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Abstract. In this paper we study two-point boundary value problems for systems
of nonlinear differential equations of order greater than or equal to two. So far the
results concerning this class of problems are rare. A new Nagumo condition for systems
of higher order differential equations is presented, which is more convenient for
applications. Under this new Nagumo condition some existence theorems of solutions
for these boundary value problems are proved.

Introduction. Since Nagumo’s paper [1] was published, the differential inequality
technique has become a powerful tool of studying boundary value problems for nonlinear
differential equations. Using this technique many authors had made a lot of valuable
works (for example see [2]-[29]). But works related with boundary value problems for
higher order differential systems are rare.

In discussion of different kinds of boundary value problems several Nagumo
conditions have been introduced for example by [11], [12], [15], [23], [27]. However
these classical Nagumo conditions are difficult to apply. Particularly these conditions
fail to be applicable to the following differential-difference equations (or systems)

y”=f(t9 y(t—T)a yl(t—'r)a Vs y,) 5

where y, fe R", n>1, because they cannot restrict | y'(t—1) ||

Here we present a new Nagumo condition, which has a simple form similar to the
original Nagumo condition and is very convenient for applications. Particularly, it is
suitable to the above differential-difference equations (or systems) (see [34]).

In this paper we study the following boundary value problems for higher order
nonlinear differential systems

(1.1) x™=f(t, x, X, ..., x™" V),

(1.2) xN0)=4', j=0,1,...,m—2, x™ 2(1)=B,

where m >3 is a given integer, x, fe R", A%, j=0, 1, ..., m—2 and B are all n-dimensional
constant vectors. It is difficult to treat the boundary value problems (1.1), (1.2) by the

classical Nagumo conditions. However using our new Nagumo condition we can turn
(1.1), (1.2) into boundary value problems for second order differential systems, which
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consists of n equations independent of one another by means of differential inequalities.
Hence by Nagumo’s theorem [1] and the Schauder fixed point theorem we obtain the
existence theorem for solutions of (1.1), (1.2). In Section 1, we prove other existence
theorems for solutions of (1.1), (1.2) as well. We exhibit three specific examples in
Section 2 as an application of the theorems mentioned in Section 1.

1. Mainresults. For simplicity we introduce the notation. For x=(x,, x,, ..., X,),
Y=1: Y25 -5 Vn)s
x>y means x;=2y;, i=1,2,...,n,
X[pdi=0ers oo os Xim1s Vi X 15+ o+ Xn) »
x[0];i=0Crgs e es X150, X445 - 005 X)
[x|=(xy ], [x2], 000 [ x0]),

I x| = max |x;|,

1<i<n
]V=(N,N,...,N)ER", for NeR.
For ¢(r) e C([0, 11, R"), we define | ¢(2) [|o by || @(t) | o =max, <;<, {max,<,<; | ) [}. For
o(t)eC™([0, 1], R™)
Il @) llw=max{| o t) [lo, j=0,1,...,m}.

DEerFINITION 1. Suppose vector-valued functions @(t), w(t)e C™([0, 1], R") satisfy
the inequalities

oV)<o9y), j=0,1,....,m—2, 0<t<l1,
o0)<A9<®Y0), j=0,1,...,m—2,
(g(m—Z)(l)nga-)(m-Z)(l)

and for any function ¢(t)e C™([0, 1], R"), ot <o (t)<aY(t), 0<t<1, j=0,1,...,
m—2,
MO Sfilt, 0, @' -, @[ P], 0™ V@™V,
o<tgt, i=12,...,n,
o™O=fit, ¢, @', ..., o™ P [ P], 0" V" V],
o<t<t, i=12,...,n.
Then we say that @(t) is an upper solution of (1.1), (1.2) and w(t) is a lower solution
of (1.1), (1.2).

DEFINITION 2. Suppose for any real numbers 7; >0, j=0, 1, ..., m—2, there exists
a vector-valued function H(s)e C([0, o)", (0, c0)") nondecreasing in every s;, such that
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(1.3) LAt x, %, ..., x™ D) [<H(x™" D))

for 0<t<1, || xV | <r;, j=0,1,...,m—2 and there exists a real number N,>0, such
that

(1.4 Jw [Si/hi(N[Si]i)] ds;>2r 2, i=1,2,...,n

2rm-2

for any N> N,, where h; is the i-th component of H. Then we say that the function f
satisfies the Nagumo condition.

