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Abstract. We treat second order differential equations which have admissible
meromorphic solutions. With the aid of Nevanlinna theory, we obtain generalizations
of the celebrated theorem of Malmquist-Yosida.

1. Introduction. We will treat differential equations of second order
(1‘1) W”=F(Z, W, W/)7

where F is a polynomial in w and w’ with meromorphic coefficients.

There are famous theorems due to Painlevé, Malmquist, Yosida and others for the
analytic theory of ordinary differential equations.

Painlevé classified the equation (1.1) according to the nature of their singularities.
Fixed singularities can arise at the locations of singularities of the coefficients.
Singularities that are not fixed are said to be movable. Painlevé and his collaborators
found six equations whose solutions do not have movable singularities except poles.
They are known as the Painlevé transcendents and have a great variety of interesting
properties (see [13, pp. 294-298] or [24, pp. 375-377]).

On the other hand, Malmgquist investigated equations which possess meromorphic
solutions. With the aid of Nevanlinna theory, Yosida [26] generalized the theorem of
Malmquist, which is the starting point in this field.

THEOREM A (Malmquist-Yosida). Let R(z, w) be a rational function in z and w.
If the differential equation

(1.2) (W'Y =R(z, w)

possesses a transcendental meromorphic solution, then R(z, w) must be a polynomial in w
of degree at most 2p.

Then, several mathematicians treated the differential equations with the aid of
Nevanlinna theory, and many generalizations of this theorem have been obtained, for
example [7], [16]. In particular, equations of second order have been investigated in
[18], [21]-[23], [25]. Steinmetz [21] treated the equation

(1.3) w"=0Q(z, ww'+P(z,w),
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where Q(z, w) and P(z, w) are polynomials in w with rational coefficients. He proved the
following theorem of Malmquist-Yosida type.

THEOREM B (Steinmetz [21]). If the equation (1.3) possesses a transcendental
meromorphic solution w(z), then

(i) either w(z) satisfies an equation of Riccati type or

(i) deg,[Q(z, w)]<1 and deg,[P(z, w)] <3.

We note that, in the case (ii), the equation (1.3) takes the form

(1.4) W =(q1(2)w +qo(2))w' + pa(2W> + po2)W? +p1(Z)w + po(2) -

For binomial equation (1.2) of first order, possible types of the equations have
been settled completely by Steinmetz [19], Bank and Kaufmann [2] and He and Laine
[9]. As far as we know, there are few articles which determined the form of higher
order differential equations with meromorphic solutions.

In this note, we treat the differential equation (1.4) with meromorphic (maybe
transcendental) coefficients. We have two cases, according as p;(z)#0 or p;(z)=0. An
example of the first case is the Painlevé equation II: w” =2w3+zw+ C. As examples of
the second case, we know the Painlevé equation I: w”=6w?+z and the equation
w"” =3w2+4cw+c,, which is derived from the KdV equation.

We use standard notation in Nevanlinna theory [8], [14], [17]. Let f(z) be a
meromorphic function. As usual, m(r,f), and N(r,f), and T(r,f) denote the proximity
function, the counting function, and the characteristic function of f(z), respectively. For
ceCu{wo}, N(r, 1/(f—c))is written as N(r, c; f). Sometimes we write N(r, f) as N(r, o ; f).

DerINITIONS. (1) A function ¢(r), 0<r< oo, is said to be S(r,f) if there is a set
EcR* of finite linear measure such that ¢(r)=o(T(r,f)) as r— o0, with r¢ E (see, e.g.,
[20, p. 40]).

(ii) A meromorphic function a(z) is small with respect to f(z), if T(r, a)=S(r,f).

Below, .# ={a(z)} denotes a given finite collection of meromorphic functions.

(iii) A transcendental meromorphic function w(z) is admissible with respect to ./,
if T(r, a)=S(r, w) for any a(z)e 4.

(iv) Let Q(z, w,w’,...,w™) be a differential polynomial in w with meromorphic
coefficients and let .# be the collection of the coefficients of 2. A meromorphic solution
w(z) of the equation

Qz,w,w',...,w™=0,

is an admissible solution if w(z) is admissible with respect to .#.

(v) LetceCu{o0}, z,is a c-point of w(z) if w(z,) —c=0. Suppose a transcendental
meromorphic function w(z) is admissible with respect to .#. A c-point z, of w(z) is an
admissible c-point with respect to ./, if a(zy) #0, co for any a(z)e 4. Clearly, there are
admissible c-points of w(z), provided that N(r, c; w)#S(r, w).

(vi) Suppose N(r, c; w)#S(r, w), forace Cu{oo}. Let C1 be a property. We denote
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by n&,(r, c; w), the number of c-points in | z | < r which admit the property C1. N¥,(r, c; w)
is defined in the usual way. If

N(r, c; w)— N (r, c; w)=S(r, w),
then we say that almost all c-point admit the property Cl1.

ReEMARK 1.1. Suppose a transcendental meromorphic function w(z) is admissible
with respect to .. Let 5(z) be a rational function in members of .# and their derivatives.
Then we have T'(r, n) <K Zave 4T, a,)+S(r, w), for some K>0. Thus #5(z) is a small
function with respect to w(z). We denote by ny(r, c; w), the number of c-points z, of
w(z) in |z|<r such that n(z,)=0. NXr,c;w) is defined in the usual way. If
NX(r, c; w)#S(r, w), then n(z)=0. Further for an admissible solution w(z), we may assume
that N(r, w)=S(r, w) for some M > 0. If we suppose the contrary, then w(z) satisfies a
linear differential equation of first order (see [12, Lemma 37).

Now we turn to the equation (1.4) and consider the case p;(z) #0.
THEOREM 1.1. In the differential equation
(1.4) " =(q1(2W+ o)W’ + p3(2)W* + po(2)W? + p,(2)W + Po(2) »

suppose that the coefficients q,(2), 4o(2), p3(2), P2(2), p1(2) and py(z) are meromorphic and
p3(2)#0. Further, suppose that (1.4) possesses an admissible solution w(z).

