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Abstract. A certain formal power series attached to local densities of quadratic
forms is defined. It is shown that this series can be realized as a coefficient of the Laurent
expansion of a generalized Igusa local zeta function.

1. Introduction. Bocherer and Sato [BS] found a relation between the p-adic
integrals defined by Denef [D1] and certain formal power series attached to local
densities of quadratic forms. In this paper we consider another type of relation between
the p-adic integrals defined by Igusa [I] and Deshommes [D2] and similar formal power
series.

To be more precise, let 4 and B be non-degenerate symmetric matrices of de-
grees m and n, respectively, with entries in the ring Z, of p-adic integers. Let
R=2Z,[x;; (1<i<m, 1<j<n), x; (1<i<n)] be the polynomial ring over Z,. We simply
write X=(X;});<i<mi<j<m and x=(x,, ..., x,). Let (g;;) be the symmetric matrix of

sis=ml<j=<

degree n with entries in R defined by
(9:))=A[X]— B[diag(xy, ..., x,)],

where for an (m, m)-matrix U and an (m, n)-matrix V we write U[V]='VUV, and for
square matrices 4, ..., A, we often simply write

A, 0 0
diag(Al,...,A,)=<0 . 0>,
0 0 4

r

For a set S and non-negative integers n and s, put {n)=n(n+1)/2, and
SmHs= {((aij)lsisjsns ai, ..., ay); a;j, aeS}.

We often write an element ((a;;); << j<m (@)1 <i<s) Of S **as ((a;;), (a;)) if no confusion
arises. Further for an element (a;;) of S with S a commutative ring, we often write
Yi<icjenip and [], ., ; ,a;as ) a;; and []a;;, respectively. Let C be the field of
complex numbers, and Z the ring of rational integers. Further let ord, be the normalized
additive valuation of the field Q, of p-adic numbers, and put | v|,=p >4 forve Q,.

We then define a function Z(B, 4; (s;;), 5y, - - -, 5,) on the set
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C&* " ={((syj), 815 - - -» 8,) € CV M Res;;>0, Res; >0}

by

Z(B, 4; (sij)s Spseves Sp)= l_[ | 9ij |;” n [ x; |;‘dXdX s
i=1

Z5 X Mmn(Zp)

where M, (Z,) denotes the ring of (m, n)-matrices with entries in Z, (for the precise
definition, see Section 2). We call this function a generalized Igusa local zeta function
attached to 4 and B. Put z;;=p~* (1<i<j<n), z;=p~ % (1<i<n). We often write
Z=(z;), w=(z;). Then Z(B, 4; (s;), 51, - .., S,) can be regarded as a function of Z and
w. Thus we write {(B, 4; Z, w)=Z(B, 4; (s;;), S1, -+ .+ Sp)-
On the other hand, define a local density o, (B, A) by
ay(B, A)=lim p=m+ ey X e M, (Z,)/p*M,u(Z,); ALX]=Bmodp} .

Then we define a formal power series P(B, 4; x4, ..., X,) by

P(B, 4;xy, ..., x)= ) a,(Bldiag(p™,...,p™)], A)x7---xy.

ri,rn=0

See Section 2 for the relation between our formal power series and the one defined by
Bocherer and Sato [BS].

The main purpose of the present paper is to show that the series P(B, 4; x,, ..., X,)
can be realized as a coefficient of the Laurent expansion of {(B, 4; Z, px,[[(p~'z;;) ™%,

L px[ (P 'zi;) %) with respect to (z;)):
THEOREM 1.1.  Put
N(B)={(ky) € Z; min k;;>2 ord (2 det B) + 1} .
Then in the region
E={((z;}), X1, .- -, X)) €C M 0<| z;5|<1,0< | px; [ [(p 7 zij) %<1},
we have

{(B, 4; Z, px, H(Ptlzij)_“, ---5pxnn(p_lzij)_4)

= Z P((kij); Xisevns xn)l_[(l’_ lzij)k“
(kij)e ZSP N\ N(B)

+(1_p_1)<n>+n Z P(B’ A;xv""xn)l_‘[(p—lzij)kij9
(kij)e N(B)

where P((k;;); Xy, ..., X,) is a convergent power series of x,,...,x, for each (k;;) in
Z N\ N(B).

In Section 2, we treat a more general case (cf. Theorem 2.4). Using our arguments
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we can prove the rationality of P(B, 4; x,,...,x,) and calculate its denominator
explicitly. The details will be published in a subsequent paper [K].

