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Abstract. We will give a complete classification of non-rigid families of abelian
varieties by means of the endomorphism algebra of the variation of Hodge structure.
As a consequence, we can obtain several conditions of rigidity for abelian schemes.
For example, we show that an abelian scheme which has no isotrivial factor is rigid if
the relative dimension is less than 8. Moreover, examples of non-rigid abelian schemes
are obtained as Kuga fiber spaces associated to symplectic representations classified by
Satake.

Introduction. Let Y be an algebraic curve defined over an algebraically closed
field k of characteristic zero, and let X< Y be a finite set of points. Faltings [F] has
shown a theorem of Arakelov-type for abelian varieties, that is, there are only finitely
many families of principally polarized abelian varieties of relative dimension g on Y, with
good reduction outside X, and satisfying the condition (%) in [F].

His proof consists of two ingredients. First he showed that the moduli space of
families of principally polarized abelian varieties on Y with good reduction outside X
is a scheme of finite type over k (a boundedness result). Next he proved that a family
of abelian varieties cannot be deformed (i.e., a family is rigid) if and only if the condition
(*) is satisfied.

The condition (*) says essentially that all endomorphisms of the local system of
the first (co-)homology groups of fibers come from endomorphism of the abelian
varieties, and Deligne [D] has shown that the condition is satisfied by a family of
abelian varieties which has no isotrivial factors and the relative dimension <3.

On the other hand, following Deligne’s suggestion, Faltings [F] gave an example
of non-rigid families of abelian varieties with relative dimension 8 which has no isotrivial
factors. So it is interesting to ask, for example, whether there exists a non-rigid family
of abelian varieties of relative dimension d, 4 <d<7, which has no isotrivial factors.

In this paper, we will give a complete classification of non-rigid families of abelian
varieties by means of the endomorphism algebra of the variation of Hodge structure
of the first homology (or cohomology) groups of the fibers.

Let S be a connected smooth quasi-projective variety over C, and f: X—S an
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abelian scheme over S. Consider the local system W;:=R, f,Zy of free Z-modules,
which come from the first homology groups of fibers. Then W; underlies a (polarized)
variation of Hodge structure (VHS) of weight —1, and of type (-1, 0), (0, —1). On
the other hand, if a polarized VHS of weight —1, and of type (—1,0), (0, —1) on S
is given, one has the corresponding abelian scheme on S. The algebra E:=
HO(S, &nd(W4q)), consisting of all flat global endomorphisms of Wq:=W; ®;Q, has
a natural pure Hodge structure of weight 0. Let Q denote a symplectic bilinear
form on W7 induced by a polarization of the abelian scheme. Let us denote by E< the
subalgebra of E which consists of all skew endomorphisms with respect to Q. Then the
abelian scheme satisfies the condition (%), if E¢® C=(E2® C)®?, ie., all skew
endomorphisms of Wq are of type (0, 0). More precisely, the Zariski tangent space of
the moduli space of abelian schemes over S with a fixed polarization type is isomorphic
to the space (E2 ® o C)~''1. Therefore, in order to classify non-rigid abelian scheme
over a fixed base space S, we only classify polarized VHS’s of weight —1 and of type
(—1,0), (0, —1) such that dim(E¢® C)~**>0.

We have a primary decomposition of Wgq (cf. §3), and each primary component
is a Q-subVHS over S, hence we can reduce the problem to the primary Q-VHS. (We
can see that if the generic fiber of the corresponding abelian scheme is simple then Wg
is primary.)

Let us assume that Wg=R, f,Qy is a primary Q-VHS over S, (and of weight —1,

and of type (0, —1), (—1, 0)). Denote by V an irreducible Q-local subsystem of W,
and set

D=End(V), F=CentD, U=Hom(V, Wy).

By Schur’s lemma, D is a division algebra over @, and the polarization Q on Wg
induces an involultion 1 on D. The center F of D is stable under 1, and let F* denote
the subfield of F fixed by i. From the positivity condition of Q, one can deduce that :
is a positive involution on F, hence F is either (i) a totally real number field and F=F"*,
or (ii) a CM field and [F: F*]=2.

Moreover we have a tensor product decomposition of W

WoxU®pV

(see (3.11)).

The main theorem of this paper, which will give a classification of non-isotrivial,
non-rigid, abelian schemes, can be stated as follows.

(0.1) THEOREM (cf. Theorem (8.1)). Let f: X-»S be an abelian scheme such that the
corresponding Q-VHS Wq=R, f,Qy is primary (e.g., the generic fiber X, of f is simple).
Let Wo=U ®p V be the tensor product decomposition of W as above. Set rank, U=m,
ranky V=n, and t=[F* : Q). Assume that f: X—S is non-isotrivial and non-rigid.

(i) If the center F of D is totally real (i.e., F=F"), then D is a quaternion algebra
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over F=F" such that

D®qR=HX -+ XHxM,R)x -+ x M(R),
v =t

where H denotes the Hamilton quaternion algebra.
Hence if one denotes by r(f) the relative dimension of f: X—S, one has

0.2) r(f)=%-rank@(U®,, V)=2tmn .
Here, one must have t'>0 and t—t' >0, hence in particular t=[F: Q]>2, and one
of the following cases occurs.
Case (R2, 1) n>1 and m>2,
Case (R2, —1) n>2 and m>1.
In particular, the relative dimension r(f) is even, and>8.

(ii) If the center F of D is a CM field (i.e., [F: F*]=2), then D is a central simple
division algebra over F such that [D: F]=r? and

D®qR=M(C)x -~ x M/(C).

In this case, one has
1
0.3) r(f)= o> 2tnmr? = t(nr)(mr) ,

and t=[F*: Q]l=(1/2)[F: Q]>2, nr>2, mr>2. In particular, r(f)>8.
From this one can obtain the following:

(0.4) CoroLLARY (cf. Corollary (8.4)). Let f: X—S be an abelian scheme which has
no isotrivial factors. If the relative dimension r(f) of f is less than 8, the abelian scheme
is rigid.

(0.5) CoroLLARY (cf. Corollary (8.5)). Let f: X—S be an abelian scheme whose

generic fiber X, is simple. Assume that f has no-isotrivial factor and the relative dimension
of f is a prime integer. Then f: X—S is rigid.

On the other hand, as a by-product of the proof of Theorem (0.1), we can obtain
the following result, which we call the monodromy theorem.

