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ISOMETRIC DEFORMATIONS OF HYPERSURFACES IN A
EUCLIDEAN SPACE PRESERVING MEAN CURVATURE
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Abstract. Under some conditions we classify hypersurfaces in a Euclidean space
which admit isometric deformations preserving mean curvature.

1. Introduction. The isometric deformations of surfaces in a 3-dimensional space
form preserving mean curvature (which are called H-deformations) have been studied
by a number of mathematicians. Bonnet [2] showed over a century ago that all the
surfaces with constant mean curvature in a Euclidean 3-space except planes or spheres
are locally H-deformable. Referring to this problem in the case of surfaces with
non-constant mean curvature, the work done by Cartan [3] is authoritative and Chern
[4] gave an interesting characterization for their existence.

Recently, Colares and Kenmotsu [5] classified H-deformable surfaces with constant
Gaussian curvature in a Euclidean 3-space. Umehara [9] proved that a compact surface
in a 3-dimensional space form is locally H-deformable if and only if it has constant
mean curvature.

In this paper, we study such a deformation of hypersurfaces in R" (as a direct
generalization of that of a surface in R3).

DEFINITION. Let f: M" g R"*! be an isometric immersion as a hypersurface of
an n-dimensional Riemannian manifold and H the mean curvature of f.

An H-deformation of the immersion f is a continuous mapping F: (—¢, &) x M"—
R"*! (¢>0) such that

(1.1) f,:=F(¢, -) for any fixed te(—¢, ¢) is an isometric immersion whose mean

curvature is equal to H,

(1.2) fo=1.

An H-deformation is said to be trivial if for each te(—¢g, &), there exists a motion
T, of R"*! such that f,=T,° f. f is said to be H-deformable if there exists a non-trivial
H-deformation. f is said to be locally H-deformable if for each point of M" there exists
a neighborhood U such that f|, is H-deformable.

First we mention the following well-known theorem:

THEOREM A (Beez [1], Killing [7]). A hypersurface M is rigid in R"*' if the type

1991 Mathematics Subject Classification. Primary 53A07; Secondary 53B25, 53C42.



434 M. KOKUBU

number is greater than 2 at every point (where the type number is the rank of the shape
operator as a linear transformation of the tangent spaces of M).

Consequently, such a hypersurface as that in Theorem A cannot admit a non-trivial
H-deformation. From such a point of view, we deal only with hypersurfaces with type
number <2.

Our main result is the following.

THEOREM. Let f: M" g R"*! be an isometric immersion with type number 2 which
has distinct non-zero principal curvatures. If f is locally H-deformable, then f is one of
the following :

(@) a minimal immersion

(b) an open piece of a cylinder M* x R"~2, where M? is a locally H-deformable
surface in R®

(c) an open piece of a cylinder CN x R"™3, where N is a locally H-deformable
surface in S® and CN is a cone over N in R*

(d) a hypersurface mixed with that of (a), (b) and (c).

Moreover, we assume the real analyticity of f and M". Then f is H-deformable if
and only if f is (a) or (b) or (¢).

The author acknowledges the helpful lectures and comments given by Professor
Katsuei Kenmotsu. Thanks are due to Professors Koichi Ogiue, Takao Sasai and
Yoshihiro Ohnita for valuable suggestions.

2. Preliminaries. We use the moving frame method.
Assume that M" is immersed as a hypersurface in R"*! with constant type number
d (0<d<n) and that its non-zero principal curvatures are distinct. Let 4 denote the

shape operator. From now on we shall use the following convention on the ranges of
indices:
1<A4,B,C,---<n
1<ij,k, -+ <d

d+1<p,q,r, - <n.

Choose a local orthonormal frame field {e,, ..., ez €441, ..., €, of M in such a way
thate,, ..., e, are principal vectors and their principal curvatures are k, ..., k4, 0, ..., 0
respectively (k k,- -k, #0, k;#k; for i#j). Let {f', ..., 0"} be the dual frame field of
{e4}. The Levi-Civita connection of M is denoted by V and the connection form of V
is denoted by

w=(wg) with respect to {e,} .

Then the shape operator 4 can be written as
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ky
@.1) A=

0
Let Q=(Q4) be the curvature form of M. Then the Gauss equation implies
(2.2) Qi=k;k;0'A07, Qi=0, QF=0
and the Codazzi equation is given by
23) (Ve A)es=(V.,d)e, .