2. Generalized Igusa local zeta functions and the proof of the main result. Let
R=Z,[[x,, ..., x,]] be a formal power series ring, and
R.={f(xy,...,x)€R; f(ay, ..., a,) converges for any (a,, ..., a)e Z3}.
For two sets S and A, we put

si=1T]s;

AeA

with S, =S. Let 4 be a finite set. Put
C4={(s;)eC*; Res,;>0}.
For a subset {f;},.4 of R,, and (s;)e C% define Z({f,}; (5,)) by

Z({f,l}; (s)= l_[ | filx1s o5 X) [5rdx ,

z ieA

where dx is the Haar measure of @} so normalized that

j dx=1.
zy

This function was studied by Igusa [1] when #4 =1, and was generalized by Deshommes
to the case where #4 is arbitrary. So we call this function a generalized Igusa local zeta
function attached to {f,}. The function Z({ f,}; (s,)) is holomorphic on C4. Put z, =p ™5,
Then Z({f:}; (s;)) can be regarded as a function of (z;). So we put (({f,}; (z)=
Z({ £3}; (s2)-

Let m and n be non-negative integers such that m>n>1. Let 4 and B be
non-degenerate symmetric matrices of degrees m and n, respectively, with entries in
Z,. For a subset I of I,,,={(i, j); 1 <i<m, 1<j<n}, put

o,(B, A, [)=pt" lim p=mn+epf(x ye M, (Z,)p*M(Z,) ;

A[(x;))]=Bmeod p®, and x;;=0mod p for any (i,j)el} .

We note thata (B, A, I)=a,(B, A)if I=F. Nowletm, n,l,andn,, ..., n,ngyy, ..., Ny,
be non-negative integers such that m>n>1,and m>/,n,,...,ng, ,>1,n,+ - +n,=n,
and ng,,+ - +n,,,=/ Let 4 and B be non-degenerate symmetric matrices of degrees
m and n, respectively, with entries in Z,, and I be a subset of I, ,. Define a formal
power series P(B, A, L l;ny, ..., N4 X1, ..., Xg4y) DY
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PB, A, L Ny, ...yl s Xqy o ey Xoyy)

0

= )  a,B[diag(p"E,, ...,p"E,)], A[diag(E,,_, p"*'E,

Ns+1% °° "s+zEns+t)] 1)
riers+e=0
xx’i" . .x;s_:'r S
where E, denotes the unit matrix of degree k. We note that the formal power series
PB, A, L Ln,,...,n..;xq, ..., X4, coincides with P(B, 4; x4, ..., x,) in Section 1 if

/=0, s=n, and I= . Further 1f [=0, I=, and B=diag(bh,E,,, ..., b,E,), the formal
power series

Y x$ ... x&P(diag(p®'b,E,,, ..., p*bE,), A, L0 ny, ... ,ngx2, ..., x3)
ey,,es=0,1
coincides with the P(B, 4, x,, ..., x,) defined in 1.2 of [BS]. In this section we show
that P(B, A, I; I;ny, ..., n 4 X4, ..., X,4,) can be realized as a coefficient of the Laurent
expansion of a certain generalized Igusa local zeta function.

For this, we give some preliminaries. For a commutative ring R, let Sym(k; R)
denote the set of symmetric matrices of degree k with entries in R. Let
U=(u;)eSym(m, Z,), and V=(v;;)eSym(n, Z,), and I be a subset of {(i, )); | <i<m,
1<j<n}. For each (¢;) € Z”, put M((e;;)) =max;(e;;), and

Al(e); V, U, D={(x) € My Z,)[pM P M, (Z,) ;

Y, UppXnXp;=v;;mod pe for any i,j and x,;=0modp for any («, i)el},

1<a,f<m
and
a((eij); Vv, U, I)Z#A((eij); V,U,I).

If e;j=e for all i, j, we simply write A((e;;); V, U, N=A(e; V, U, I).. The following lemma
is well known:

LemMa 2.1 (cf. Siegel [S, Hilfssatz 13]). In addition to the above notation and
assumptions, assume that U and V are non-degenerate, and put e;=2ord,(2det V)+1.
Then for any integer e >e,, we have

ae+1; V, U, D=p™ <™a(e; V, U, I).
The following is essential to proving Theorem 2.4.

PROPOSITION 2.2. Let the assumptions and notation be as above. Then for any

(e;) € Z<™ such that min;;e;;>e,, we have

p-M((eij))mn+ Ze.-ja((eij); V,U, I =peo( —mn+ <n>)a(eo; V,Ul).