(0.6) THEOREM (cf. Theorem (8.6)). Let f: X—S be an abelian scheme such that the
corresponding Q-VHS Wq=R, f,Qy is primary (e.g., the generic fiber of f is simple).
Assume that S is non-compact and a local monodromy around a point in the boundary
has infinite order. Then f: X—S is rigid.
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The organization of this paper is as follows. In §1 and §2, we shall review some
fundamental facts on VHS, abelian schemes, and deformation theory of VHS, or abelian
schemes. In §3, we shall study the structure of the Q-VHS Wg=R,f,Qy and its
endomorphism algebra E. We will introduce a tensor product decomposition of a
primary Q-VHS W following Satake [S1], [S2]. In §4, the decomposition of the
polarization Q on Wg will be introduced, which is also due to Satake. In § 5, we shall
investigate the scalar extension of a primary Q-VHS W and a polarization Q. In §6,
we shall introduce the notion of Q-symplectic representation of a @-Hermitian pair
(Gg, Hy) due to Satake [S1], [S2], and show our fundamental result, i.e., Theorem
6.17. This theorem says that to each Q-primary VHS Wg on S we can associate two
Q-Hermitian pairs (Gq, Hy), (Gg, Hp) and their Q-symplectic representations. One can
show that Q-primary VHS W, is non-rigid if and only if the R-valued point Gy of G
is non-compact. (See Theorem (6.21) and Corollary (6.23).) In § 7, we shall review the
classification of Q-primary sympletic representations of Q-Hermitian pair (Gq, H,) due
to Satake [S1], [S2]. Then in § 8, we shall obtain our main results. In §9, we shall give
an examples of non-rigid abelian schemes. Such examples are constructed by Kuga fiber
spaces of abelian varieties associated to Q-symplectic representations. These examples
show that Theorem (0.1) (=Theorem (8.1)) is best possible, or complete.

Here are some remarks on works related to our results. Naturally, Faltings [F]
and Peters [P] are starting points of this paper. Besides these works, Noguchi [N],
which studied the structure of the space Hol(S, I' \?) of the holomorphic mapping
from a Zariski open set S of a compact complex manifold to the arithmetic quotient
of a Hermitian symmetric space, is another motivation for this work. (There are also
other previous works due to Kuga-Ihara [K-I], and Sunada [Sul], [Su2] when I'\2
and S is compact.) Actually, he showed that Hol(S, I' \9) is a quasi-projective variety
whose irreducible components are also arithmetic quotients of Hermitian symmetric
spaces. We can deduce the boundedness of VH, ;(S) from his result. (Note that this
follows from Faltings’ original theorem in [F] or a result due to Deligne in [D2].)
Moreover Noguchi [N] obtained some interesting results on the rigidity of holomorphic
mapping in Hol(S, I' \2). One can regard our Theorem (6.17) as a refinement of his
results.

It is obvious that the work on Q-symplectic representations and Kuga fiber spaces
of Satake [S1], [S2] is essential for our work. In fact, he considered the rigidity of
Q-symplectic representation in §4 and § 6, Ch. IV of [S1]. After getting Theorem (6.17),
the classification of non-rigid families is reduced to his classification of Q-symplectic
representations. Some of these non-rigid Q-symplectic representations and correspond-
ing Kuga fiber spaces (i.e., Kuga fiber spaces of type (R2, 4 1)) were first studied by
Shimura [Sh3], in which he has already remarked that such Kuga fiber spaces have
non-holomorphic real-analytic endomorphisms. Similar classification of non-rigid
families of K3 surfaces were carried out by Saito-Zucker in [S-Z].
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1. VHS and abelian schemes.

(1.1) VHS. Let S be a connected smooth qausi-projective variety defined over C.

(1.2) DEFINITION. A polarized Z-variation of Hodge structure (Z-VHS for short) on
S of weight —1 (resp. weight 1) and of type (0, —1), (—1, 0) (resp. of type (1, 0), (0, 1))
consists of

(i) a local system of free Z-modules W on S,
(ii) a decreasing filtration

0=F'cF°cF =W, (tesp. 0=F*cF'cF'=W,),
of Wy, :=Wz®z0s such that
FOOF=W,, (tesp. F1OF ' =W,).

(For each point se S, the Weil operator C;on Wy ;= W7 ®7 R is defined by the above
Hodge decomposition so that

Cu=./—1u  for ueF? (resp. #}').)

(iii) A flat Z-valued symplectic non-degenerate bilinear from Q on W such that

the form Qyx, C,y) on Wy, is symmetric and positive definite, which we write
symbolically

(1.3) 0,:C,>0.

Let (W3, {F"}, Q) be a polarized VHS over S, and s a geometric point S. Then by
choosing a basis of W5, we can transform the symplectic bilinear form Q; into the
following standard form

0,

(1.4) J(S)= % |
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where g =(1/2)rank Wz and 6={d,, - - -, 4,} is a sequence of positive integers such that
(1.5) EAEA RN

The sequence ¢ of integers does not depend on the choice of points s€ S. We say that
such a polarization Q is of type J, and we set

g9
(1.6) d=1]:,
i=1
which is the degree of the polarization.

We denote by VH, ;(S) the set of isomorphism classes of Z-VHS (W7, {F*}, Q)
over S of weight —1 and of type (—1,0)+(0, —1) with a local system W; of free
Z-modules of rank 2g and a polarization Q of type 9.

Then this set VH,;(S) has a natural analytic structure (see e.g., [S-Z, §3]).
Moreover, VH, /(S) turns out to be a quasi-projective variety with only quotient
singularities (cf. [F], [N] or [S-Z]).

(1.7) Abelian schemes. Let S be as above. An abelian scheme over S is a smooth
proper group scheme f: X—S of finite type with connected geometric fibers. By
definition, each geometric fiber is a proper group variety over C, hence is an abelian
variety. Since S is smooth, by a theorem of Grothendieck [R, Théoréme XI, 1.4], X is
projective over S. Therefore the dual abelian scheme f¥ : X =Pic®(X/S)— S exists (see
e.g., [M-F, Cor. 6.8]). A polarization is an S-homomorphism A: X— X" such that for
any geometric point s € S, the induced homomorphism 4,: X;— Xy is of the form A, =¢ o,
for some ample invertible sheaf % on X, where ¢ _is given by the formula

(1.8) X;2a ¢y (a): =%, % 'eX, .

Let A: X/S—X"/S be a polarization as above. Then 4 is a surjective homomorphism
and ker 1 is a finite group scheme whose geometric fibers are isomorphic to (Z/6,Z ®
< @Z/6,Z)®* where g=dim X —dim S, and 6={d;, 6, - - - §,} is a set of positive
integers such that 6, |d,| - - |8, We say that such a polarization is of type 4.

We denote by 4, 5(S) the set of isomorphism classes of abelian schemes over § of
relative dimension g with polarizations of type 6.

(1.9) Equivalence between A, 5(S) and VH,_ ;(S). Let (X/S, 4) be an abelian scheme
over S with a polarization 4 of type 8. Denote by R, f,Zy (resp. R'f,Zy) the local
system of the first homology (resp. cohomology) groups of the fibers of f. Let us denote
by Z:e(X]S) the locally free sheaf on S*" which is a pull-back by the zero section of
f of the sheaf of the Lie algebras of the fibers. The relative exponential map induces
an exact sequence of the sheaf

0> R, f 7y~ Lie(X]S) - OF(X)—0.
Setting
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FO=ker{R,f,Zx ® 7,00 Lie(X/S)} ,

we have the Hodge filtration of R, f,Zy ® 7, 05" of weight —1 and of type (0, —1),
(=1, 0) (see [D, 4.4.2]). Moreover, one easily sees that

PLie(X|S)=Gr;' =R, 0% .

