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1. Introduction. Let G be a Fuchsian group acting on the unit disc D. In [2], it
was shown that G is finitely generated if and only if the limit set for G consists of only
points of approximation and parabolic fixed points. Moreover, it is known that the
Lebesgue measure of the set of points of approximation is zero if and only if G is of
convergence type. Hence, if G is an infinitely generated Fuchsian group of convergence
type and of the first kind, then it necessarily has some other kinds of limit points, the
set of which has positive Lebesgue measure. There are some papers where properties
of such points are discussed (see, e.g. [5], [6] and [8]). In [4], to study limit points for
infinitely generated Fuchsian groups, we have decomposed dD into three disjoint sets
L,, L, and L, (for the definition, see §2). In §2, we study L,, L, and L; more closely and
consider certain measures on them. In §3, we consider a measure with atoms. In §4, we
treat some G-invariant measurable subsets of the limit set for G and estimate the
Hausdorff dimensions of those in terms of the exponent of convergence of G. In §5, we
consider the Riemann surface D/G, which belongs to a certain class of Riemann surfaces,
and give estimates for a lower bound of the exponent of convergence of G.

2. G-invariant subsets of the limit set. Let G be a Fuchsian group acting on the
unit disc D. Since the number of elements of G is countable, we consider G as an ordered
set {g,}2>, of elements g,. We assume that each element of G, except the identity, does
not fix the origin 0. The isometric circle of a Mobius transformation g which does not
fix o0, is given by | g'(z)|=1. By r(g) and c(g) we denote the radius and the center of the
isometric circle of g, respectively. We define a subset L(k) of 0D as follows:

rgn)*
| {—clgn)|
Note that L(k)= & for k> 2. Hence we only consider the case 0 <k<2. A point in L(2)

is called a point of approximation. Ordinary points are contained in L(0). We also note
that L(k) is independent of the choice of ordering for the elements of G.

L(k)= {C]lmsup =M, 0<M < + 0} .

LEMMA 1. The set L(k) is a G-invariant measurable set.
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Proor. We set
- r(g.)
f@)=limsup—"
B e [(—clgy)|

on dD. Since the term r(g,)*/| { —c(g,)| is continuous as a function of { e 8D for each k,
we see that fi({) is a measurable function. Hence L(k) is a measurable set.
Elementary calculation shows that

rg.f 1) =If"(clg)'’rlg,) and c(g,.f ~")=f(c(gn)
for fe G. Hence we have
rg.f ") - - r(g.)
——— = [(f YOI f (clg) .
[{—clgnf DI If 1O —clgn)|
Since |f"(c(g,)) |* ~ 12 is positive and bounded both above and below except for finitely
many g,, we conclude that ' ~1({) e L(k) if and only if { € L(k). This completes the proof.

We set

L:= L(k), L,:=L(1) and L3:=kL<JlL(k).

k>1

By the definition of the isometric circle of g, we see that

rlg)®
|{—clg)|?
Hence L, consists of horocyclic limit points, i.e. the points { which satisfy
limsup | g'({)|= + oo, while L, consists of oricyclic limit points, i.e. the points { which
satisfy lim sup | g'({) | =0. Hyperbolic fixed points are contained in L, and parabolic fixed

points are contained in L,.
Let u be a finite Borel measure on 0D with the property

lg@1=

1
9@l

Through the Poisson integral we see that there exists a one-to-one correspondence

between the set of such measures and the set of positive harmonic functions on D/G.
By m we denote the Lebesgue measure on 0D. Let A be a G-invariant measurable

set with m(4)>0. Then y ,dm satisfies (*), where y, is the characteristic function of A.

(*) du(l)= dug(¢))  forall geG.

THEOREM 1. Let G be a Fuchsian group acting on D. Then the following four
statements hold.

(1) Each of L,, L, and L; is a G-invariant measurable set.

(2) Let pu be a finite Borel measure satisfying (* ) and with supporton L,. Then L, is a
conservative piece with respect to p.
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(3) m(L2)=0.
(4) Let p be a finite Borel measure satisfying (*) and with support on L. Then L,
is a dissipative piece with respect to .

REMARK. For the Lebesgue measure, the statements (2) and (4) in the above
theorem are already in [9].

ProOOF. (1) By the definition of L,, L, and L;, each of them is G-invariant.

Since L, ={{€dD|f,({)= + o}, L,={{€dD|0< f,({)< + o} and Ly={({edD|f,())=
0}, we see that L,, L, and L, are measurable.