When q,(z)#0, we have the following two possibilities:

(i) either w(2) satisfies the equation of first order

(1.5) c(z)w'? + B(z, w)w' + A(z, w)=0 ,

where c(z) is a small (with respect to w(z)) function and B(z, w), A(z,w) are poly-
nomials of w with small (with respect to w(z)) coefficients such that deg,[B(z, w)]<2,
deg,[A(z, w)] <4,

(i) or, by putting w=A,(2)u+ Ay(2), with small functions A{z), j=0,1, we can
transform (1.4) into one of the equations of the following two types: either
(1.6) W +3ud +uP=p,(2)u+po(z), or
(1.7) w +uu —ud = p(z)u? +3u)+ HZ)u+ S(2) ,
in which the coefficients p(z), H(z), S(z) satisfy the following relation:
1.7) A(z) :=2H(2)p(2) — H'(2) + 4 p(z)* — 6 p(2)p'(2) + p"'(2) = S(2) =0 .

When q,(z)=0, we have the following three possibilities:

(i") either w(z) satisfies an equation of the type (1.5),

(ii) or, by putting w=A,(2)u+Ay(z) with small functions Afz), j=0, 1, we can
transform (1.4) into

(1.8) u’=go(2 + pa(2)u* + py(2Ju+C,
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where C is a non-zero constant, and the coefficients satisfy the following relations (1.9)
and (1.10).

P3(2)
Pa(2)

(z)) (ps’(z> 1(133(2) )) (""(z))
1.10 —_— —
100 i) (ps() P50 2 \he ) )79 e

_<P3(2)> P3(z) 245 <I33(2) >4 + p§(2) _ 3p3(2)p5'(@) _
Pa(2) / Piz) 108 \ ps(2) 3P3(Z) 2p4(2)?

(iv) or, by putting A(2)W/w+Ao(z)=u with small functions i{z), j=0,1, (and
reiterating the transformation, if necessary) we obtain (1.8) with (1.9) and (1.10), or u(z)
satisfies an equation of the form (1.5).

(1.9) 2§o(2)+ =0,

’

Theorem 1.1 follows from Lemmas 3.1 and 3.2 below.

The equation (1.5) was investigated by Steinmetz [20] when coefficients are poly-
nomials and C(z)=1. He showed that if (1.5) possesses an admissible solution w(z),
then by a suitable transformation y = (a(z)w + b(2))/(c(z)w + d(z)) with rational coefficients,
(1.5) is transformed into either

0)?=di)(y—e)y—e)y—es),
or

' +b(2)y)? = a1 + &2)y)*

where d(z), b(z), &(z) are rational functions and ey, e,, e5 are constants.
For the equations (1.6), (1.7) and (1.8), we give the following remarks, (see [11,
pp. 317-355]).

REMARK 1.2. w(z)=e°*?*—z is a solution of the equation
w"” —a(zZw'—b(z)w=0,

where b(z)=(sin z+ 3 cos z sin z—sin> z)/(1 + zsin z) and a(z)= — zb(2).

u(z)=w'(z)/w(z)=(—1—e°**sin z)/(e°*** — z) is an admissible solution of the equa-
tion

' +3uu+ud=a(z)u+b(z) .

REMARK 1.3. Put p(z)=0, H(z)= —124(z), and S(z)=12q'(z), with q(z)=1/(z+ c)?
(c constant) in (1.7'). Then 4(z)=0 and q(z) is a solution of the following differential
equation
(1.11) f'=6f7.

The Weierstrass (z) function which is a solution of w2 =4w? + C (C nonzero constant)
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satisfies the equation (1.11). U(z) : =(p'(2) — q'(2))/(¢(2) — q(z)) satisfies an equation of the
type (1.7)
(1.12) u’ +uu —ud=—12q(z)u+12q'(z) .

Since we have T'(r,q)=S(r, U), the equation (1.12) possesses an admissible

solution U(z2).

ReEMARK 1.4. If §o(z)=0 in (1.8), then by (1.9) and (1.10), js(z) is constant and
pi(z) is linear. Thus by a suitable transformation w=au and z=a;t+a,, (1.8) is
transformed into the Painlevé equation II, where g, a,, a, are constants.

Secondly we consider the case p;(z)=0 in (1.4).

THEOREM 1.2. Suppose p,(z)=0 in (1.4) and that the differential equation (1.4)
possesses an admissible solution w(z). Then we have the following three possibilities:

(1) either w(z) satisfies the first order differential equation (1.5),

(i) or, u(z)=A,(z)W(2) + Ao(2), with small functions A{z), j=0, 1, satisfies the follow-
ing type of equation
(1.13) u’' =q(z)u +6u’+p(z) ,
where the coefficients satisfy the following relations (1.14) and (1.15)
(1.14) T +4(2)T=0, T(2)#0,
(1.15) T(z)=15000p(z)q(z) — 18750 p'(z) + 364(z)° — 9004(z)3q'(z) + 20004(z)*q" ()

+2500q(z)q'(z)> — 1875q(2)q""(z) — 3125q"(2)q"'(z) + 625¢““(2) ,

(iii) or, u(z)=n(Z)w +ny(2)W* +1,(2)w +1no(2), with n(z), n(2), n1(z), No(2) are small

(with respect to w(z)) functions, satisfies a first order linear equation.

Theorem 1.2 follows from Lemmas 3.3 and 3.4 below.

ReEMARK 1.5. In (1.13), suppose ¢(z) is entire and there exists a positive number
K such that

(1.16) T(r, p) = KTr, 9)+8(r, q) .

Then both of the conditions (1.14) and (1.15) do not hold. Hence the inequality (1.16)
does not hold for the case (ii) when ¢(z) is entire.

If g(z)=0 in (1.13), then by (1.14) T(z) is constant. By (1.15) p'(z) is also constant,
which implies that (1.13) is the Painlevé equation I.

2. Dominant behavior. To investigate the dominant behavior of an admissible
solution in a sufficiently small neighbourhood of the pole, we use the basic Test-Power
test (see [10, pp. 87-96]). This is very effective in the case of movable singularities but
can be used also for fixed singularities, at least for the purpose of orientation. The
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simple idea is that, if the differential equation, for example (1.4), has an admissible
solution w(z) which has an admissible pole z,, and at z,

__R o) w-1)
w(z)= " +0(z—z,) , R,#0,
then for special values of u, two or more terms in (1.4) may balance (the number of
the balancing terms depends on the values of u and R,). The balancing terms are called
leading terms (see [1, pp. 717-718]).