On the other hand, taking higher direct images of the usual exponential sequence
07 - 0% —-(05)™ -1, we get the exact sequence

0 R'f,Zx > R'f,0% - 05(X") >0,

which defines a VHS on R'f,Zy of weight 1 and of type (1, 0), (0, 1).
The polarization 4: (X/S)—(X"/S) induces a surjective sheaf homomorphism

A: Os(X)™ - OR(XY),
which can be lifted to an isomorphism between locally free 0§"-modules
A LieX|s) > Lieo(XV[S).
This 1 induces an injective homomorphism
R f Zy > R, Zx=Hom(R, [, Zy,Zs),

and hence corresponds to a flat bilinear form Q on R, f,Zy. It is easy to see that Q
satisfies the condition (iii) of (1.2) and if the polarization A is of type 6 then the cor-
responding bilinear form Q is also of type d. Therefore, we have the natural morphism

(1.10) © Dg A, 5(S) > VH,(S), (XS, ) (R f, Zy, {F*}, Q).
Deligne [D] showed the following:

(1.11) ProposITION (cf.[D,4.3.3]). The morphism g induces an isomorphism between
A, 5(S) and VH, ;.

2. Deformation of abelian schemes and VHS. Let S be a connected smooth
quasi-projective variety over C, f: X— S an abelian scheme over S of relative dimension
g, A its polarization of type 8, and (Wz:=R, f,Z, {F?}, Q) the corresponding polarized
VHS of weight —1, and of type (0, —1), (—1, 0).

It can be proved that the moduli space 4, ,(S)=VH, ;(S) defined in §1 has a
natural structure of a quasi-projective variety with at most quotient singularities (see
[F], [No]l, and [S-Z]). Due to Faltings [F] and Peters [P], the local analytic structure
of VH, ;}(S) at the point [ W] can be described as follows.

Let E=End(Wq)=HC(S. &»x4(Wg)) denote the algebra of the global flat endo-
morphisms of Wq:=R, f,Q, and E2=End%(Wy) the subalgebra of E consisting of
the elements skew with respect to the polarization Q. Then by [D], E underlies a
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pure Hodge structure of weight 0 (see Theorem (3.1) below), i.e., one has a decom-
position

EQRqC=@,E 77,
such that E- PP~ EP-~P,

(2.1) TueoReM. Let [W7]1eVH, j(S) be as above. Then the Zariski tangent space of
the local semi-universal deformation space of [W 4] is isomorphic to

2.2) (E2®R¢oC) 1 =(End4Wg) ®C) 11,
The local analytic structure of VH, 3 (S) at [W7] is isomorphic to
(23) (E?®q0)" /G,

where G is a finite group induced by the automorphism group of the given polarized VHS
[(W2z].

Proor. The first assertion is due to Faltings [F] in the case S is a curve, and the
result was extended to the case of arbitrary quasi-projective bases by Peters [P]. The
rest of the proof is similar to the proof of Theorem (3.5.2) in [S-Z].

(2.4) CoOROLLARY. An abelian scheme f: X—S with a polarization A is rigid, that is,
has no non-trivial deformation with the base scheme S and the polarization fixed, if and
only if

@2.5) (End®(R, £, Zx) ®2C)~ ' ={0} .

(2.6) ReMARrk. Since the Hodge types of R, f,Zx ® 7, C are only (—1, 0) and (0, —1),
the Hodge types of End%(R, f,Z,) ® 7 C are (—1, 1), (0, 0), and (1, —1). Therefore the
condition (2.5) is equivalent to Faltings’ condition (*) in [F], i.e.,

End®(R, f,Z,)= (End%(R, f,Z,))"° .

3. The endomorphism algebra of R, f,Zy. Let us keep the notation in §2. In this
section, we will study the structure of the endomorphism algebra E;:=End(R, f,Zx)

or E=End(R,f,Qy) for an abelian scheme f: X—S. Let us recall the following
fundamental results: - ‘

(3.1) TueoreM (cf. [D, Théoréme (4.2.6) and Corollarie (4.2.8)]). Let s€S be a
geometric point. Then we have the following.
(i) The action of the fundamental group m:(S,s) on the fiber (R f, Qy), is
semi-simple.
(ii) The endomorphism algebra E=End(R,f,Qy) is a semi-simple algebra, and
admits a natural Hodge structure of weight 0.
(iii) The center of E is of type (0, 0).
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(3.2) DeriNITION. A Q-local system Tg on D is said to be primary if Tq is a sum of
irreducible local systems which are mutually isomorphic to each other.

Set Wg:=R, f,Qy. From (i) of (3.1), we can write Wg, as
(3.3) Wo=(W)®" @ (W)°®™ @ - &(W)*™,

where Ws are irreducible Q-local systems such that W;%W,; for i#j. In the
decomposition (3.3), each local system (W;)®" is primary, and is called a primary
component of W, It is easy to show the following:

(3.4) LeMMA. For a polarized Q-VHS W, each primary component forms a polarized
Q-subVHS, and hence the primary decomposition (3.3) is orthogonal decomposition with
respect to the given polarization Q.

From the decomposition (3.3), we can write E as

t t
(3.5 E= @ End(WP™)= @ M, (D)),
i=1 i=1
where we have set D;=End(W,), which are division algebras over Q by Schur’s lemma.
By Lemma (3.4), the Hodge decomposition of E® o C is compatible with the de-
composition (3.5). Hence, in order to classify non-rigid Q-VHS’s over S, it suffices to
classify primary ones.

(3.6) REeMARK. Let# be the generic point of S. Then the generic fiber X; is an abelian
variety over the field of rational functions K=C(S). We have an isomorphism
Endg(X)=Endg(X,), because f: X—S§ is an abelian scheme. Moreover we have an
isomorphism

Ends(X) ~End(R, £, Z,)"° .

Assume that X, is simple over K. Then the center Z of End(X,) ® Q is a field, and so
is the center of End(R, f,Qy), because of (iii) of (3.1). In view of Lemma (3.4) and
(3.5), R, f,Qx must be a primary Q-VHS in this case.

(3.7) Tensor product decomposition of primary Wg. From now on, we assume that
Wq=R,f,Qy is a primary Q-VHS over S, (and of weight —1, and of type (0, —1),
(—1, 0)). In this subsection, we recall the tensor product decomposition of Wg, following
[S1, Ch. IV]. Denote by ¥V a non-trivial irreducible Q-local subsystem of Wg, and
set

(3.8) D=End(V), F=CentD, U=Hom(V,Wy).

By Schur’s lemma, D is a division algebra over Q, and F is a finite extension field of
Q. The local system V has a natural structure of a left D-module, and the @-vector
space U has a natural structure of a right D-module. We put:
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3.9) [F: Ql=d, [D:F]=r*,
(3.10) dimp, U=m, rank,V=n.

Denote by D the division algebra opposite to D. Then U can be regarded as a left
D-module.
We have the following assertions, which follow from [S1, Lemma 1.1, Ch. IV].

(3.11) PROPOSITION. For a primary @Q-VHS Wgq as above, one has the following iso-
morphisms:

(3.12) Waz=UR®pV,
(3.13) E=End(Wg)=End;(U)=M,(D).
Here U ® V denotes the tensor product of U and V over the division algebra D.