(2) Recall that L, is said to be conservative with respect to p if, for an arbitrary
measurable set AcL; with u(4)>0, there exist infinitely many geG such that
HAng(A4))>0.

First we show that ) geG H(g(A))= + oo implies (A ng(A4))>0 for infinitely many
g€G. We assume that there exists {g;}]-, with go=id such that u(A4ng(4))=0 for all
g€G\\{g;}}-0- Let { be a hyperbolic fixed point of a hyperbolic element h. Since
|W({)|#]1, there exists no atomic measure on { with the property (*). We set A, =
A\ ({fixed points of g;}}-;. Then we have u(A,)=u(4). For each [eA,, there
exists an open interval I, such that I,ng{l)= for all g;, 1<j<n. Suppose that
WA, nI)=0, for all {e A,. The set {I} is a covering of A4,. Since A, is the Lindelof
space, there exists {I;,}.-; such that 4; < J% Iy, We have

0<,u(A1)=u<A1 n( gl IC(,,)>)S 21 A, nIy,))=0.

This is a contradiction. Hence there exists {€ 4; with u(4,nI;)>0. We set A,=A4,n1,.
Then we have u(4,ng(A4,))=0 for all ge G\ {id}. Hence we get 0<Z”Gu(g(A2))s
MWL) <+ o0.

Next we show that )’ geG Hg(A))= + oo for an arbitrary measurable set A< L, with
W(A)>0. For an arbitrary M >0, set

C(g, M):={LedD||g'()|>M} .
Since A< L, we have Ac|J,.c C(g, M). Hence we get

Y g A)= 3 | 1gm)|dum= Y, Mu(C(g, M)n A)>Mu(A)>0.

geG geG J 4 geG

Since M is arbitrary, we get ) _; u(g(4))= + 0.
(3) We set D':=D\{elliptic fixed points of G}. For ze D’ we denote by F, the
Dirichlet fundamental polygon with center at z. Let

0:={(edD|leg(F,) forall zeD and for some geG}.
In [4], we showed that Lyc O < L, u L, and that if { € L,, then { is a Garnett point (for
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the definition, see, e.g. [6]) or the point which is in O. In [6], it was shown that the
Lebesgue measure of the set of Garnett points is zero. Hence, if m(L,)>0, then
m(L,n 0)>0. On the other hand, [8] showed that m(O\ L;)=0. It is a contradiction.
Hence we get m(L,)=0.

(4) Recall that L, is said to be dissipative with respect to p, if there exists a
measurable set B such that Bng(B)=(J for all ge G\ {id} and such that u(L,)=

#Ugec 9(B))- Let
B,:={(edD||g()|<1 forall geG}nLy=0DnF,nL;.
The set B, is measurable. Since Ly =0 < |J,.¢9(@D n F,y), we have Ly = J,.c 9(B,). Let
K:={({eL, | there exist at least two elements g; and g, with { e_gl(To)nng(S} .

In [6], it was shown that { e g,(F,)ng,(F,) for g, #g, if and only if g,(0) and g,(0) are
on the same horocycle whose point at infinity is {. Hence the cardinality of K is at most
countable. If u has atoms, then let P be a set of points on which x has atoms. Since
the cardinality of P is countable, we choose a subset P of P such that points of P are
not mutually G-equivalent and that P= Uygec9g(P). We set B=(B,\\(Ku P)uP. Then
B is measurable. It is clear that Bng(B)= & for all ge G\ {id} and p(L3)=p(|J 4 9(B))-
Thus we complete the proof.

3. An atomic part of a measure with the property (). First we consider a measure
with support on L. ’

LEMMA 2. Let u be a finite Borel measure satisfying (*). If u has an atom at

neLs, then ), _.1g(n)|< +oco.
Conversely, if Y. gec|9(M) | < + 00, then there exists a finite Borel measure satisfying

(*) and having an atom at y.

Proor. We set E:={g(n) | geG}. Since L contains no fixed point, the points of
E are mutually distinct. By the property (*), we have

+00>f du(l)= ZGIg'(n)IJ du()>0.
E g€ n

Hence )’ .;14g'(n)] < .

Let us denote by v, the unit Dirac measure at 7, and let

Vg0

d =9
Moo= =0

We easily see that
dpym(h(0) = ' (C) |dpn- 146n)C)
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for heG. Let
du(l):= Z dﬂy(ﬂ)(C)'
geG

Then u({n})>0 and u is a finite Borel measure satisfying ( * ). This completes the proof.
Next we consider parabolic fixed points. These points are in L,.