PrROOF. Put e=M((e;;)). For an element (u;)); <;< <, of Z¢, we define an element
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(u%)1 <i,j<n of Sym(n, Z,) by u¥=u;; or =u;; according as i<j or not. Then we have

2.1 a(le;); V, U, = Z a(e; V+((p°ic;)*), U, 1),

(cij)

where (c;;) runs through all representatives of the direct product HZp/pe"e‘pr of
{Z,/p¢"*Z,}, ci<j<n On the other hand, for any (c;;), we have

ale; V+((pe,)*), U, =p'~"™®haleq; ¥, U, ).

Thus the right-hand side of (2.1) is equal to

p(e—eo)(mn—(n>)#n Zp/pe—eijzpa(eo; v, U, I)=p(e—eo)(m'v—(n))Hpe—e;ja(eo; V,U,I)

=pemn—Zeijpeo(—mn+<n>)a(e0; V,U,1I).

Now let 4, B and I be as above. Define an element (g;))=(g;(X)) of

Sym(n, Z,[xy (1<a<m,1<k<n)] by
(9:)= A[(p*™**Dx4)]—B,
where e(«, k; I)=1 or =0 according as («, k) €  or not. Further for each (e;;) € Z<™ put
E((e;s B, A, )={XeM,(Z,); g;{X)ep*iZ, for any 1<i<j<n},

and let ¥((e;;); B, 4, I) be the volume of E((e;)); B, A, I). Then we have:

PROPOSITION 2.3.  For each (e;;)€ Z" such that min,;e;;>e,, we have

((e;;), B, A, I)pze‘f=otp(B, A ).
PrOOF. We have
o((e;;), B, A, 1)=p~M@ImpHla((e,); B, A, 1) .

Thus the assertion follows from Proposition 2.2.

COROLLARY. Let v((e;), B, A, I) be the volume of the set

{X)eM,.(Z,); 9:{X)ep*“Z} for any 1 <i<j<n},

p

where Z¥ denotes the unit group of Z,. Then for each (e;)€ Z™ such that min;; e;;> e,
we have

v((eij); B, Aa I)Pzeij = (1 '“P— 1)<">ap(B9 A; I) .

PrOOF. We simply write v((e;;))=v((e;;); B, 4, I). We arrange the quantities {e;;}
indexed by the set {(i,j); 1<i<j<n} in the lexicographic order, and put e,=
€11,€2=€12, .., €=Clps -, Eny =€y, and ) ;=) . . e;. Then we have

<ny .
U((ei))=2("1)’l Z 5(81,-..,e,-l+1,...,eij+l,...,e<,,>).

ji=0 <ip<-<ij<(n)



216 H. KATSURADA

Then by Proposition 2.3, for any (e;) such that mine;>e, we have
5(81, cees €5y + 1, ey e,-j+ ], ey e<n>)p2ei___p‘fap(B, A, I) .
Thus the assertion holds.

Now let x;(1<i<m,1<j<n),x,,...,X,,, be variables over Z, and put
R=Z,[x;(1<i<m,1<j<n), x4, ..., X,,,]. Let 4, B, I, I, and the others be as above.
Define elements y, ., ..., Vm+n Of R by

diag(yp+ 15 -+ s Vusm) =diag(Ep_p, X1 E,_, o - -» Xg4iEn,, ) -
Define an element (k;;(x, X)), <; j<n. of Sym(n, R) by
(hij(x’ X))=A[(yn+ape(m’k;”xak)1 <a<m,1 <k<n] _B[diag(xlEnl’ ERRE xsEns)] .

Now let A={(i,j); 1<i<j<n}u{i; 1<i<s+1}, and define a subset {4}, , of R indexed
by A by
hy if A=(,))
hl= J
X, if A=i,
and C(B’ Aa I; l’ Ny oo gy (Zij)lsistm Z1senes Zs+t) by
(B, A, LLng, ... .02 1<icjcn 215 - Zer) ={({ha}; (23) .