(3.14) Involutions on E. Since the polarization Q induces an isomorphism Wg=
W = Hom(Wq, Qg), we have an involution on E, which plays an important roll in
the classification.

Fixing a geometric points s€ S, we have an isomorphism

E~ Endm(s,s)( WQ,;)( < End( WQ,S)) .

Then we can define an involution 1, on End(W g () by a* as the adjoint of ae End(Wg )
with respect to Q,, namely,

O4a-x,y)=0Q4x,a**y),

for all x, ye Wq , and ae End(Wg ). Since Q; is invariant under the action of m,(S, s),
the subalgebra Ec End(Wg ) is stable under 1. Moreover, it is easy to check that i,
is compatible with the Hodge decomposition on E®qC, and if we restrict 1, to
End(Wg ,)*° ~End(4,) ® 7 Q, then it coincides with the Rosati involution on the abelian
variety X; induced by the polarization 4;. On E=End,, s ,(Wgq,), the involution 1, does
not depend on the choice of the point se S, so we denote it by 1.

From the self-duality Wg= W, we can deduce that the irreducible local system
Vis also self-dual, thatis, ¥~ V. Therefore there exists an involution 1, on D=End(V).
The center F of E (F is also equal to Cent(D)) is stable under both involutions 1 and
19, and one has

(3.15) 10|F=1[F'

In general, an involution on an algebra is said to be of the first kind if it fixes all
elements in the center of the algebra, and of the second kind otherwise.

(3.16) PROPOSITION.  The center F of the endomorphism algebra of a primary Q-VHS Wq
is a finite extension field of Q with a positive involution 1= 14, so it is one of the following:
(i) Fis a totally real number field and 1=id, or
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(ii) F is a purely imaginary quadratic extension of a totally real number field and
1=the complex conjugation.

Proof. Let C; denote the Weil operator on Wy .. Then we have the positivity
condition

(3.17) Oyx, Cx)>0 for all xe Wpg,.
For ae End(Wgq ) and xe Wq ; such that ax#0, we have

0<Q a-x, Caa*x)=0Q\x, C(Cya")-a)x),
where Cy(a')=C; *a'C,. Hence we have
(3.18) Tr(Cya')-a)>0.

By (iii)) of Theorem (3.1), F has a Hodge type (0, 0), so it commutes with the Weil
operator C,. Hence from (3.18), for ae F—{0}, one has

Trpg(a’'a)>0.

Since F'is a finite extension field of Q with a positive involution 1, according to Albert,
we obtain the classification.

4. Decomposition of polarization.

(4.1) (D, ¢)-Hermitian form. Let k£ be a field of characteristic zero and D a division
algebra over k. Denoting by F the center of D, we set
[F:k]l=d, [D: Fl=r%.

Consider a finite dimensional k-vector space T with a structure of a right D-module,
and set n=rank, T.

Let 1, be an involution on D, i.e., an anti-automorphism of order <2, and let
e=+1. A (D, ¢)-Hermitian form h on T with respect to 1, is, by definition, a k-bilinear
mapping h: T x T— D satisfying the following conditions:

4.2) h(v, v'a)=h(v, v')a ,
4.3) h(v', v) =¢eh(v, v')° forall v,v'eT, aeD.

A (D, ¢)-Hermitian form 4 is said to be non-degenerate if a intersection matrix
L=(h(e;, e;)) for a D-basis (e;) of T is invertible. For a non-degenerate (D, ¢)-Hermitian
form k& on T with respect to 1y, we define the unitary group and the special unitary
group for h by

4.9 U(T, hy={ge GL(T/D) | h(gv, gv')=h(v, v')(v, v € T)} ,
4.5) SU(T, k)= U(T, hyn SL(T/D).
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Note that these are F-algebraic groups.
If T is a left D-module, we can define a (D, ¢)-Hermitian form 4’ on T” with respect
to 1y, by regarding T” as a right D-module.

(4.6) Recall that a primary Q-VHS Wg has a tensor product decomposition Wg=
U®pV as in (3.12). The following theorem shows that the polarization Q is also de-
composed according to this decomposition.

As in (3.14), one obtains an involution 1 on E induced from the polarization Q
and an involution 1, on D such that (1p), =1

(4.7) THEOREM. In the notation in (3.7), there exist a flat non-degenerate (D, ¢)-
Hermitian form h on V with respect to 1,, and a non-degenerate (D, —¢)-Hermitian form
K on U with respect to 1, such that the polarization Q on Wg can be written as

4.8 Q=Trpo(h ®ph).

Here the sign ¢ is uniquely determined by Q if 1, is of the first kind, but arbitrary if 1, is
of the second kind.

The proof is similar to that of Lemma 2.2 and Theorem 2.3 in [S1, Ch. IV].

5. Scalar extension. In §3 and §4, we obtained the tensor product decomposi-
tion of a primary Q-VHS Wg

WQ=U®D V,

asin (3.12) and the decomposition of the polarization Q =Trp q(#' ® p h). In this section,
we will study the structure of R-VHS Wy:=Wg®gR which is obtained by scalar
extension.

The center F of D=End(¥) is a finite extension field of Q with a positive involution
1o (see (3.16)), so set F* ={ze F|z**=z}. Then, from (3.16), F* is a totally real number
field, and either

(R) F=F",so Fis a total real fields, or

(C) Fisa CM field, i.e., a purely imaginary quadratic extension of F*.

Setting t=[F*: Q], let {r;: F* = R, 1<i<t} be the set of ¢ distinct embeddings
of F* into R. Regarding W as a local system of F*-vector spaces, we can decompose
Wr:= WQ ®a R as

t

(.1) Wo=@ WO

i=1
where we have set
(5.2) WO=Wq®p+ ., R.

Since F* is of Hodge type (0, 0), this decomposition is compatible with the Hodge
decomposition of each fiber. Denote by Q® the bilinear form on W® induced by Q.
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Then we have the following:

(5.3) LEMMA. The local systems W are R-subVHS’s of Wy with a polarization Q,
and the decomposition (5.1) is an orthogonal sum with respect to Q.

From this lemma, we have the decomposition of the Weil operator
(5.9 C,= EI:—)I Cc®»  foreach seS
and the polarization
59 0a=® 09,

according to (5.1).
For each embedding 7;: F* =, R, we put

(5.6) FO=FQ;. .R,
(5.7 D%“=D ®p. R,
(5.8) Vi=V®p+ R,
(5.9 Ut=U®g+,R.

The algebra D™ becomes a central simple algebra over F®. Hence there exists a
division algebra D® over F® such that

D= M DY).

Fixing an above isomorphism, we denote by e;',, the corresponding matrix unit in D™,
We moreover set

(5.10) Vo.—gl pu, UD=Ung,

Then V9 is a local system of left D®-modules, and U? is a right D®-module, and we
have an isomorphism (cf. [S1, p. 189]),

(51 1) W(i) = U(i) ®D(i) V(i) .

Note that F® is isomorphic to R or C, corresponding to the case (R) or (C), so D@ is
isomorphic to R, H, or C.