We look for the next highest order term in the Laurent series of an admissible
solution. From the given differential equation, the coefficients of the Laurent series in
a neighbourhood of an admissible pole z, may not be represented by small functions.
In some cases, the Laurent series contains arbitrary coefficients called resonances. The
series containing resonances are called resonant series (see [1, pp. 718-720] or [15,
pp. 334-340]). For example, the expansion of the transcendent of the Painlevé equation
IL w' =2w3+zw+a
oa+1

— 2 (2—z9)-

(z—zo)* +h(z—zo)*+ - -,
z—zq 6

w(z)=

at an admissible pole z, has an arbitrary constant A.
Theorem 1.1 follows from the ideas contained in the following Lemma C. This
kind of ideas is used in many papers, for example [6].

LemMma C (cf. [21], [22]). Let w=w(z) be a transcendental meromorphic function
such that m(r, w)+ N ,(r, w)= S(r, w). Suppose that for almost all poles z, there exist small
(with respect to w(z)) functions R(z) and a(z) such that w(z) is written near z, as

R
w(z) = CO) L ozg)+ Ofz—20)

0

Then w(z) satisfies an equation of Riccati type
w=a(zw?+b(z)w+c(z),  a(z)#0,
where a(z), b(z) and c(z) are small functions with respect to w(z).

Before stating our lemmas, we fix notation and recall some propositions. Let f(z)
be a transcendental meromorphic function and let R(z) and a(z) be small functions with
respect to f(z). Let z, be a simple pole of f(z). We say that z, is representable in the
first sense by R(z) and a(z), if

R(zo)
) =—"2 4 az0) + 0z — o) ,

0

in a neighbourhood of z,. For the sake of simplicity, we call such a simple pole an
S1-pole. Lemma C means that if almost all poles of w(z) are S1-poles and m(r, w)=S(r, w),
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then w(z) satisfies an equation of Riccati type.
For the definition of S2-pole, we introduce the following further material. Let 4,, 4,
be complex constants and let L be a set of linear transformations of a quantity R,

_ LR+1,
" LR+I,

@.1) L=Luhlo,={L 12— 2ylyle+Agl2#0, e C, j=1,2,3, 4}.

We define an equivalence relation ~ in L by
L=(a;R+a,)/(a3R+a,)~M=(b;R+b,)/(bsR+b,)€eL,
if

2.2 {20(a1b3_b103)=02b4—b2a4 ,

ll(alb3—b1a3)=a1b4—b1a4+02b3—a3b2 .
ProrosiTiION D. (i) If L=(a;R+a,)/(a3R+a,)eL, then L~L*=A,R+A4,,
where

4= —a,az+aa, 4 _Aoajaz—Aa,ay+asa,
1= s 2= .
Aoa§-11a3a4+ai

loag - /11(13a4 + aﬁ

(i) If L=a;R+a,~M=b,R+b,, then a,=b, and a,=b,.

By Proposition D, we can take, for each equivalent class in L, a unique representative
which is an entire linear transformation. We denote by L*=L*(4,, 4,) the set of all
such representatives. We define aL +bM and LM as follows: For a,be C, L=a,R+a,,
M=bR+b,eL*,

2.3) aL+bM=(aa,+bb,)R+aa,+bb, ,
(2.4) LM=(a1b2 +azb1_llalbl)R'f'(azbz_loalbl) .
Let L=a,R+a,, M=b,R+b, be two elements of L*. We say that L and M are

independent, if a,b, —a,b, #0.
We can easily obtain the following propositions:

PrOPOSITION E. Let L and M be elements of L*. If L and M are independent,
then for any N e L*, there exist t,, T, such that N=t,L+1,M.

PROPOSITION F. Let L and M be elements of L*. If L and M are independent, then
for any N=aR+be L* with Aya*>—1,ab+b*#0, NL and NM are also independent.

Let f(z) be a transcendental meromorphic function. Let all functions a,(z), ..., a,(z),
B1(2), ..., Ba(2), 71(2), - - -, V4(2), 2,(2), Ao(2) be small functions with respect to f(z) satisfying
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A(2) :=24(2)* - 44o(2) £0,

8(z2) : =04(2)* — A1(2)t3(2)0ta(2) + Ao(2)rs(2)> £,
B(2) :=Ba2)* — A1 (2)B3(2)Ba(2) + Ao(2)B3(2)* £0 ,
7(z) :=74(2)* — 21(2)3(2)74(2) + Ao(2)y3(2)* £0 .

Let z, be a simple pole of f(z). We say that z, is representable in the second sense by
dl(Z), LERE] a4(z), ﬁl(z)9 LERE] ﬂ4(2), yl(z)9 LEEE] )’4(2), '11(2) and "{O(z)a lf

(2.5)

(2.6) flz)= +o+ Bz —2zo)+Y(z—20)* +8(z —20)> + O(z — zo)*

Z_Zo

in a neighbourhood of z,, and

2.7 R2+2,(zo)R+ Ao(20) =0, A(zo) #0,
2.8) a= a3 (2o)R+a5(20) _ B1(z0)R+ B1(20) y= 71(20)R+72(20)
o3(z0) R+a4(20) Bs(zo)R+Ba(zo) ~ * 73o)R+74(z0)

&(zo) #0, [7(20);60 , (z0) #0 .

For the sake of brevity, we call such a simple pole an S2-pole.
In addition to the condition (2.5), let §,(2), ..., d,(z) be small functions with respect
to w(z) so that

2.9 8(2) : = 64(2)* — 41(2)83(2)4(2) + Ao(2)85(2)* £0 .

Let z, be a simple pole of f(z). We say that z, is strongly representable in the second

sense by a,(2), ..., a4(2), 1(2), ..., Ba(2), 71(2), - .., V4(2), 6,1(2), . .., 84(2), A1(2) and Ay(2), if

f(z) is written as in (2.6), R satisfies (2.7), and «, f8, y, are represented as in (2.8), and

5= 01(20)R+0,(z0) ,
03(20)R+94(20)

For the sake of brevity, we call such a simple pole an SS2-pole.

Let z, be a pole of f(z) such that A(z,) #0. We denote by L(z,) the set of linear
transformations of R as in (2.1):

(2.10) 5(z0) #0 .

, Li(zo)R+1,(z0)
2.1 L(Zo)=L(;.1(z), xo(z))(zo)={L_ 10 chale

=——" 27 |l(2),j=1,2,3,4
Iy(zo)R+14(20) |’

small for f(z), with 1,(z0)> — 4,(20)/3(20)a(20) + Ao(z0)l3(20)* # 0} .