We write (B, A, LLng,...,¢005C)i<icjcnm 2105 Zs4+)=C(B, A, Ly, ..., ngy g
Z,w) as in Section 1. Then {(B, A, I; l; n,, ..., n,,,; Z, w) can be expressed as

s+t

C(B9 Aa I, la LOTIERRY (WP Zs W)= Jw ]__Ilhlj};” l—[ |xk |;kdXan
Z3 X Mmn(Z ) k=1

where dx (resp. dX) denotes the Haar measure of Q3** (resp. M,,,,(Q,)) so normalized that

J dx=1 <resp.j dX=1).
z Mon(Z5)

We note that {(B, 4, I; l; n,, ..., ny,,; Z, w) coincides with {(B, 4; Z, w) if /=0, s=n, and
I= . Thus Theorem 1 is a special case of the following:

THEOREM 2.4. In the region
E= {((zij)9 X5 oo xs+:)ec<n>+s+t; 0<|Zij|< 1, 0<|PxiH(P—1Zij)_4"i < l} >
we have

B A LLny, ....,¢0g s Z,pxy [[(p7 z)) ™", o X [ [ (P 12i) 7% 9)

= Z P((kij); Xiseens xs+x)l—[([’_12ij)k”

(kij)€e Z\N(B)

+(1_p—1)<n>+s+t Z P(B’ A’ I’ l’ LTI ( FFN x19~-~,xs+t)n(p_1zij)kij
(kij)e N(B)
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where P((k;j); X, ..., Xs+,) is a convergent power series of Xy, ..., Xs4, for each (k;;) in
Z™ N\ N(B).

Proof. Put {(Z,w)={(B, A, I;L;n,, ..., 0., Z, w). Then we have

s+t

UZ, w)= j [T1Ax, X) 155 TT | x I3 dxdX
Z5 X Monn(Zp) k=1

X s+t
= X j T, X150 T1 1, dxdx
Xo(r1, =, s +¢) i=1

ry, o rs+e=0
where Xo(ry, ..., rer)={(x, X)e Z}"" x M,,(Z,); | x;|,=p " "}. Thus we have
{z, w
s+t
= Z [Ty J . [Tihpixs, s P Xy X) idxdX .
Z5 " X Myun(Z )

ry, o rs+e=0 i=

Define elements y,, ..., ¥,+m of R by

diag(yla soey yn)=diag(x1En,, cey xsEns) B

and

diag(yn+1’ e ,yn+m) dlag(Em I Xs+ lEns+|5 o xs+rEnsH) .
We change the variables as follows:
Xoj F—— Xy ViVnva 1<a<m, 1<j<n), x;——x; (1<j<s+1).

Then we have

s+t

UZ, w)= Z I_[(p‘1 )f [T1hgp™, ..., p"*s, X) [SdxdX
Z7 Y X Myn(Z p)

rL s+ =0 0=
s+t
=(1-p~y™ Z l_[ (p~'z )"j [T1AAp™, ..., pme*e, X)[vdX .
ri, s rs+e=0 0= Mmn(Zp)
Now for non-negative integers ry, ..., ry,, e;j(1<i<j<n), put
Ury, .o Fevn (€))=0({X €M, (Z,); hij(p™, ..., p"**, X)ep®i Z¥forany 1 <i<j<n}).

Then we have
Q0 s+t
C(Z, W)= z Ov(rh'-', s+t 11))”26‘1 l_[1 1Zi)ri .
Fi, " rs+t,€ij=
We write (r)=(ry, ..., rs4,) and s((r))=4n,ry+ * - +ng4r54,). Define
Z(Z, xl"" s+r) C(Z pxll_[(p ! ij)_4"la"-5pxs+tn(p IZU 4"5.”)‘

Then we have
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o0

5(25 xl, ] xs+t)= Z Z v(rla cees Pstps (S((r))+kij))p2(s«r»+kij)

ri,crs+e=0 (kij)

s+t

X n(P_ 1zij)kij l_[ xi,
i=1
where (k;;) runs through all elements of Z< such that k;;> —s((r)) for any 1 <i<j<n.
For each (k;;), define a formal power series P((k;)); x;, ..., X;+,) by

P((ku); X1y eens xs+t)= z v(rb cees Py (s((r))—"'-kij))pZ(S((r»*-ku)x'il o 'x;s-:t‘ >
F1,°"sTs+e
where r,, ..., ry4, run through all non-negative integers such that r,, ..., r,,,>0, and
s((r))> —k;; for any 1<i<j<n. Since the right-hand side of UZ, xy, ..., x54,) is
absolutely convergent in the region 0<|z;|<1, 0<|px;[[(p™'z;)”*"|<]1, the formal
power series P((k;;); x4, ..., X,4,) is a convergent power series, and we have

5(2, xl’ R ] xs+z)=(1 —p_l)s+t Z P((klj)’ xl’ DR xs+t)n(p—lzij)ku .
(kij)

Further by Corollary to Proposition 2.3, for any (k;;) € N(B) we have
P((ku)’ Xiseees xs+x)=(1 _P_1)<">P(B, A’ I’ l9 Nyseves Ngyps Xg5 00 xs+t) .

Thus the assertion holds.
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