THEOREM 1. Assume that the following (i), (ii), (iii) are satisfied:
(i) ft,x,x,...,x™ "M eC((0, 1] x R™, R") satisfies the Nagumo condition.
(ii) f; is strictly increasing in x™~? as the other variables are fixed, i=1,2,...,n.
(iii) The boundary value problem (1.1), (1.2) has an upper solution @(t) and a lower
solution w(t).
Then (1.1), (1.2) has a solution x(t) satisfying the inequality

(1.5 o< xY<ao), 0<t<l, j=0,1,...,m—2.

Proor. Let rj=max{| @) o, Il @Yt)llo}, j=0,1,2,...,m—2. Then from
condition (i) there exists a vector-valued function H(s)e C([0, c0)", (0, c0)") such that
the inequality (1.3) holds for 0<¢<1, | x| <rj, j=0,1,...,m—2 and there exists a
real number Ny>0 such that (1.4) holds for any N = N,. Choose an N >N, and let

B={o(): p(t)e C" ([0, 1], R"), o)< () <0(t) ,
0<t<1,j=0,1,...,m=2, 1 o™ V() |, <N} .
(1) We prove that for each ¢(t)e B, the corresponding boundary value problem
(1.6)  yI'=flt, o), ¢'(0), ..., 9" POy ™" PWO¥),  i=12,...,m,
(1.7 y0)=4""%,  y1)=B
has a unique solution y(t) satisfying the inequalities
(1.8) o™ )<Ly <d™ (), 0<t<l1.
(1.9) Y@ lo<N.

Indeed (1.6) consists of n equations independent of one another and |f{(t, @, ¢,
s 0™y Ts 0™ VD) IS hle™ VDD <A(NT| ¥;11)- So that from Theorem 1
in [6] or Theorem 1.3 in [2] we can immediately conclude that the boundary value
problem (1.6), (1.7) has a solution y(¢) satisfying (1.8) and (1.9). In addition y(z) is a
unique solution of (1.6), (1.7) by the condition (ii).

(2) We show that the boundary value problem (1.1), (1.2) has a solution x(z)
satisfying the inequality (1.5) by means of the Schauder fixed point theorem. From (1)
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for each ¢(t) € B(1.6), (1.7) has a unique solution y(t), which satisfies (1.8) and (1.9). Let

x™ D)= y(t), 0<t<1,
t
x‘j’(t)EA"+f U@V dE, 0<t<l, j=m—3,m—4,...,1,0.
0

Then x(t) is a solution of the corresponding boundary value problem

(1.10) XM =f(t, p(@), @), ..., " A [x" V], 0™ VO X" VT,
i=1,2,...,n,
(1.11) xV0)=4/, j=0,1,....m—2, x™ 3I(1)=B

and x(t) satisfies the inequality (1.5). Furthermore x(¢) is a unique solution of (1.10),
(1.11). Indeed, if X(¢) is also a solution of (1.10), (1.11). Let z(¢t)=x(t)—%(t) and
P(t)=2™"2(t). Then z9(0)=0, j=0, 1, ..., m—2, and §(¢) is also a solution of (1.6), (1.7).
From (1) p®)=y@), 0<t<1, ie., z" D(t)=0, 0<t<1. Hence z9()=0, 0<t<1,
j=m—3,m—4,...,1,0. Particularly z(t)=0, 0<t<1, i.e., x(t) is a unique solution of
(1.10), (1.11).

Define a mapping T: B— B by

T: ¢(t) - x(1) ,

where ¢(t) € B, x(t) is the unique solution of the corresponding boundary value problem
(1.10), (1.11). Obviously B is a bounded closed convex subset of the Banach space
C"~ ([0, 1], R") with norm | * ||,,_,. In addition, for @(f)e B the solution y(t) of the
corresponding boundary value problem (1.6), (1.7) satisfies the integral equation

yit)=ar 2 +(b;—ap )t
1
+f G(t, 5)fs, p(s), @'(s), ..., @™~ 2()[yi9)]i, @™~ V)[yis)])ds ,
0

where i=1,2,...,n, A" 2=(a""%, a2 2,...,a" " ?), B=(b;, b,, ..., by,

(1—19)s, 0<s<t<1
(I-9t, 0<t<s<l.

G(t, s)= {

Hence it is not difficult to show that T is a continuous mapping.