LEMMA 2.1.  Under the above assumption, the Codazzi equation (2.3) is equivalent
to the following equations.

ek;=(ki—kwle;)  for i#j
(kj_kl)wj(ei)z(ki—kl)wi(ej) SJor 1#i,j
kiwf(e;)=k;wf(e;)
2.4) o
epki=kiwip(e.')
kjwf(ei)z(ki"kj)w{(ep) Jor i#j
wi(e,)=0.
From the last three equations of (2.4), we have
. k. ki—k;, . .
@.5) wi=— P gy 3 BRI ieypT

k; jEi i

Furthermore, it follows from (2.5) and the structure equation d0*= —) wj A 6® that

. o . ki—k, .
2.6) d0'=—2w}/\9’+2—e—"k—'0'/\9”—z 5 yie,)09 A 0P
7 r ki piti kK
k.—k)? . . .
(2.7 depzizh(' k) w;(ep)G‘ABJ—Eq:wZAG“.
i<j ij

Thus we have proved the following lemma.

LEMMA 2.2. (a) The distribution V° defined by 0'=---=0%=0 is completely
integrable.
(b) The distribution V' defined by 0**'=---=0"=0 is completely integrable if

and only if (k;—k;)w%(e,)=0 holds for all i, j, p.
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REMARK. It is easy to see that the integral manifolds of the distribution V° are
totally geodesic submanifolds in R"*!. So we can choose ¢,, 4, ..., e, in such a way
that V. e, =0, i.e,, w;‘(eq)=0 holds. From now on we assume that e,’s are chosen in
that way.

3. H-deformability of hypersurfaces of constant type number 2. We shall apply
formulas obtained in the previous section to the case d=2.

Let f: M" s R"*! be an immersed hypersurface with type number 2 and ‘H the
mean curvature. Assume that the two non-zero principal curvatures are distinct at every
point.

Suppose that f is locally H-deformable. Then there exists a simply-connected
neighborhood U for an arbitrary point x, in M" and an isometric immersion
f': Us R"*! with mean curvature H such that f'# f on U. In other words, there
exists a symmetric (1, 1)-tensor field 4’ on U satisfying the Gauss equation, the Codazzi
equation and tr A'=nH, because of the fundamental theorem for hypersurfaces. The
type number of f” is also equal to 2. This follows from the fact that the null space of
the shape operator does not depend on the immersion in this case, because of the
following theorem.

THEOREM B ([8, Theorem 6.1]). For an isometric immersion M" g R"*!, if the
type number >2 at a point x, then ker A,={XeT .M ;R(X, Y)=0 for all Ye T .M},
where R denotes the curvature tensor of M.

Consider two orthonormal frame fields {e,} and {e’;} on U which consist of princi-
pal vectors of f and f”, respectively, and let k,, k,,0, ..., 0 (resp. k7, k5,0, ...,0) be
principal curvatures with respect to f (resp. f’). From the Gauss equations and
tr A=tr A, we have k k, =k’ k%, k,+k, =k’ + k%, so we may assume k, =k, k,=k’.
Then from the above consideration,

ker A, =ker A, atevery xeU,

ie.,
{e]w €2l ={e\|w €2|s}  atevery xeU,
{es]es - s enlt ={€3]w ..., €h]s}  atevery xeU,
where {---} denotes the subspace of T, M spanned by ---. Thus the frame {e,}

corresponds to {e’y} by an SO(2) x SO(n—2)-valued function. Therefore 4’ can be writ-
ten as
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P"(k‘ O)P

A= with respect to {e,}

for some SO(2)-valued function P. Putting

P=( cos ¢ siné)’ teC(U).

—siné cosé
we have
ki(1+cost)+ky(1—cos1) (ky—k,)sint
(ky—k,)sint k(1 —cost)+k,(1+cosT)
, 1
A =5 0
0

where 1=2¢.

LeEMMA 3.1. The Codazzi equation (V, A"Yeg=(V,,A")e, can be written as follows:
(3.1) (ey(ky+ky))sint—(ey(ky + k)1 —cos 1)+ (k, —k,){(e;T)cos T +(e,7)sint} =0
(3.2) (ey(ky +k))1—cost)+(ey(ky +ky))sint—(k, —k,){(e;7)sint—(e,7)cos 1} =0

(.3) (1—cos 1)k, + k) — k) (e,)—sin {(e ke — (e oy} =0
(3.4) (—I_T":’ft—) {(eka)ky — (e ko) + Sik“; ey + k)b, — k) (e,
— (ky—k;)e,7)sinT=0
(39 T ek (el = el — o e,
— (ks —ky)e,7)cos T=0
(3.6) chjﬂ {(e heo)e; — (e e s} + Sik“l’ ey + ke a)(ky — ko e,)
— (ks —ka)e,7)sinT=0
(3.7 S"‘: {(ekalks — (e )k} —% (ks + kb — ke,

—(ky—k,)(e,r)cost=0.
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Furthermore, the equations (3.4)—(3.7) are equivalent to

(3.8) (epfalk, —(e )y =0
(3.9) (ky + k) }(e,) =0
(3.10) e,t=0.