(5.12) LeEMMA. Let Wgq be a primary Q-VHS over S of weight (0,0) and of type
(—=1,0)+(, —1). Let Wo=U®pV be the tensor product decomposition in (3.12). For
each embedding 1;: F* <, R, let WO, FO D% VO U®Y be as above. There exists an
isomorphism

(5.13) WOy R VO,
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such that for every geometric point s€ S, the Weil operator C¥ can be written as
(5.18) CO=IQI0,

where I'? and I, are R-linear automorphisms of U® and V9, respectively.
Moreover, one of the following cases occurs:

(5.15) I'=lye and (IP)P?=—1,0,
and
(516) (I’(i))Z =—- 1U(i) and Iéi)= ly:i) .

Proof. Regarding E as an F*-vector space, we set
E9=EQ@p+,R.
Since from (3.13) we have an isomorphism E=~End;(U), we get an isomorphism
EO~ End (U @y,

Since E® has a natural Hodge structure of weight 0, there esists a corresponding Weil
operator C/ on E®, which is induced by an R-linear automorphism I'® on U®. For
each point se S, the natural map E® ® W9 W% is a morphism of Hodge structures.
Hence, the Weil operator C” on W can be written as in (5.14). Since W® ® gz C is of
type (—1, 0)+ (0, — 1), one of the cases (5.15) and (5.16) occurs. (See [D, (4.4.8)].)

(5.17) REeMARK. In the case (5.15), E® ®  C consists of elements of type (0, 0), while
I determines a complex structure on each fiber V. In the case (5.16), E? ® zC
consists of elements of type (—1, 1), (0,0), (1, —1), but ¥? ®xC consists of bi-
homogeneous elements.

Now let us study the scalar extension of the polarization Q.

(5.18) LEMMA. Keeping the notation in Proposition (5.12), let Q be a polarization of
Wq with a decomposition Q=Try,o(h' ®ph) as in (4.8), 1, the involution on D defined
in (3.14), and 1§ the induced involution on D®.

Then for each i, 1 <i<t, h induces a (D®, en;)-Hermitian form h® on V® (with respect
10 1), and a (D, —e¢)-Hermitian form k' on U induces a (D, —en;)-Hermitian form i'®
on U (with respect to 1§’), where ;= +1, so that

(519) Q(i) =TrD(l‘)/R(hl(i) ®D(i) h(i)) .
For the proof, see [S1, Ch. 1V, §3].

(5.20) PROPOSITION. According to the cases (5.15) and (5.16), one can assume the
following:

(5.21) Case (5.15) eq;=—1, and H9»0 and HK'I®>0.
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(5.22) Case (5.16) en;=1, and HOI'"'>0 and hP>0.

Here, for example, K®I denotes the bilinear form K?(x, I®y), and “H'®>0" means that
the bilinear form k' is symmetric (= D-Hermitian) and positive definite.

Proor. First, note that D®=R, H or C and 1 is the standard involution on
the division algebra D®, (cf. Proposition (3.16) and §5). Assume first that we are in
the case (5.15). Setting x=u ® pw v, y=4 @ pwy ' € WP UP ® p» V¥, from (5.15) and
(5.19), one has

(523) Q¥%x, CPy)=08u ® pw v, CO(U ® pr ) =Trpew r(h"(u, w')- K (v, 19p)S)) .
Since the bilinear form QP(x, Cy) is a symmetric form by Definition (1.3), one has
Tt pyr(H O, w) (B (0, IS + KPP, v')o })=0..

Since h'P(u, u’) takes arbitrary values in D, this implies that
(5.24) KO0, I9%) = — KO(I9v, 1) .

Now we show that en; = — 1. Assume the contrary. Then /'D(u, u') (resp. (v, v')) is a
(D®, —1)-Hermitian form (resp. a (D, 1)-Hermitian form), hence together with (5.24)
one has

B, uys = —HOu,v'), and hD(v, IOy = —hO(v, IPv) .
Hence both /’D(u, u) and AP (v, I?v) are purely imaginary numbers in D®. On the other
hand, the positivity condition of Q¥(x, C?x)> 0 implies that

(5.25)  Trpwpth®u, whP (@, IPv)s)>0  forall ueUP—{0}, ve VO—{0}.

Thus in the case DY =R, this is obviously impossible, and in the case D® =H, it is easy
to find « and v for which the condition (5.25) does not hold. In the case D® =C, if we
replace #'® and A® by \/—1#'® and —+/—14?, one can assume that en,= — 1. Thus
one may assume that en;= —1 in the case (5.15). In case (5.16), one may similarly
assume that en;=1.

Now both APu,u) and AP, IPV) (resp. WO, I'Pv) and KP(v,v')) are
D®-Hermitian forms in the case (5.15) (resp. (5.16)). These also imply that both of
h9(u, u) and B9 (v, IPv) (resp. W'(u, I'Pu) and AP (v, v)) are real numbers in the case
(5.15) (resp. (5.16)). Hence (5.25) implies that

Case (5.15) H'O(u, u)-h(v, IPv)>0 for all ueUD—{0}, ve VP —{0}.
(resp. Case (5.16) W O(u, I'Pu)-hk9(v,v)>0 for all ue UD—{0}, ve ¥¥—{0}.)

Thus #P(u, u) and AP (v, IP) (resp. H'O(u, I'?u) and hP(v,v)) are both negative or
positive real numbers. By a well-known theorem of algebraic number theory, one can
find an element ae(F*)* such that 7,(a)*#?(u, u)>0 for all i in the case (5.15) and
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7,;(0)* ' P(u, I'Pu) >0 for all j in the case (5.16). Replacing &’ and h by a-#" and o« ™! +h,
one can get the assertion.

6. (Q-symplectic representations. Let Gg be a Q-algebraic group such that the
group G of its R-valued points is a Zariski connected semi-simple R-group of Hermitian
type. Let K be a maximal compact subgroup of G and 2 =Gg/K the corresponding
Hermitian bounded symmetric space. We denote by g and f Lie algebras of G and K
respectively, and by p the orthogonal complement of f in g with respect to the Killing
form. Then the complex structure of 2 is induced by an element H, e Cent(f) such that
(ady(Hy))?*=—1,. We call such an element H, an H-clement of Gg. A pair (Gq, H,)
consisting of the above Gg and H,, is called a Q-Hermitian pair.

(6.1) DerFINITION. A Q-symplectic representation of a Q-Hermitian pair (Gq, H,) is
a quadruple (Wg, pq, Qq, I) consisting of
(i) a Q-vector space Wg of dimension 2g,
(ii) a non-degenerate symplectic bilinear form Qg on W,
(iii) a faithful representation pg: Gg — Sp(Wgq, Qg) and
(iv) a complex structure /e 2(Wy, Qg) satisfying the condition

(6.2) [dpr(Ho)—(1/2)], dpr(X)]=0  forall Xegg,
where 2(Wg, Or) denotes

(6.3) {IeEnd(Wg)|I*= —ly,, Qa(x, Iy) is a positive definite R-symmetric form} .

Moreover, a Q-symplectic representation (Wg, pa, Qg, ) of a Q-Hermitian pair
(Gq, H,) is said to be Q-primary if (Wg, pg) is a sum of Gg-stable subspaces isomorphic
to an irreducible Q-representation p,: Go—=>GL(V/Q).