Let R, and R, be the roots of (2.7) for a fixed z,. Since A(z,) #0, we have R; # R,.
By simple calculation, L=(a;(zo)R+a,(20))/(a3(20) R+ a4(z0)), M=(b,(z0)R+b,(2,))/
(b3(z0)R+b4(20)) € L(zo), satisfying Lig_g, =M g-g, j=1,2 if and only if
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4o(20)(@1(20)b3(20) — b1(z0)a3(20)) = a2(20)b4(z0) — b1(20)as(zo)
2.2) 41(20)(a1(20)b3(z0) — b1(20)a3(20)) = a1(20)b4(z0) — b1(20)as(zo)
+a5(20)b3(z0) — a3(20)b,(2o) -
Hence, the following (A) and (B) are equivalent to each other:

(A) L,MeL(zy), L~ M,

(B) L, MelL(zy), L=M under the condition (2.7).

The conditions in (2.5) imply a, f, y € L(z,), while (2.9) implies é € L(z,). In other
words, the conditions (2.5) and (2.9) are the criteria for a, #, y and é to be resonances
or not.

By Proposition D, for any Le L(z,), we have a unique entire form L* e L*(z,) such
that L g-g,=Lfr=g,, j=1,2. From now on, under the condition (2.7), we write
L=(a,(zo)R+ ay(zy))/(as(zo) R+ a4(zy)), in the form A,(zo)R+ A,(z,), where A4,(z) and
A,(2) are defined as in Proposition D, (i).

We can ascertain that the operations (2.3) and (2.4) in L*(z,) are well defined
under the condition (2.7). Hence Propositions E and F hold for the elements of L*(z,).

Let [R] be a root of (2.7) for a fixed z,, where 4,(z,)? —44(z,) #0. We denote by
[L]*(z,) the set of values of the elements of L*(z,) for R=[R].

The following lemma will be proved in Section 4.

LEMMA 2.1. Let w(z) be a transcendental meromorphic function and let o,(2), ...,

04(2), B1(2),-..5 Ba(2), V1(2); .. -s Ya(2), 01(2), ..., 04(2), A,(2) and Ay(z) be small functions
with respect to w(z). We denote by n,,(r, w) and n s, (r, w) the numbers of the S2-poles
of W(z) and the SS2-poles in | z|<r, respectively. N ,\(r, w) and N ;ss,:(r, w) are defined
in terms of ns,y(r, w) and n ss,(r, w) in the usual way, respectively. If

2.11) m(r, w)+(N(r, w) — N (s55(r, w)) =S(r, ),

then either w(z) satisfies an equation of the form (1.4), or w(z) satisfies an equation of the
form (1.5).
Further if

(2.12) m(r, w)+(N(r, w) — N (ss2,(r, W) =S(r, w) ,

then w(z) satisfies an equation of the form (1.5).

3. Some lemmas. We make use of the following results. Lemma G, due to
Clunie, and Lemma H are applicable to the estimation of the proximity function of
differential polynomials.

LemMa G (cf. [3], [8]). Let Q(z,f) and Q*(z,f) be differential polynomials of a
transcendental meromorphic function f(z), having coefficients a;(z) and a¥(z). Suppose that

m(r, a;) = S(r,f) and m(r, ai)=S(r,f). If deg;[Q(z, /)] <n and ["(2)Q*(z, /(2)) = 0z, f (2)),
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then
m(r, Q*)=S(r,f),
where Q*(z) = Q*(z, f(2)).

LeMMA H (cf. [4]). Let w(z) be a transcendental meromorphic function and
Qz,w,w,...,w") be a differential polynomial with small (with respect to w(z))
meromorphic coefficients. Then

wo [0z, wyw', ..., wO)Im(r, w)+S(r, w),

where Q(z)=Q(z, w(z), W(2), ..., w(2)).

m(r, Q) S degw, w’

.....

Eremenko proved the following result that is a generalization of the Malmquist-
Yosida theorem for a first order algebraic differential equation.

LEMMA I (cf. [5]). Suppose the following differential equation possesses an ad-
missible solution w(z)

3.1 Qulz, WW*+ Qi 1z, W™ T -+ Qo(z, W) =0, k21,

where Q;(z, w), j=0, 1, ..., k are polynomials in w with meromorphic coefficients. If (3.1)
is an irreducible polynomial in w and w', then

(3.2) deg,[Qu(z,w)]=0 and deg,[Qfz, w)]<2k—j), j=0,1,...,k—1.
For the case p;(z)#0 in (1.4), we show the following Lemmas 3.1 and 3.2.

LeMMA 3.1. Suppose p;(z2)#£0 in (1.4) and that the equation (1.4) possesses an
admissible solution w(z). Suppose further that

(3.3) 9ps(2)+4,(z)*#0 and pi(z)—q,(2)*#0.

If q,(2)#0, then w(z) satisfies an equation of the form (1.5).

If q,(z)=0, then either:

(1) by a suitable transformation w=2,(z)u+ Ay(z), (1 4) is transformed into the
equation (1.8) with (1.9), (1.10), or

(ii) by a suitable transformation A,(z)W' /w+ Ao(z) =u, (and repetition if necessary)
(1.4) is transformed into the equation (1.8) with (1.9), (1.10), or u(z) satisfies an equation
of the form (1.5).

LEMMA 3.2. Suppose p3(2)#0 in (1.4) and that the equation (1.4) possesses an
admissible solution w(z). Suppose further that

(34 IP3(2)+4:(2*=0 or psy(z)—q,(2)°=

Then by a suitable transformation w=A4,(z)u+ Ay(z), u(z) satisfies a Riccati equation or
(1.4) is transformed into the equation (1.6) or (1.7), respectively.
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Lemmas 3.1 and 3.2 together imply Theorem 1.1. For the case p;(z)=0in (1.4), we
show the following Lemmas 3.3 and 3.4.

LeEMMA 3.3. Suppose p;(z)=0, q,(z)#0 in (1.4) and the equation (1.4) possesses an
admissible solution w(z). Then by u=n(z)W +n,(z)w* +n(2)w +no(2), (1.4) is transformed
into a linear equation of first order.

LEMMA 3.4. Suppose p3(z2)=0, q,(z2)=0 in (1.4) and the equation (1.4) possesses an
admissible solution w(z). Then by w=A,(2)u+ A¢(2), (1.4) is transformed into the equations
(1.13) with (1.14), (1.15), or u(2) satisfies an equation of the form (1.5).