Assume the {x*(t)} = T(B). Then || (X"t)? o <7j, j=0, 1, ..., m—2, | (x*O)™ V||, <
N. Let Q={(t,x,X,...,x™ D): 0<t<1, [ x? [ <rpj=0,1,...,m—=2, | x"~ D | <N}
and M=max, ¢;<, {maxg|f{t, x, x, ..., x™ V) [}. Then | (x*¢))"™ (| <M. Consequently
the {(x*¢)¥}, j=0,1,...,m—1, are all equicontinuous and uniformly bounded
sequences on [0, 1]. Hence by the Ascoli-Arzela theorem there exist subsequences
{(x*())?} uniformly convergent on [0, 1], j=0, 1,...,m—1, such that



BOUNDARY VALUE PROBLEMS 263
lim (M) =(*e)?,  j=0,1,...,m—1.
-0

Furthermore, x*(t)e B. This shows that T is a completely continuous mapping. Thus
from the Schauder fixed point theorem T has a fixed point x*(f) in B. x*(t) is just a
solution of (1.1), (1.2) and x*(¢) satisfies (1.5). The proof is completed.

THEOREM 2. Assume that f(t, x, X/, ..., xX™ ™ D)e C([0, 1] x R™, R"), f; satisfies the
Lipschitz condition with respect to x™~ 1, i=1,2,...,n, and the conditions (ii), (iii) in
Theorem 1 hold. Then the boundary value problem (1.1), (1.2) has a solution x(t) satisfying
(1.5).

Proor. By assumption for any numbers r,>0, k=0, 1,...,m—2, let M; be the
supremum of |f{t, x, X, ..., x™"?,0)| on 0<t<1, | x®| <r, k=0, 1,...,m—2. Then

LA %, Xy . X D) IS X, X, o, X D) — £t X, X, L, XD 0)
+|fAt, x, X, ..., XD 0)]
n
SL Y |xm Y+ M, i=1,2..,n
ji=1

for0<t<1, || x® | <r, k=0, 1,...,m—2, where L, is the Lipschitz constant. We define
H(s)=(hy(s), hy(s), - . ., h,(5)) € C([0, o0)", (0, 0)") by

hi(s):LiZSj+Mi, i=1,2,...,n.
=1

J

Since

JN s; s 1 J” (1 (n—1)L;N + M, >ds
Lsi+(n—1)LN+M, ' L, Lisi+(n—1)LN+M,)

2rm-2 2rm-2

i M, LN+ M,
=_[N—2rm_2—<(n—1)N+ '>log v+ M ]
I, L ) = OLN+M,+2r, oL,

13

let us consider the function f(0) € C([2r,,—,, ©), R):

M; nLf+ M,
0)=0—2r, _,—| (n—1)0+25 |1 v+ M .
/) Tm=2 [(" ) :|Og(n—1)Li9+Mi+2rm_2Li

L.

13

It is easy to see that

limf(i?)“=1—(n—1)108 " k>0,

60— o0 0 n—
i M, 2nLit, o+ M,
lim (f(6) — k6) = —2r,,_, ——log——+ T =m2 T p.
b2 L, n—1 nL;
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Hence w=k0+b is the asymptotic line of f(f) as 8—o00. Hence f(f)—» o0 (60— ).
Consequently there exists a real number N, >0 such that f(6)>2L;r,,_, for 8> N,. This

shows that
N
f i ds;>2r,,_,
2rm-, LiSi +(n—1)L;N+ M,

for any N > N,.
From this we conclude that f(t, x, x/, ..., x™~ 1) satisfies the Nagumo condition.
Hence by Theorem 1 we know that Theorm 2 holds.

For an nxn matrix 4=(a;;), we let || 4 || :=max, ¢; j<,{la;|}. Similarly we can
prove the following:

COROLLARY 3. Assume that f(t, x, x/, ..., x™ D) e C([0, 1] x R™, R"), 0f/ox™~ 1
is bounded and the conditions (ii), (iii) in Theorem 1 hold. Then the boundary value problem
(1.1), (1.2) has a solution x(t) satisfying (1.5).

COROLLARY 4. Assume that f(t, x, X, ..., X" D)= A@t)x™ "V +4(t, x, x, ..., x" ),
A(2) is a continuous nx n matrix on [0, 1], ge C([0, 1] x R™~ 1" R") and the conditions
(ii), (iii) in Theorem 1 hold. Then the boundary value problem (1.1), (1.2) has a solution
x(t) satisfying (1.5).