ProoF. Apply the formulas (2.4), (2.5) to the case d=2. Then (3.1), (3.2), (3.3)
are obtained from (V, A4')e,=(V.,A")e; and (3.4), (3.5), (3.6), (3.7) from (V,A4)e,=
Ve, A)e; (i=1,2). (V,,A)e,=(V,,A")e, holds automatically. The latter part is obvious.

|

Let (*) stand for the equations (3.1)+(3.3) and (3.8)—(3.10). Therefore we have:

ProrosiTION 3.2. If f |U is H-deformable, then there exists te C*(U) satisfying the
equations (*).

Conversely, if there exists a one-parameter family of functions 1, (1, =0) satisfying
(*), then |u is H-deformable.

REMARK. It is remarked that a necessary and sufficient condition for the
H-deformability of a surface in a 3-dimensional space form is the existence of a
one-parameter family of functions , satisfying (3.1) and (3.2).

4. Proof of Theorem. We investigate the hypersurfaces satisfying (*) in this
section. From (3.9), we consider the following three cases:
Case 1. x, has a neighborhood such that k, +k,=0 holds, i.e., a piece of minimal
hypersurface.
Case 2. x, has a neighborhood such that wj(e,)=0 holds.
Case 3. Neither k; +k,=0 nor wj(e,)=0 holds in any neighborhood of x,, but
(ky +k,)w3(e,)=0 holds in some neighborhood.

Case 1. Assume that k, +k,=0. Then (3.8) holds, and (3.1) and (3.2) hold if and
only if e;7=e,7=0. Thus a necessary and sufficient condition for (*) is T=constant.
If we put 7,=t for example, then 7, defines an H-deformation. Therefore minimal
hypersurfaces with type number 2 are locally H-deformable.

Case 2. Itisremarked that the distribution V! generated by e, and e, is integrable
in this case. It follows from (2.4) and (2.5) that w} is generated by ' and 62 and

_ ek

6" (i=1,2).
s (i )

4.1) wi=

On the other hand, from (3.8) we may put

0= ek, _ ek,
ok Ky
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and
42) wi=—0,0 .

LEMMA 4.1. InCase?2, f(U)is of the form M?> x R"~? or M x R" 3, or it is mixed
with M*x R"~2? and M3 x R"™3, where M? and M?3 are immersed in R® and R*, re-
spectively.

PROOF. Assume that ¢, =0 for all p. It is easy to see that V, e; € V' so the integral
manifold of the distribution {e,, e,} is totally geodesic in M". Let M? be an integral
manifold of the distribution {e,, e,}. On the other hand, if the Levi-Civita connection
of the ambient space R"*? is denoted by D, then D,.e,e V° holds so that V'° is parallel
in R"*!, Therefore the integral manifolds of ¥° are prallel Euclidean subspaces, and

T.M2=V! ] VoxRr2

atevery point xe M". So M? is contained in R3 and it is obvious that f(U)=M? x R" 2.
Otherwise, x, is not an interior point of B:={xe M"|¢(x)=0 for all p}. That s,

Xo€B¢ or x,€lB

where B¢ and 0B denote the complementary set and the boundary set of B, respectively.
Whenever x, is a point of B¢, we can take a neighborhood where ¢,#0 holds. We
also write it as U. We can see that dim A =1 holds at each point of U if we set

A={the V°-component of V,Y; X, YeV'}.

We choose a new frame field {e, ..., e,} such that e; € A. (The observations so far are

applicable with respect to this frame.) Then ¢;#0, ¢,="--=¢,=0 holds. Putting
@3=:@, we see that the connection form w can be written as
0 w! —eo* 0 -~ 0
—wi 0 —¢6%2 0 -~ 0
08! ¢b* 0 3 w?
4.3) *
0 0 -—w;
. . . wq
0 0 —ol

We compute R(e,, e;)e, for p>4 using (4.3) directly:
R(ela el)ep = Velvezep - Vezvelep— V[el,ezlep= - (pw;(eZ)el + ‘ng(eﬂez +

However, R(e,, e;)e,=0 holds by the Gauss equation. Thus w =0 for w ,3,(e1)=
3(p. )=
w(e;)=0.
Then it is easy to see that the distribution spanned by {e,, e,, e} is integrable and
f(U) is of the form M3 x R"™3 by the argument analogous to that in the case ¢,=0.
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Assume that x, is a boundary point of B. If x, has a neighborhood U such that
Un B is nowhere dense in U, then ¢ #0 holds and f(U)=M?3 x R"~3. Otherwise, x, is
a boundary point of an open portion of M2 x R""? and an open portion of M3 x
Rn—3. .