Lemmas 3.3 and 3.4 together imply Theorem 1.2.

4. Proof of Lemma 2.1. Let z, be an admissible pole of w(z) and write w(z) in
a neighbourhood of z, as

@) WO= ot a+fe—z) =20+ 020+ 0= 0)*
<40

If z,, is an S2-pole of w(z), then by definition, we may suppose that a, B, ye [L]*(z,).
Thus by simple calculation under the operations (2.3) and (2.4), the coefficients of the
principle parts of the Laurent expansions of the functions w(z)?, w(z)?, w(z)*, w'(z),
w(z)%, W(z)W(z), w(z)*Ww'(z) and w”(z) belong to [L]*(z,).

Further if z, is an SS2-pole of w(z), then in addition to the above functions w(z)?
etc., the coefficients of the principal parts of the Laurent expansions near z, of the
functions w(z)*, w(z)*w'(z), and w(z)w'(z)? also belong to [L]*(z,).

If 29(z)=0, then R= —1,(z,) by (2.7). Thus from (2.8), « is written in terms of
small functions. Hence by (2.11) (or (2.12)) and Lemma C, w(z) satisfies a Riccati equa-
tion. Therefore we may suppose that Ay(z)#0 and Ay(z,) #0. Thus R? (= —A(zo)R—
Ao(20)) and R are independent. Hence by Proposition F, R"*! and R" (n=1,2,3,..))
are independent.

First we treat the case where w(z) satisfies the condition (2.11). Let F(z) be a
meromorphic function which satisfies the following two conditions:

(42) m(r,F)+(IV(r,F)—]V(r,w))=S(r,w),
and in a neighbourhood of an admissible pole z, of w(z),
L L L
@43) Fl=—2+—2 4+ 531 40(1), L, Ly, Ly €[L]*(zo).

(2—20)3 (2—20)2 Z—2Zp

By Proposition E, there exist small functions #,(z) and 7,(z) with respect to w(z),
so that

L L
L+ 21 4 0(1), Ly, Ly €[L]*(20) s

D,,(z, w(z), w'(z))= (z _220)2 zZ—2z,
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where
(4.4) D, (z, w, w)=F(2)+n,2)ww +n,(z)w> .
Put D,,(z, w, W, w')=w3—1,(z)wwW +(d(z)/2)w". Then
Dase WA W@) =2+ 2L 0(1), Ly, Lyg e [L1%(o).

(z—20* z—2

By Proposition E, there exist v, ,(z), v;,(2), v,;(z) and v,,(z), which are small functions
with respect to w(z) such that

Ly,
Dyy(z, W2), w'(2)=—--+0(1), Ly,€[L]*(z0),

o
where
4.5) Di1(z, w, w)=D,(z, w, w)+ v, (2W + v ,(2w?,
and
Dy,(z, w(z), w'(2), w”(z))=—L_12LO+ o), Ly,e[L]*(z),
where

D (z,w,w,W")=D,,(z, w, W', w’')+v,, (2w + v22(z)w2 .

By Proposition E, there exist k,(z), x,(z) and x5(z), with |k, |+|k,|#0, which are
small functions with respect to w(z), so that if we put

D(z, w, w', w')=K,(2)D,,(z, w, W) +K,(2)D;,(z, w, w', W)+ K5(z)W,

then &(z)=P(z, w(z), w'(z), w"(z)) is regular at z,. Thus by (2.11) and (4.2), we have
N(r, @)= S(r, w). By (2.11), (4.2) and Lemma H, we have m(r, &)= S(r, w). Hence &(z) is
a small function with respect to w(z).

Put Fy(z, w, w)=w*—A,(z)W'w? + Ao(z)w'%. Then F,(z) = F,(z, w(z), w'(z)) satisfies the
conditions (4.2) and (4.3), which imply that w(z) satisfies a differential equation of the
form

(4.6) u(z)w” =c(z)w'? + B(z, w)w' + A(z, w) ,

where B(z, w) and A(z, w) are polynomials in w, and their coefficients and c(z), u(z) are
small functions with respect to w(z).

Put F,(z,w,w)=2w'2—w"w. Then F,(z)=F,(z, w(z), w'(z)) also satisfies the
conditions (4.2) and (4.3), which imply that w(z) satisfies a differential equation of the
form

4.7 (oW +1(2)w" =0a(2)w'? + B(z, ww' + A(z, w) ,
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where B(z, w) and A(z, w) are polynomials in w, and their coefficients and a(z), 7(z) are
small functions with respect to w(z).

From (4.6) and (4.7), if a(z) #0, then w(z) satisfies a first order differential equation
of the form

4.8) Py(z, ww'2+ P(z, w)w’ + Po(z, w) =0,

where Pj(z, w), j=1, 2, 3, are polynomials in w, and their coefficients are small functions
with respect to w(z). Thus by Lemma I, w(z) satisfies a differential equation of the form
(1.5).

If 6(z)=0, then from (4.7), w(z) satisfies an equation of the form (1.4).

Secondly we treat the case where w(z) satisfies the condition (2.12). Put G(z, w, w')=
w3 — A, (2)w'w3 + Ag(z2)w'*w(z). Then
L4 L43 L42 L41

2o emzof Gz | z—zg O

Ly, Lys, Lyy, Ly €[L]*(20) -

Ga(z, W(2), w'(2))=

By Proposition E, there exist p,(z) and p,(z), which are small functions with respect
to w(z), such that

L L, I o
o e e TOW L Laa Ly [LT°Go) .
4o 4o <o

G3(29 W(Z)a WI(Z))=

where
Gi(z, w, W) =Gy(z, w, W)+ p,(2IW>w’ + py(2)w* .

Since Gs(z, w(z), w'(z)) satisfies the condition (4.2) and (4.3), put F(z)=
G5(z, w(z), w'(2)) in (4.4) and (4.5). Then

~

5MMMMMF;1%QD,EﬁUNM,

where
D~1 1z, w, w)=Gs(z, w, w) 4175, (2)ww’ + '722(2)“’3 +V(2w' + ‘712(2)“72 .

Put F(z)=F,(z, w(z), w'(z)) in (4.4) and (4.5). Then

A

m@wwww=;%+mn,a@uwm,
— 40

where
ﬁl 1(z, w, w)=Fy(z, w, W)+ 15, (2)WW’ +1,,(2)W> + 3,1 (2)W + 9 5(2)w? .