In this section, we will show that one can obtain a Q-symplectic representation
from a given primary Q-VHS Wg on S.

(6.4) Let us fix a geometric point seS. Then, from Theorem (4.7), the fiber V; is
a right D-module with (D, ¢)-Hermitian form h,, and U a right D-module with
(D, —¢)-Hermitian form A'. Denote by SU(V,, h,) and SU(U, ') the special unitary
group corresponding to (V,, h,) and (U, k'), respectively. Then these groups are
F-algebraic groups. Consider the Q-algebraic groups

(6.5) Ga=Rpo(SU(V,, k), Go=Rga(SUU, 1))
obtained by the scalar restriction Rg,q of Weil [W, 1.3]. Let
6.6) p1: Go=Rg;o(SUWV,, h)) —» SU(V,, k) ,
6.7 p1: Go=Rp;o(SUU, ) > SU(U, k),

be the natural homomorphisms. Then, from Proposition (3.11) and Theorem (4.7), we
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have natural representations

(6.8) p=1y® py: Ga=Rpa(SUWV,, b)) > Sp(Wq,., Q) ,
(6.9) p'=pi ® ly,: Gg=Reo(SUU, 1)) — Sp(Wq,, Q) ,
which commute with each other.

(6.10) Let B be a division algebra over R, i.e., B=R, H, or C, T a right B-vector space
of dimension n, and # a non-degenerate (B, ¢)-Hermitian form with respect to the
standard involution 1, on B, where ¢= + 1. In case e=1, we assume that A is positive
definite, so that we have an orthonormal B-basis of T with respect to 4 and identify
SU(T, h) with

SU,(B)={ge SL,(B) ] ‘glog=1,} .

Note that the R-group SU,(B) is always compact.
Next in the case e= — 1, we can choose a basis {e;} of T so that the intersection
matrix H=(h(e;, e;)) can be written as follows:
(i) B=R; n=2m is an even integer

< 0 1m>
H=J,= .
-1, 0

H=jl,.

(i) B=H;

(iii) B=C,; (p, q) is a pair of non-negative integers such that p+g=n.

' —il, 0
H=—il, = o i)
q

In the last case (iii), (p, q) is called the signature of A.
Then in each case, the group SU(T, h) is isomorphic to the following groups.
(i) B=R; n=2mis even.

SULR, h)=Sp,2(R)={g € SL,(R)|'gJ 29 =102} -
(i) B=H
SUH, h)=SU,H)~ ={ge SL,(H)|'g'(j1,)g9=j1,} .
(i) B=C; p+g=n.
SU,(C, h)=SU(p, q, C)={ge SL(C)|'gl,,g=1,,} -

In case = —1, the group Gg=SU(T, h) is a connected semi-simple R-group unless
SU,(H)” =S*, and is non-compact of Hermitian type unless SU(n, 0, C) = SU(0, n, C) or
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SU,(H) . Let 2(T, h)=Gg/K denote the corresponding Hermitian symmetric bounded
domain where K is a maximal compact subgroup of Gg. Then we have an isomorphism

(6.11) 9D(T, h)={IeEndg(T) | I*= —1q, h(x, Iy) is a positive definite B-Hermitian} .

Corresponding to each case above, 2(T, h)is isomorphic to one of the following bounded
symmetric domains:
() (D,={ZeM,(C)|'’Z=2Z,1,—'ZZ»0},
() an,={ZeM,(C)|'Z=-2,1,—'ZZ>»0},
(i) (I),,={ZeM(p,q,C)|1,—'ZZ>0}.
The relation between SU(T, h) and 2(T, h), and the R-rank of SU(T, k) are shown
in the following table.

B G=SUT,h) 2=9(T, h) dim¢ 9 R-rank
6.12) SPr2(R) D, (#/2)(n/2+1)/2 n/2
' H  SUM)" (I1), n(n—1)/2 [n/2]
C SU(p,q,C) (Dpq Pq min(p, q)

(6.13) ReMark. If 4 is a positive definite B-Hermitian form, the group SU(T, h)=
SU,(B) is simple, and non-abelian unless SU,(R), SU,(R) and SU,(C). If h is a B-skew
Hermitian form, then Gr=SU,(B, h) is simple and non-abelian unless SU,(H) ™ x~
S, SU,(H)™ =SL,(R) x SU,(C), and SU(1, 0, C)=SU(0, 1, C)=S*.

Let Gg (resp. Gg) be the group of R-valued points of Gg (resp. Gg). From Lemma
(5.12) and (5.18), we have the following decomposition of Gy (resp. Gg):

t
(6.14) Gq=[] SUVY, K)),
i=1
t
(6.15) k=11 SUW, kO,
i=1

Moreover, from p one has a natural representation
(6.16)  p®: Gr=Ryo(SUV,, h))r = Sp(U® ®pw VP, KO)= Sp(W, Q) .

(One can also obtain a representation p’® of Gg.) Note that the isomorphism classes
of Gg and p, do not depend on the point seS.

The most fundamental result in this paper is the following:

(6.17) THEOREM. Let the notation be as above.

(i) The Q-algebraic groups Gg and Gg are Zariski connected, and the groups Gg
and Gy, of their R-valued points are reductive R-groups of Hermitian type.

(i) If, moreover, G (resp. Gg) is non-compact, then Gg (resp. Gg) is a semi-simple
R-group of Hermitian type.
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(iii)) Assume that Gy (resp. Gy) is non-compact. For each point s€ S, there exists
an H-element H,, ; (resp. Hy) of Gg (resp. Gg) such that (Gg, Hy ;) (resp. (Gg, Hp) is a
Q-Hermitian pair and the data (Wgq, p, O, Cy) (resp. (Wq,, p', O, C,)) become a
Q-symplectic representation of (Ggq, Hy ;) (resp. (Gg, Hyp)).

PrOOF. (i) The Zariski connectedness of Gg and Gg follows from the argument
in [S1, Appendix, § 1]. In view of (6.10) and (6.11), we only have to show that SU(V?, )
and SUU®, i"?) are reductive groups. From Proposition (5.20), A? and #'® are
D®_skew-Hermitian or positive definite Hermitian. Hence this follows from Remark
(6.13).

(i) We only have to prove the assertion (ii) for Gg. If Gg is non-compact, one
of SUVY, hY) is non-compact. Hence in particular 4? is a D®-skew-Hermitian form
and SU(V®, h?) is a sem-simple R-group of Hermitian type. Then by Remark (6.13),
the group SU(V®, b®) for k #i is semi-simple of Hermitian type. Therefore, we obtain
the assertion (ii).

(iii) Consider the Weil operator C, on Wg . It is decomposed as C,= (—B:= . cH
according to (5.1). By Lemma (5.12), after a suitable renumbering of i, one may assume
that ’

(6.18) cs=<2 1®I§"’)+< Y I""’®1>.
i=1

i=t'+1

Note that C;e 2(Wg, O,) (cf. (6.3)). Now set

1/& . .
(6.19) Ho,s=7< Y (1§"—u‘)> :
1 ! . .
(6.20) Ha=—< ) (1""—u‘)>,
2 \i=r+1
where

,. {0 if DO=R M,
u= . .
~ =W pi—q)/(pi+q:) if DY=C and /— 1A has signature (p;, ¢;) .