THEOREM 5. Assume that f(t, x, x/, ..., x™" V) e C1([0, 1] x R™, R"), of [ox™~ V) js
bounded, of,/0x™ "D >[;>0 and fi(t,x, X, ..., x™ 2[0];, x™~V[0],) is bounded, i=1,
2, ..., n. Then the boundary value problem (1.1), (1.2) has a solution.

PrOOF. Since df/0x™ 1 is bounded, the function fsatisfies the Nagumo condition.
Hence we need only to show that the boundary value problem (1.1), (1.2) has upper
and lower solutions. Assume that 4'=(ai, d}, ..., al), j=0,1,...,m—2, B=(b,, b,,
ey by), 0f;/0xm " D > m,,

|ﬁ(t> X, x/,'“’x(m—Z)[O]i’ x(m—l)[o]i)|<Mi, l=1, 2,...,",
and let
= (m—2), m—2 Ait Mi
w; ®)=(di |+|b,~|)e‘+7—, 0<t<l1,
i
o"" )= —-a""2), 0<t<l,
m—-3-j k

) , t 1 !
pi(t) = I |t | (=" 3™ P(E)dE,  0<i<1,

of(t)=—-ar), 0<t<l,

where A;=(m;+/m? +41)/2,i=1,2,...,n, j=m—3,m—4,..., 1,0. Then it is not diffi-
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cult to verify that
o<y, 0<t<l, j=0,1,...,m—2,
o(0)< 4’ <a90), j=0,1,...,m—2,
™ A1)<B<a™ (1)
Furthermore for any ¢(t)e B,
fit, o, @5, 0" P[a" 2], o™ PVLof" " V]) — o™
=fit, 0, ¢, ..., 0" DD~ 2], @ VD" V]
—fit, 0, @', ..., @™ P [Df" D], o™ V[0])
Hit @, @', .., 0" P [@" D], 0™ P[0])
—fit, o, @', ..., 9" 2[0];, 0™~ V[0])
+Hit 9. @5 ..., 9™ P[0];, 9™~ V[0]) — ™

19
=j mﬁ(t, ®, (P’, cees (p(m—z)[cai(m—z)]i’ (p(m_1)[9@1'('”_1)],')61'0'6(_){'"_1)
o 0X;
! 0
+f Wﬁ(t’ 0,05, (/J('"_Z)[Ha')}"'_z)]i, go("‘“l)[o]i)de.a—)i(m—Z)
o i
it 9, @'y ..., 9™ 2101, 9™ V[0]) — ™

>maof™ V+ Lo P —-M;—o™=0, 0<t<l, i=1,2,...,n.

Analogously we have
fit, 9, ¢, ..., 0" P [of""P];, 0" V0" V]) - 0"<0,
o<t<1, i=12,...,n.

This shows that @(t) and w(t) are upper and lower solutions of (1.1), (1.2), respectively.
Thus from Theorem 1, (1.1), (1.2) has a solution.

2. Examples. As applications of our main results obtained in Section 1 we now
exhibit three examples.

ExampLE 1. Consider the following boundary value problem:

e A AN i
| " =sin " -c0s '+t %, %, ¥)
2 W0)=0)=0, j=0.1, x()=y(1)=0,

where X, yGR, f19f2 € Cl([o’ 1] X R4’ R)’ afl/ax’>11 >03 afZ/ay,>IZ >Oa fl(t’ X, Vs 09 y,)
and f,(t, x, y, x, 0) are all bounded.
Let
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Fv1 = x” + exp[ —_ (y//)2] +f1(t, x, yg x,7 y,) )
F,=sinx"-cos y" +f5(t, x, y, X', y) .

Since
oF oF , /
l=1, \—1 =[-2y"exp[—(")*]1I<1,
0x 0y
OF. OF.
’ 2 =|cosx”’-cosy"|<1, l 2 =|—sinx"-siny”|<1,
ox" oy"”

from Theorem 5 the boundary value problem (2.1), (2.2) has a solution.

ExaMpLE 2. Consider the following boundary value problem:

’1

Uy : . y
x" =[2+sin(x+y)]x" +—=——+x'+arctan y +¢'
2.3) [ I+ Y
Y =|x"|"2y" +y coshx'+e” ¥ +log(1+1)
(2.4) xXP0)=y90)=0, j=0,1, x(1)=y(1)=0.