By Proposition E, there exist &,(z), K,(z) and K;(z), with | &, |+|&,|#0, which are
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small functions with respect to w(z), such that if we put
‘5(2, w, w')= ’51(2)51 1z, w, w)+ ’ez(z)DAl 1z, w, w)+R5(2)w,

then &(z) = &(z, w(z), w'(2)) is regular at z,. Thus by (4.2) and (2.12), we have N(r, #)=
S(r, w). By (4.2), (2.12) and Lemma H, we have m(r, )= S(r, w). Hence &(z) is a small
function with respect to w(z). Hence w(z) satisfies an equation of first order of the
form (4.8). Thus by Lemma I, w(z) satisfies a differential equation of the form (1.5).

|

5. Proof of Lemma 3.1. Without loss of generality, we may assume that p,(z)=0
and py(z) is constant in (1.4) (if necessary put w=v,(2)u+vy(z), where vo= —p,/3ps,
vi=—Vg+(q1Vo+qo)Vo+P3Va+P2vE+P1ve+ Do) Since py(z) 0, by Lemma G, we have
m(r, w)= S(r, w). Hence there exist infinitely many admissible poles. For a meromor-
phic function g(z), we define w(z,, g) as follows: if z, is a pole of order u (>1) for g(z),
then w(z,, g)=u; if g(zy) # 0, then w(z,, g)=0. We look at the leading terms of (1.4)
using the Test-Power test. Let z, be an admissible pole and put w(z,, w)=u. Then
(zg, W) =pu+2, 0(zg, ww')=2u+1, and w(zg, w3)=3u. If u>2, then p+2<2u+1<
3u, hence no terms balance for u=>2. When p=1, we have u+2=2u+1=3u. Thus
every admissible pole must be a simple pole and the leading terms are w”, ww’ and w3.
Hence we get

5.1 m(r, w)+ N,(r, w)=S(r, w) .

Write w(z) near an admissible pole z, as

5.2 wi)= ta+P(z—zo)+9(z—20)> +0(z—20)> + O(z—2z0)*, R#O0.

0

We investigate whether a, f, y and J are written in terms of linear transformations of
R with small (with respect to w(z)) functions as coefficients, that is, whether almost all
admissible poles are S2-poles or SS2-poles. From (1.4) and (5.2),

(5.3) P3(20)R*—q4(z9)R—2=0,

(54) (3p3(20)R—q,(z0))a=P(R; zo) ,

(5.5) 6p3(20)RB=Py(R, &; 2) ,

(5.6) 6(3p3(20)R*+¢4(z0)R—2)y=P3(R, o, B; zo) ,
(5.7 (3P3(20)R*—24;(z0)R—6)0=P(R, a, B, 7; 2o) ,

where P;(+; zo) (j=1, 2, 3, 4) are polynomials in the corresponding arguments and the
coefficients are values at z, of small (with respect to w(z)) functions.

If A(2) :=(4:(2)/p5(2))* +8/p3(2) =0, then ¢,(2)#£0 and R= —4/g,(z,) by (5.3). Thus
with (5.4), z, is an S1-pole of w(z). Thus by (5.1) and Lemma C, w(z) satisfies a Riccati



SECOND ORDER DIFFERENTIAL EQUATIONS 319

equation.

Hence, we have to consider merely the case A(z)#0. Since A(z) is a small function
with respect to w(z), we may suppose that A(z,)#0.

We show that for almost all admissible poles z, of w(z), ae[L]*(z,) under the
condition (5.3), (5.4) and 9p,(z)+q,(z)>#0. We denote by 7*(r,f) the number of the
admissible simple poles z; of w(z) in |z|<r each counted only once, so that

3P3(21)Rz=z, —q:(z)=0.

N*(r, w)is defined in terms of 77*(r, w) in the usual way. We have N*(r, w)= S(r, w), which
is shown as follows: Put @,(z)=9ps(z) +¢,(z)* (#£0). If 3p;(z,)R,-,, —q;(z,)=0, then
by (5.3) @4(z1) =9p3(21) +44(2,)* =0. Thus

N*(rs w)§N(r, 0’ (P1)§ T(r’ (p1)+S(r> W)§S(r’ W) .

Hence for almost all admissible poles z, of w(z), by (5.4), (5.3), Remark 1.1 and
Proposition D,

a=P,(R; 20)/(3p3(z0)R—q1(20)) = A1(20) R+ A5(20) e [L]*(20) ,

where A4,(z), j=1, 2, are small functions with respect to w(z).

Since R#0 and pj(zo) #0, from (5.3)~(5.5), B is written by means of linear
transformation of R with small (with respect to w(z)) functions as coefficients. Hence,
for almost all admissible poles z, of w(z), f=B,(z,)R+ B,(zo) € [L]1*(zo), where B;(z),
j=1, 2, are small functions with respect to w(z).

Similarly to the proof of a e [L]*(z,), for almost all admissible poles z, of w(z), we
have y = C,(zo) R+ C,(zo) € [L]*(z,) by the conditions (5.3), (5.6) and p,(z) —q,(2)* #0,
where C;(z), j=1, 2, are small functions with respect to w(z).

By (5.3), the left-hand side of (5.7) is 3q,(zo)d. Thus if ¢,(z) £ 0, then from (5.3)—(5.7),
almost all poles of w(z) are SS2-poles, hence

(5.8) N(r, w)— N 5525, w)=S(r, w) .

Thus by (5.1), (5.8) and Lemma 2.1, w(z) satisfies an equation of the form (1.5).