LeMMA 3. Let G be a Fuchsian group of convergence type and let h be a parabolic
element of G with h(n)=n. Then there exists a finite atomic measure satisfying (*) and
with support {g(n)|g € G}.

Proor. Let G'={g,} be a set of representatives of the left cosets with respect to
the cyclic subgroup <h) generated by h. First we show that ) gnec | @n Y| < + oo if
and only if G is of convergence type. Note that the value | (g, ')'(y)| is independent of
the choice of a representative. We assume n=1 and set ¢(z)=i(z+1)/(—z+1). Then
G=¢Gp™! acts on the upper half plane and h=g@ho ! is a parabolic element with
h(c0)= 0. We can represent g and j=¢ge ! in terms of matrices in SL(2, C) and

SL(2, R) as
G 2) = (o)
B & c d
respectively. Then we get

o= i(g+—d+ib—_£> and f= i(ﬂ+iw>.
2 2 2 2

Using these relations, we have

1 1

|—ﬂ+a|2=c2+d2=|g,(i)|'

™YW I=

It is clear that pG'¢p ' =G'= {g,} is a set of representatives of the left cosets with respect
to the subgroup (k) of G. In [1], it was proved that G is of convergence type if and
only if Y5 & |gi(i)| < + co. Hence we are done.

Next we construct an atomic measure on 7. As in the proof of Lemma 2, let

du():= Y. dpgr 10
gneG’
For all fe G, {g,f} is again a set of representatives of the left cosets with respect to <h).
Thus u satisfies (*). This completes the proof.

As was stated in the proof of Theorem 1, (2), on a hyperbolic fixed point there
exists no atomic part of a measure satisfying ( * ). Moreover, since lim sup |g'({)| =M >0,
for { € L, u L,, the infinite sum Z gec19'(0)| diverges. Thus, by Lemmas 2 and 3, we have
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the following:

PROPOSITION 1. Let G be a Fuchsian group of convergence type. A finite Borel
measure with the property () has an atom at { if and only if { is a parabolic fixed
point or the point which satisfies ). geclg ()< +oo.

The following theorem is a generalization of [8, Theorem 1].

THEOREM 2. Let p be a finite Borel measure satisfying (x) and with support on
L. Then almost all points { of Ly with respect to u satisfy Y geclg @) <+ 0.

Proor. By Theorem 1, (4), there exists a measurable subset B which satisfies
Bng(B)= for all ge G\ {id} and u(L;)=u(|J,.c 9(B)). Hence we have

+oo>uLy)=3 | dud)=| X 1gOlduQ).
9€G J g(B) B9eG
Thus we get Y. gec g'(0)| < + oo for almost all { € B with respect to u. Thus our theorem
is proved.

REMARK. If m(L;)=0 and if there exists a measure on L, satisfying (* ), then the
Riemann surface D/G has an unbounded positive harmonic function on it. Hence the
Fuchsian group G is of convergence type and of the first kind. But the author does not
know whether such a Fuchsian group G exists or not.

4. The Hausdorff dimension and the exponent of convergence. We denote by
H-dim (4) the Hausdorff dimension of a set A, while by 6(G) we denote the exponent
of convergence of G, ie., for an arbitrary ¢>0, ) _;r(g)**@*® converges and
Y pec 19?477 diverges. We set

Ek):= L(a).
azk
In the same way as in the proof of Theorem 1, (1), we see that E(k) is a G-invariant
measurable set.

THEOREM 3. Let G be a Fuchsian group. Then, for k>0,

H-dim (E(k)) < @ .

Proor. We may assume that the origin is not an elliptic fixed point of G. We choose
and fix an order {g,}2, for the elements of G as follows: If |g,(0)|<|g,(0)|, we let
n<m. If [, (0)|=]| g(0) |, but Argg,(0)<Argg,(0), we again let n<m, where Argz=40
for z=rexp(if), re R and 0<6<2n. We choose and fix an arbitrary positive number
A. For an arbitrary positive number &, there exists N such that
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Z r(g)26(G)(1+}.)<8 .

n>N

We set t =28(G)(1 + A)%/k and k' =k/(1 + A). Let p be a positive number. Since k' <k and
{ is a limit point, there exists n({, p)> N for each { € E(k) such that

_TGwe)
| C_ c(gn(c, p)) '

and r(gug, )" <p- We set Ay, ) ={1|11—c(gng, )| <MGni, )" }- Then {Aye ) }cerar is an
open covering of E(k). In the following sum, we consider only distinct n({, p).

