, y is such that
F,=0, F,,=F,=1, F,=ax+fy.

Then F,,,=a. On the other hand, F,,,=0. Hence =0 and F,,= fy. In the second case,
we get =0 and F,,=ax. We have thus proved the assertion in the beginning of this
section. Incidentally, we should remark that the affine metric of our surface turns out
to be hyperbolic. From the Hessian matrix in our hand we find

F(x,y)=py3/6+xy+ax+by+c or ax’/6+xy+ax+by+c,

where a, b, ¢ are certain constants. By changing the coordinates from (x, y, z) to (X, j, 2),
where ¥=Xx, =y, Z=z—(ax+ by +c), we can assume F(x, y)= By>/6+ xp or ax>/6+ xp.
Finally, it is easy to see that they are equiaffinely congruent to z=xy—y3/3 or xy —x*/3,
concluding the proof of the theorem.

We remark that the graph of z=xy—y3/3 is the orbit of the origin (0, 0, 0) by the
group G of equiaffine transformations
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The orbit of any other point produces a translation (in the z-direction) of the surface.
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