It remains to consider the case ¢,(z)=0. From (5.7), we have P,(R, a, B, y; 2o)=0
for almost all admissible poles z,. From (5.3)—(5.7), eliminating o, f8, v, and R" (n=2),
we obtain

(5.9) 01(20)R+d¢(20)=0,
where J,(z) and J(z) are small functions with respect to w(z). In fact,
(5.10) 81(z)= —27pops(2)*(2Ps(2)q0(2) + P3(2)) -

We denote by 7} (r, f) the number of admissible poles z, of w(z) in | z| <r each counted
only once so that z, satisfies 6,(zo)=0. N}(r,f) is defined in the usual way.
I. When Nj(r, w)=S(r, w), by Remark 1.1 for all admissible poles z,, R,_,, is
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written in terms of small (with respect to w(z)) functions directly, and by (5.4), a is also
written in terms of small (with respect to w(z)) functions directly. Hence almost all
admissible poles of w(z) are S1-poles. Thus by Lemma C, w(z) satisfies a Riccati equation.
II. When Nj(r,w)#S(r,w), we have d,(z)=0 by Remark 1.1. Thus by (5.9)
do(z0) =0 for almost all admissible pole z,. Hence, by Remark 1.1 §,(z)=0.
(i) First we treat the case p,#0 in (1.4). From (5.10) we obtain (1.9).
From (5.3)«(5.7), we can calculate d,(z) as
(5.11) d0(2) =36, (2)p3(2)*90(2)* — 36 p1(2)P3(2)*90(2) + 72 1(2)P3(2)*P'3(2)90(2) »
—36p1(2)p3(2)°P3(2) + 72 p1(2)p3(2)*P5(2)* — 90p'y(2)P3(2)* 9o(2)
—90p'(2)p3(2)*p3(2) + 54p71(2)p3(2)* + 8 p3(2)*qo(2)*
—60p3(2)*q0(2)*qo(2) + 54p3(2)* 0(2)q5(2) + 36 p3(2)* go(2)*
—18p3(2)*q0'(2) + 14p3(2)*P3(2)90(2)° — 57p3(2)°P'3(2)40(2)q0(2)
+27p3(2)°p'3(2)q0(2) + 3 p3(2)°P3(2)90(2)* — 18 3(2)*P3 (2)q0(2)
+9p3(2)°p§(2) — 6p3(2)*P3(2)*q5(2) + 78 p3(2)*P3(2)P5(2)40(2)
—54p3(2)°p3(2)p75 (2) — 36 p3(2)°p3(2)* — 64 p3(2)p’s(2)*qo(2)
+192p5(2)p3(2)*p3(2) — 112p5(2)° .
From (1.9) and d4(z) =0, and by elementary but tedious calculation, we obtain (1.10).
(i) Secondly we treat the case p,=0 in (1.4).
(5.12) w” =qo(z)W +p32)W3 +p,(2)w .
By a suitable transformation u=a(z)w’/w+ b(z) in (5.12) we have
(5.13) u” =q(zyu’ +2u3+p(2)u+pi(2),

where a(z), b(z), q(z), p(z) and p¥(z) are small functions with respect to w(z).
If p¥(z)#0, then this case reduces to the case (i). Here we assume that p¥(z)=0 in
(5.13). Put u; =u’/u—q(z)/3 in (5.13). Then

(5.14) v =q(z)v} +2v3 + P,(z)v, + D,(2) ,
where
PO=40)— 2 @~ 200),
(5.15) )
Dy(2)= > (99"(2)—184(2)q'(2) — 27 p'(2) + 44(2)> + 18 p(2)q(2)) -
Put g(z)= —3f(z)/2 in (5.15). Then
(5.16) Dy(2)=f"(2)+ 31 (2)f(2) +/(2)* + 2p(2)f(2) + 2p'(2) -
When D,(z)#0, the case reduces to the case (i). When D,(z) =0, putting v, =v', /v, —q(z)/3
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in (1.14) we have

(5.17) vy =q(z)v’y+ 203 + P,(2)v, + D,(2),
where
(5.18) Dy(2)=2f"(2)+ 121"(2)f(2)+ 5/(2)* + 2p(2)f(z) + 2p'(2) .

If D,(z) #0, then the case reduces to the case (i). Otherwise we iterate the transformation
v3=03/v,—q(2)/3.

(5.19) vy =q(2)v’y + 203+ P3(2)v3+ D3(2)
where
9 5
(5.20) Diy(2)=f"(z)+ If "(2)f(2)+ ~8~f (2 +2p(2)f(2)+2p'(2) -

If D4(z)#0, then it reduces to the case (i). Thus we have to treat the case
D,(z)=D,(z)=D5(z)=0. From (5.16), (5.18) and (5.20), we have f"(z)+ f(z)*/2=0. Thus
f(z2)=0 or f(z)=2/(z—c), where ¢ is a constant. If f(z)=0, then g(z)=0 and p'(z)=0.
Thus (5.13) reduces to the Painlevé equation II. If f(z)=2/(z—c), then by (5.16)
p(z)=d/(z—c)* with d constant. Hence (5.13) is of the form

-3 d

5.21 u’'= u'+2ud+
(5:21) z—¢ (z—c)?

u.

Put u=i/(z—c), z=c+e', Ult)=ii(c+¢') in (5.21). Then
(5.22) U'=2U%+(1+d)U.

Thus, integrating the equation (5.22), we see that U(z) satisfies and equation of the form

(1.5). [ |
6. Proof of Lemma 3.2. First we consider the case 9p;(z)+¢,(z)>=0 in (1.4).

Put w= —3u/q,(2) —24'(2)/9,(2)* — qo(2)/q:(2). Then

(6.1) m(r, u)+ N, (r, u)=S(r, u)

(6.2) u’ +3u'u+ud=p,2u+p,2u+poz),

where p,(z), p,(z), Po(z) are rational functions in the coefficients of (1.4) and their
derivatives.
Let z, be an admissible pole of u(z). Write it in a neighbourhood of z, as

u(z)= +a+0(z—zp) .

Z_ZO

From (6.2) we get
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6.3) R*-3R+2=0, hence R=1lor2.
6.4) 3(R—Da=p,(zo)R .

We denote by 7,(r, u) the number of poles z; of u(z) each counted only once such that
R,_, =1, and N,(r, u) is defined in the usual way.

If N(r, u)# S(r, u), then by Remark 1.1, we have f,(z)=0, which implies that (6.2)
is of the form (1.6).

If N (r, u)=S(r, u), then by (6.3), (6.4) and Remark 1.1, R=2 and a=2p,(z4)/3, for
almost all admissible poles z,, which implies that almost all admissible poles are S1-poles.
Thus by (6.1) and Lemma C, u(z) satisfies a Riccati equation.