’ 26(G)(1+ 4
Y HGug ) = 2 M Gn )P TP <,

For all p>0, the above inequality holds. Hence we have
H(Ek)<e.

where H,(-) denote the t-dimensional Hausdorff measure. Thus we get H-dim (E(k)) <
26(G)/k. The proof is complete.

Since L(k)< E(k), we have:
COLLORARY 1. Let G be a Fuchsian group. Then, for k>0,

H-dim (L(k)) < 3‘57((9 .

Furthermore, we have:

COLLORARY 2. Let G be a Fuchsian group with 8(G) < 1/2. Then G is of fully accessible
type.

REMARK. In [7, Theorem 3], Patterson proved the above in the case where
4(G)<1/2.

Proor. Recall that a Fuchsian group G is said to be of fully accessible type, if
m(L;)=2n. If §(G)<1/2, then by Theorem 3 we have H-dim (E(k))<1/k<1 for k>1.
This implies m(E(k))=0 for k>1. Since E(k) increases as k decreasing to 1 and
Ly =Js>1E(k), by the continuity of the Lebesgue measure we get m(L,)=0. Hence we
have m(L, u L;)=2n. By Theorem 1, (3), we see m(L,)=0. Therefore, we get m(L;)=2n.
The proof is complete.

5. Harmonic functions on D/G. We say that a G-invariant measurable set A =dD
with m(4)>0 is an indivisible set under G, if there exists no G-invariant measurable
subset B of A with m(A)>m(B)>0. If m(L,)>0, then, by Theorem 1, (4), there exists a
measurable set B such that Bn g(B)= J for all ge G\ {id} and that m(L;)=m(|J ;. ¢ 9(B)).
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Let A be a G-invariant measurable set in Ly with m(4)>0. Then A’'=An B satisfies
A'ng(A)= for all ge G\ {id} and m(4)=m(|J,.c9(A4")). Since m has no atom, there
exists a measurable subset C’ of 4’ with m(4)>m(C)>0. We set C=J,.c9(C). Then
C is a G-invariant measurable set with m(4)>m(C)>0. Hence A is not an indivisible
set under G. We saw m(L,)=0 already. Thus, if an indivisible set exists, then it must
be in L,. There exists a one-to-one correspondence between indivisible sets under G and
minimal bounded harmonic functions on D/G (see [3]). By Oygy (N € N) we denote the
class of Riemann surfaces on which there exist at most N linearly independent bounded
harmonic functions. We observe that Oy, =0y is the class of Riemann surfaces on
which there exists no non-constant bounded harmonic function. If a Riemann surface
belongs to Oypy\Oypv-1) (N>2), then there exist N linearly independent minimal
bounded harmonic functions on it. From the above argument, we have:

PROPOSITION 2. Let G be a Fuchsian group. If D/G € Oygy, then m(L,)=2m.

The converse is not true. M. Taniguchi pointed out that [8, Example 1] is the
group for which the converse of Proposition 2 does not hold.

THEOREM 4. Let G be a Fuchsian group. If D/GeOyg, then there exists k,
26(G)=k>1, such that m(L(k))=2m.

Proor. By Proposition 2, m(L,)=2x. If there is a G-invariant measurable set A,
then, by the assumption D/G €Oy, we have m(4)=2n or m(4)=0. Since E(k) is a
G-invariant measurable set and E(k+ &)< E(k) for all e>0, there exists k> 1 such that
m(E(k))=2n and m(E(k+¢))=0 for all £¢>0. Hence m(L(k))=2r. This shows that
H-dim (L(k))= 1. Thus, by Corollary 1 to Theorem 3, we get 26(G) > k > 1. This completes

the proof.

THEOREM 5. Let G be a Fuchsian group. Suppose that a Riemann surface D/G has
a minimal bounded harmonic function on it. Then 5(G)>1/2.

PrOOF. Since D/G has a minimal bounded harmonic function on it, there exists
an indivisible set A under G on dD. Such a set A is contained in L,. Each L(k) is a
G-invariant measurable set. Hence there exists k>1 such that m(4 n L(k))=m(A4)>0.
Thus we have H-dim (L(k))=1. By Corollary 1 to Theorem 3, we get 6(G)>k/2>1/2.
The proof is complete.
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