We examine the case ¢#0 in the above lemma. We only consider the case of
3-dimensional hypersurfaces M>. We give necessary formulas. The structure equations
are

dot'=—win0?+00'A03
4.9 d0?=—wiAn0'+9p0*A03
d9*=0.
From the Gauss equations, we have
dw’=(k.k,+(p)*)0* A 6>
4.5) 0=(—_af(,o+(qo)203)/\¢91
0=(—dp+(p)*0*) A 0%.
It is immediately seen that
(4.6) do=(p)’0°,
ie.,
ep=e,0=0, e;p=(¢).

Let / be the integral curve of e, through a point x and ¢ the arc length parameter
of [ initiated at x, i.e., e;=0/0t, [(0)=x. The integral manifold of the distribution

{e,, e,} through /(c) is denoted by M..

PROPOSITION 4.2.

(a) o is constant on each leaf M.

(b) M. is contained in an embedded 3-sphere with curvature |p(c)| in R*.
(c) The spheres defined in (b) are concentric for all t.

(d) M3 is a cone.

PROOF. (a) is obvious from (4.6). Let y, be the position vector of M, in R* and
D the covariant derivative in R*. Then

1 1 1
De,~<yc+m ea>=ei+w D,.e;3 =€i+w (—o(c)e;))=0.

This means that the vector y,+ ¢(c) e, is parallel along M, in R*. Let w be the vector
in R* which is obtained by parallel translation of y,+ ¢(c) ™ 'e, to the origin in R*. Then
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__
o(c)?

holds. This proves (b). For (c) it is sufficient to show that y,+ ¢(t) e, is parallel along
lin R*:

<yc—W, yc—w>

1 1 1 e
De3<yt+ e3>=e3+63<‘—‘>e3+4D2333=e3'— 3(;0 e3=0.
o(1) @ @ @
If o is restricted to /, then ¢ satisfies an ordinary differential equation do/dt=¢?>
from (4.6). The solution of this equation is

= —— .
o 0
Put s=7—¢(0)" . Then ¢(s)= —s~ . We may assume that the centers of the spheres
in (c) are the origin in R*, that is, y,+¢(s) 'e;=0. Thus y,=se;. On the other hand,
it can be seen that e is parallel along /. So y,=sy,. Therefore y;’s make up a cone
over y, g S$3(1) in R*. [ ]

Case 3. In this case, even if we take any neighborhood for the x,, it contains an
open portion where k, +k, =0 holds and an open portion where w3(e,)=0 holds. Thus
the neighborhood of x, is of the form mixed with that of Case 1 and that of Case 2.

PrROOF OF THEOREM. From the remaining condition of (*), we can conclude
that the surfaces appearing in Case 2 are H-deformable surfaces in R3 and S°3,
respectively. |

REMARKS. 1. It can be seen that an H-deformation is a principal curvature
preserving deformation.

2. Concerning minimal hypersurfaces with type number 2, Dajczer and Gromoll
[6] proved that one can construct them by making use of a minimal surface S in $”"
and an eigenfunction of the Laplace-Bertrami operator with eigenvalue 2 on S. In
particular, if we take a fully immersed one as a minimal surface in S" (n>4), then a
minimal hypersurface with type number 2 which is not of the form M?x R"™? or
CN x R"~3 is obtained.

REFERENCES

[1] R. Beez, Zur Theorie der Kriimmungmasses von Mannigfaltigkeiten héherer Ordunung, Z. Math.
Physik 21 (1876), 373401.

[2] O. BoNNET, Mémorie sur la théorie des surfaces applicables, J. Ec. Polyt. 42 (1867), 72-92.

[3] E. CARTAN, Sur les couples de surfaces applicables avec conservation des courbures principales, Bull.
Sci. Math. 66 (1942), 1-30.

[4] S.S. CHErN, Deformations of Surfaces Preserving Principal Curvatures, Differential Geometry and



442 M. KOKUBU

Complex Analysis, H. E. Rauch Memorial Volume (I. Chavel and H. M. Farkas, eds.), Springer-Verlag
(1985), 155-163.

[5] A. Corares AND K. KENMOTsU, Isometric deformation of surfaces in R3 preserving the mean curvature
function, Pacific J. Math. 136 (1989), 71-80.

[6] M. Daiczer AND D. GRoMOLL, Gauss parametrization and rigidity aspects of submanifolds, J.
Differential Geometry 22 (1985), 1-12.

[7] W.KILLING, Die nicht-Euklidischen Raumformen in analytische Behandlung, Teubner, Leibzig, 1885.

[8] S. KoBayvasHi AND K. NoMizu, Foundations of differential geometry, vol 2, Interscience, New York,
1969.

[9] M. UMEHARA, A characterization of compact surfaces with constant mean curvature, Proc. Amer.
Math. Soc. 108 (1990), 483-489.

DEPARTMENT OF MATHEMATICS
ToKYO METROPOLITAN UNIVERSITY
HacHios, Tokyo 192-03

JAPAN