Secondly we treat the case p;(z)—q,(z)>=0 in (1.4). Put w= —q,(z)v—(5¢(z) +
P2(2))/641(2)* —390(2)/29,(z). Then
(6.5) m(r, v)+ N,(r, v)=S(r, v),

(6.6) v +v'v—v3=p2)v?+30)+ Hz)v+ S(),

where p(z), H(z), S(z) are rational functions in the coefficients of (1.4) and their deriva-
tives.
Let z, be an admissible pole of v(z). Write it in a neighbourhood of z, as

v(z)= - +o+Bz—2z0) +9(z—20) + Oz —20)* .
From (6.6)
6.7) R*+R—-2=0, hence R=1or —2,
(6.8) (BR+ 1= —p(zo)R+3p(z,) »
6.9) 6RB= — 60> —6ap(zo) — 2H(zo) — 35/ (zo) R—4p(2,) ,
(6.10) 6(3R>*—R—-2)y=Ps(R, , B; zo) ,

where Pg(R, o, B; zo) is a polynomial in R, o, f with small coefficients. We denote by
n,(r, v) the number of poles z; of v(z) each counted only once such that R,_, =1 and
N.(r, u) is defined in the usual way. If R=1 at z=z,, then from (6.7)—(6.10) eliminating
R, o and f successively, we have A(z,)=0, where A4(z) is defined as in Theorem 1.1
which is a small function with respect to v(z).

When N ,(r, u) # S(r, u), by Remark 1.1 4(z)=0, which implies that (6.6) is of the type
(1.7).

When Ny(r, u)=S(r, u), by (6.7), (6.8) and Remark 1.1, for almost all admissible
poles z,, R=—2 and a= —p(z,), which implies that almost all admissible poles are
S1-poles. Thus by (6.1) and Lemma C, v(z) satisfies a Riccati equation. [ ]
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7. Proof of Lemma 3.3. In (1.4) put w=2v/q,(z)+(2/9,(z)) —qo(2)/g:(z) . Then
(7.1) 0" =200"+po(2)v* + P (2)0 + Pol2) = (20" + Po(2)0)v + Py (2)v + Po(2) ,

where p,(z), p,(z) and py(z) are rational functions in the coefficients of (1.4) and their
derivatives. Put 2v’ + p,(z)v=(z). Then by Lemma G, m(r, ¢) = S(r, v).

If N(r, v)=S(r, v), then we have T(r, ¢)=S(r, v). Thus, ¢(z) is a smail (with respect
to v(z)) function, which implies that v(z) satisfies a linear equation of first order.

We treat the case N(r, v)# S(r, v). We may assume that there exists an admissible
pole z, of v by Remark 1.1. Put w(z,, v)=pu. The leading terms of (7.1) are v” and 2vv’,
and u=1. Hence we may write v(z) near z, as
(7.2) (z)= R +a+ B(z—zo)+O0(z—2z)?, R+#0.

z—2z,

From (7.1) and (7.2)

(7.3) R+1=0, 2a—py(20)R=0, 20p,(z¢)+p%(z0)R+P1(20)=0.
Thus, from (7.3), py(z0)? + Pa(z0) — P1(z0) =0. By Remark 1.1, we have
(7.4) Pa2)* +px2)—py(2)=0.

Put in (7.1) u=(v— p,(2)/2) —(v—p,(z)/2)*. Then by (7.4)

37

p5(2) _ 132(2)3
2 4

b

u'+ p,(z)u=po(z) +
which implies that w(z) satisfies a linear equation of first order. ]

8. Proofof Lemma 3.4. Since q,(z)=0, if p,(z)=0, then (1.4) is a linear differential
equation. Thus we may assume that p,(z)#0. Put in (1.4) w=6u/p,(z)+{(1/ps(2))' —
q0(2)(1/p2(2)) — P1(2)/p(2)}. Then

8.1 u’ =q(z)u’ +6u’+p(z),

where ¢(z) and p(z) are rational functions in the coefficients of (1.4) and their derivatives.
By Lemma G, m(r, u)= S(r, u). Thus by Remark 1.1 u(z) has infinitely many admissible
poles. Let z, be an admissible pole and put w(z,, u)=pu. In (8.1), the leading terms are
u” and 6u2, and p=2. Hence we write u(z) near z, as

R R
(8.2) Uz)=—2— oyt oy (z—zo) + ay(z — 2o)?
(z—20)*  z—z

+a3(z—20)3 + o4z —zo)* + Oz —24)° , R,#0.

By the Test-Power test of (8.1), the series (8.2) is a resonant series. In fact, a, is an
arbitrary constant, if the following condition holds:
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8.3) 144000, + 72002 + 600, ¢"'(2 ) + 2400,9"(z0) + 36003g(z,)

+144003R, +60p"(z9) — 5¢“(z0) R, — 29N (z0) R, =0 .
On the other hand, R;, R,, o, &, ®, and a5 are written directly in terms of small (with
respect to u(z)) functions. Thus there are small (with respect to u(z)) functions g¢(z),
05(2), 64(2), 05(z) and 0,(z) such that if we put
8.4 D(z, u, u')=u'? + o4(2)u +05(2u'u+a,(2)u* +o5(2)u’ +a,(2)u,

then D(z)= D(z, u(z), u'(z)) has at most a simple pole at z, and the residue is written in
terms of small (with respect to u(z)) function as

K(zo)

Z—ZO

(8.5) D(z)=

+0(),

where x(z) is a small function with respect to u(z).

If k(z)=0, then D(z) is regular at z,, which implies N(r, D)= S(r, u). By Lemma H,
m(r, D) < 3m(r, u) < S(r, u). Hence D(z) is a small function with respect to u(z). Therefore
u(z) satisfies a differential equation of the form (1.5).

We consider the case k(z)#0. We write R,, R, ag, &, ®,, &3 in terms of small
(with respect to u(z)) functions successively. Hence o4(2), 65(2), 04(2), 03(2), 0,(2) are also
written in terms of small (with respect to u(z)) functions successively. Thus by elementary
but tedious calculation we obtain

K(z)= — (15000 p(z)q(z) — 18750 p'(z) + 364(z)° — 900¢(z)3q’(z) + 20004(z)*q"(z)
+25009(z)q'(z)> — 1875¢(z)q""(z) — 3125¢'(2)q"(z) + 6259 ¥(2))/9375 .

Further elimination R,, R;, a,, &, &, and a5 in (8.3), we obtain V(z,)=0, where
V(z) is a differential polynomials in p(z) and g(z). Thus V(z) is a small function with
respect to u(z), which implies V(z)=0 by Remark 1.1. By elementary but tedious
calculations, putting 7(z)= —9375k(z), in the differential equation for p(z) and ¢(z)
(V(z)=0), we obtain a linear differential equation for 7(z)

T +q(z2)T=0, T(2)#0.
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