First we shall prove that functions on the right hand side of (2.3) satisfy the
Nagumo condition. For any real numbers rq, r; >0,

’

‘ [2+sin(x+y)]x" + 7 +x'+arctan y’ +é¢'

1+(")?
S3X Y [+ M= k(X" 1Y

where M, is the maximum of | x'+arctany’ +¢'| on 0<t<1, | x'}|, |y |<r,. Similarly to
the proof of Theorem 2, we know that there exists a real number N, >0 such that

f [s1/hy(sy, N)]dsy >2r,

2)‘1

for any N> N,. On the other hand,
| [x"[1/2-y" +y coshx’+e™ & +log(1+0) [<|x" Y2+ "' [+ My =1 ho(1x" |, |y,

where M, is the maximum of | ' cosh x’ +e~***¥ +log(1+1)| on 0<t<1, | x|, | y| <70,
x|, |y |<ry. It is not difficult to show that there exists a real number N, >0 such that

N
f [s2/ha(N, s)]ds, > 2r,
2ry

for any N> N,, because of
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N
f [s2/hy(N, 52)]ds, = ds,
2ry

JW W/ N

2ry NSZ+M2
2 M N324+M,

= /N i 2 log —00 (N> ).

\/7 N 2r1\/‘+M2

Let No=max{N,, N,}. Then we see that the functions on the right hand side of

(2.3) satisfy the Nagumo condition.
Second we show that the boundary value problem (2.3), (2.4) has upper and lower
solutions. Let

a‘u(t)=——2 ex (H\/_) (——i>t, 0<1<1,
1+5 2 2

()= — 2 ex <1+V > ( +— +€)t, 0<t<1,
1+/5 2 2

a,()=¢, 0<t<l,

w,(t)=—e'—(1+log2)t, 0<t<l1.

Then
o) <0<ad(), 0<t<gl, j=0,1,
oP(t) <0< o), o<1, j=0,1.

For any g(t)=(g,(t), g.(t)) € C¥([0, 1], R?), o) <gP() <dt), 0<t<1,i=1,2,j=0,1,
we have

I’
g2

[2+sin(@, +9,)] @7 +——5 + @1 +arctan g, +e'— Dy’
1+(g2)
=" e 1 n ="
>o{+oi+|1————)—-0y'=0, 0<t<1,
2 2
lg7 112 @Y + @}y cosh gy +e~ @D L log(1 + 1) — B} >d)— @y'=0, 0<t<l.
Similarly we have
[2+sin(w, +g,)]0f + 1+g( 0 + o) +arctang, +e' — ' <0, 0<t<1,
lg7 1% oy +w)coshgy +e~ @+ 9D Llog(1+1)—wy'<0,  0<t<1.

This shows that a(t) = (,(t), @,(t)) and w(t)=(w,(t), @,(t)) are upper and lower solutions
of (2.3), (2.4), respectively. Consequently from Theorem 1 we know that (2.3), (2.4) has
a solution.
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ExaMPLE 3. Consider the boundary value problem:

@.5) {x =(1+x>+y?)x"+x log[1+(y")*1+x +/,(2)

y" =exp[—(x")’1+[(x)* +11y"+ (1 +x?)y +sinx' +£5(1),
(2.6) xN0)=y0)=0, j=0,1, x()=y(1)=0,

where X, Y€ R: fl(t)afZ(t) € C([O, 1], R)
First of all for any real numbers r,, r; >0, we have

[(1+x%+y%)x" +xlog[1+ (V1 +x +/10) [<KA+2r3) [ X" | +71 |y [+ My,
lexpl—(x")’]+[()* + 11y + (1 +x%)y +sinx’ +1,() [T+ + DY [+ M,

for 0<t<1, | x|, |y|<re, |X'|, |y |<r,, where M, is the maximum of |x'+f;(¢)| on
|x'|<r;, 0<t<1 and M, is the maximum of |(1+x2)y +sinx’ +£5(t)] on |x|<r,,
[x'|,|y|<r;, 0<t<1. Similarly to the proof of Theorem 2, we conclude that the
functions on the right hand side of (2.5) satisfy the Nagumo condition. Similarly to
the proof of Theorem 5, we conclude that (2.5), (2.6) has upper and lower solutions.
Thus from Theorem 1 we conclude that (2.5), (2.6) has a solution.
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