Then it is easy to see that H,, (resp. Hg) defines an H-element of Gy (resp. Gg).
Moreover one can also check the condition (6.2) for pg, Hy,, C, (resp. pr, Hy, C,).

(6.21) THEOREM. In the notation in Proposition (5.12), let Hy denote the element of
Lie algebra gy if Gy defined in Theorem (6.17). Let gg=% @ p’ be the corresponding
decomposition of the Lie algebra, and pc=p'* @ p'~ the decomposition of the
complexification of p’ with respect to the complex structure ad,.(Hp). Then we have an
isomorphism of the C-vector spaces

(6.22) (End®(R, f,Z,) ®;C) M xp'*
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Proor. First, let us remark that from (3.13), (4.8) and (6.5), there exists an
isomorphism

End®(R, f,Z;) ® 2z R=g}
The Hodge structures on both hand sides of this isomorphism are induced by the Weil
operator on W (cf. (6.18) and (6.20)). q.e.d.

(6.23) COROLLARY. A primary Z-VHS W is rigid if and only if the Lie group Gi=
Rpo(SU(U, h))g is compact.

ProOF. In view of Corollary (2.4) and (6.21), W7 is rigid if and only if p'* ={0},
which is equivalent to the compactness of Gg.

Let us fix a point s€ .S, and consider the monodromy representation

(6.24) ts: 71(S, $)—>Sp(Wa,s Q) -
Then y, factors through p, i.e., there exists a homomorphism
(625) ﬂl,s: nl(S’ s)—*GQ=RF/O(SU( Vs’ hs)) s

such that p;=p-p, ..

(6.26) PROPOSITION. If G is compact, the Z-VGHS W7 is locally trivial, and hence the
corresponding abelian scheme f : X— S becomes isomorphic to the product S’ x X after a
finite base change p: S'—S.

Proor. Since the image of u, ; is contained in a discrete subgroup of Gg, the
compactness of Gy implies the finiteness of the image of n,(S, s) under p, .

(6.27) COROLLARY. Let f: X—S be an abelian scheme such that the corresponding
Q-VHS Wq=R, f,Qy is primary (e.g., the generic fiber of f is simple). Let Gg and G
be the Q-algebraic groups defined in (6.5), and set G®=SUWV®, ) and G§’=
SUUD, k') as in (6.14) and (6.15). Then we have the following:

Q) If G@ (resp. Gi) is non-compact, then the group Gi{’ (resp. GY¥) is compact.
Therefore, if f: X—S in non-isotrivial, then Gy is non-compact, and hence at least one
of {G§} is compact, i.e., Gy has compact factors.

(i) If f: X—S is non-rigid, then Gy is non-compact, and hence at least one of {G{'}
is compact, i.e., Gg has compact factors.

(iii) In particular, when f:X—S is non-isotrivial and non-rigid, one has t=
[F*: Q]>2 and Gy and Gy have both compact and non-compact factors.

7. The Satake classification. In view of Theorem (6.21) and Corollary (6.27),
the classification of non-rigid primary Q-VHS, or the corresponding abelian schemes,
can be reduced to that of the certain types of @-symplectic representations. Namely, in
the notation of §6, if a primary @Q-VHS Wg over S is non-rigid if and only if G is
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non-compact, and if it is non-isotrivial then Gz must be non-compact.

Satake [S2] classified Q-primary symplectic representations of Q-Hermitian pair
(Gg, H,). We refer to his results in [S2] and to [S1, Ch. IV].

First, from Theorem (6.17), (iii), and Corollary (6.26) and the argument in [S1,
Ch. 1V, §6], we can deduce the following:

(7.1) THEOREM. Let Wy be a primary Q-VHS of weight —1 of type (0, —1) and
0, —1) over S, V, D, F as defined in (3.7), and 14, h as in (4.6). Assume that W is not
isotrivial. Then the one of the following cases occurs:

(R1) D=Fis a totally real algebraic number field and with 1 the identity, and h is
a symplectic form on V, (e= —1).

(R2,¢) D is a quaternion algebra over a totally real algebraic number field F and
1 is the standard involution, while h is a (D, £)-Hermitian form V with respect to 1, where
e=+1.

(C) FisaCM field, i.e., a purely imaginary quadratic extension of a totally real
algebraic number field F*, D is a central division algebra over F, 1 an involution of D of
the second kind, and h a (D, £)-Hermitian form with respect to 1, where e= + 1.

Moreover in each case, under the notation of §5, one has the following explicit
descriptions of F®, D%, DO V& gD UO KD Gg, Gg for the cases (R1), (R2, &), (C)
respectively.

(7.2) TueoreM (cf. [S1, Ch. IV, §6]). Let W be as in Theorem (7.1), F®, D% D®,
VO RO UD KD gsin §5, and Gg, Gg as in (6.5). Assume that W is not isotrivial. Then
Sor each of the cases (R1), (R2, &), (C), we have the following:

(Rl) (¢e=—1)D=F=F". Set dimg V,=n, dimy U=m. Then one has
FO~DuxDO~R, VOxRr, UOxR™,
k) : an R-symplectic form on Vi, (y;=1) for 1<i<t=d,

K®: a positive definite R-symmetric form on U’, (n,=1) for 1<i<t=d,

and
C_si) = lu(i) ® Is(i)
(7.3) Gr=Spa2(R)X -+ x Sp,5(R).
dx (1ID),,
(7.4) Gp2SO0,R)x -+ xSO,(R).
d x compact

(R2,e) We have F=F", and D is a quaternion algebra over F. Set rank,V=n,
rank, U=m. Then one has F® =R. After a suitable renumbering of {t;}, we may assume
that for some t', 0<1t' <t,
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Tinv

{IH] 1<i<t pog[H 1=ist
M,(R) r+1<i<t, TR +l<i<t.

Then one has

V(i);{Hn , U(i);{Hm W(i)g{H"®HHm 1<i<r

* R2 R2™ | TR ®gR™ r+1<i<t.
(e=1)
h‘i’—{a positive definite H-symmetric form (n;=1) 1<i<t’,
i an R-symplectic form (n,= —1) '+1<i<t,
h,(i)__{an H-symplectic form (n,=1) 1<i<t,
a positive definite R-symmetric form (n,=—1) t'+1<i<t,
_{I""’ ® lyp l<i<t’,
° ljw®IP r+1<i<rt,
7.5 - Gg=SUMH)x -+ xSU,H)x Sp,(R)x _--- xSp,(R),
t' x compact (t—1t") x (1II),
(7.6) R=SUn(H)™ x -+ XSU,(H)” x SO,m(R) X -+ xSO,,(R).
' ><v(II),,l (t—1t") x compact
(=1
0= {an H-symplectic form (1;=1) l<i<t,
* a positive definite R-symmetric form (n,=—1) t'+1<i<t,

h"i)—{a positive definite H-symmetric form (n;=1) 1<i<t’,
an R-symplectic form (n;= —1) r'+1<i<t,

N

[ le®IP l<ist,
I®lyy t'+1<i<t,

(1.7 G|R=‘SU,,(|H])_ x - xSU(H)™ x SO,,(R)x -+ xS0,,(R).
t' x (II), (t—1") x compact

(7.8) R=SUn(H) x -+ X SUL(H) x Spu(R) X -+ X Sp,(R) .
t' x compact (t—1t') x (IID),,

(C) (e=+1) Fis a purely imaginary quadratic extension of F*, so t=[F: Q]/2.
We set [D: F]=r?, rank, V=n, and rank, U=m. Then one has

FO9~pOxC, D=M,/(C),
vo=cr, U9%=C™, Wi=C"®cC".
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We may assume that for t', 0<t'<t,
A C-symplectic form with signature (p;, q;) 1<i<t" (p;=q;>0),
positive definite C-Hermitian form r'+1<i<t,

o — positive definite C-Hermitian form I<i<t,
B C-symplectic form with signature (p;, q;) t'+1<i<t, (p;=qi>0),

"
(7.9) Grx [] SU(p;, 4 C) x SU,(C)x - x SU,(C)
i=1 TI)M‘ (t—1t") x compact ’

!
(7.10) Gr=SU,(C)x -+ xSU,(C)x [ SU(P, g, ©)

t' x compact i=1 (1)

8. Geometric results. The following theorem is a consequence of Corollary (6.27)
and Theorem (7.2).

(8.1) THEOREM. Let f: X—S be an abelian scheme such that the corresponding
Q-VHS Wq=R,f,Qy is primary (e.g., the generic fiber X, of f is simple). Let V,
D=End(V) and U be as in (3.8), and Wq=U ®p V the tensor product decomposition of
Wgq as in (3.11). Set rank,U=m, rank, V=n, and t=[F*: Q] (see §3 and §5 for
notation). Assume that f: X—S is non-isotrivial and non-rigid.

(i) If the center F of D is totally real (i.e., F=F"), then D is a quaternion algebra
over F=F* such that

D@qRx=HX -+ XHxM(R)x -+ x My(R).
t t—t'
Hence if one denotes by r(f) the relative dimension of f: X— S, one has

1
8.2) r(f)=7-rankQ UQ@pV=2tmn.
Here one must have t'>0 and t—t' >0, hence in particular t=[F: Q]>2. Moreover one
of the following cases occurs (see Theorem (7.2)):
Case (R2,1) n>1 and m>2,
Case (R2, —1) n>2 and m=>1.

In particular, the relative dimension r(f) is even, and >8.

(ii) If the center F of D is a CM field (i.e., [F: F*]=2), then D is a central simple
division algebra over F such that [D: F]=r? and

D®qR=M,C)x -+ x M/C).

In this case, one has
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8.3) r(f) =~;— 2tnmr? = t(nr)(mr) .

Moreover, the bilinear forms h, must be indefinite at a place t;: F* — R and definite at
some other places. And K satisfies the condition in (C) in Theorem (7.2). Hence
t=[F*: Q]=[F: Q)/2>2, nr>2, mr>2. In particular, r(f)>8.

(8.4) CoroLLARY. Let f: X—S be an abelian scheme which has no isotrivial factors.
The abelian scheme is rigid, if the relative dimension r(f) of f is less than 8.

(8.5) CoROLLARY. Let f: X—S be an abelian scheme whose generic fiber X, is simple.

Assume that [ has no-isotrivial factor and the relative dimension of f is a prime integer.
Then f: X—S is rigid.

The following theorem is a consequence of Corollary (6.27), and we call it the
monodromy theorem.

(8.6) THEOREM. Let f: X—S be an abelian scheme such that the corresponding Q-
VHS Wq=R, f,Qy is primary (e.g., the generic fiber of f is simple). Assume that S is
non-compact and a local monodromy around a point in the boundary has infinite order.
Then f: X—S is rigid.

Proor. The image of the monodromy representation of 7,(S, s) lies in Gq (see
(6.25)). If f: X— S is non-rigid, from Corollary (6.27), Gy has a compact factor, hence,
in particular, the Q-rank of Gg is zero. On the other hand, it is known that the
monodromy of the Z-VHS around the boundary divisor is quasi-unipotent, a
contradiction to the assumption.

9. Examples of non-rigid abelian schemes. In this section, we will give examples
of non-rigid abelian schemes and show that Theorem (8.1) is the best possible, i.e., in
both cases (i) and (ii) in Theorem (8.1), one can give examples of abelian schemes with
a given relative dimension. Such examples shall be obtained as Kuga fiber spaces of
abelian varieties, which are constructed from Q-symplectic representations of Q-algebraic
groups.

(9.1) Kuga fiber spaces. Let (Gg, Hy) be a Q-Hermitian pair and (Wgq, pg, Qa, 1) @
Q-symplectic representation of (Gg, H,) (see Definition (6.1)). By a lattice W7 of Wg,
we mean a free Z-submodule W, of Wgq such that Wg ® Q= Wg and

Qa(Wz, Wp)cZ .

Such a quintuple (Wq, pq, Qa, I, W) is called a Kuga quintuple. Let K be the
maximal compact subgroup of Gy determined by H,, and denote by 2 :=Gg/K the
corresponding Hermitian symmetric space. The representation pg: Go—Sp(Wgq, Qg)
induces a representation pr: Gr—Sp(Wg, Qr), and an equivariant holomorphic em-
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bedding h: 2 = D(Wg, Qr) = Sp(Wg, Qr)/K’ with respect to pr. Note that 2(Wy, Or)
is isomorphic to the Siegel upper half plane (III), where k=(1/2) diim Wi

The lattice W determines an arithmetic subgroup I'y,,={ge Sp(Wpg, QR|gWZ=
W3}, and a subgroup pg'(I'y,) of Gg becomes arithmetic. There exists a torsion-free
subgroup I'cpg'(I'y,) of a finite index, so that the quotient space I'\2 becomes a
smooth quasi-projective variety (cf. [Ba-Bo]). It is well-known (or easy to see) that
there exists a universal Z-VHS ¢ : #3,>2(Wg, Qr) of weight —1 and of type (—1, 0),
(0, —1), whose typical fibers are isomorphic to W,. Moreover, there exists the
corresponding universal family of abelian varieties. Via the equivariant embedding
h: 9 =, 2(Wg, Qr), one can pull back the Z-VHS ¢ to a Z-VHS over 2, and moreover
descends it to a Z-VHS over the quotient variety M :=I\2. Hence one obtains the
corresponding abelian scheme f: Xp—>M=I'\2 (see (1.10)).

(9.2) DermiTiON (cf. [S1, Ch. IV, §7]). The abelian scheme f: X->M =I'\2
constructed from a given Kuga quintuple and a torsion-free subgroup I' = G is called
the Kuga fiber space of abelian varieties.

(9.3) ReMark. The fiber spaces of abelian varieties above have been studied from
many points of view by many people such as Kuga, Shimura, Satake, Mumford, et al.
The reader can find many references about Kuga fiber spaces in §7 of Ch. IV and the
References in Satake [S1]. '

(9.4) Quaternion algebras. We shall quickly review the theory of quaternion algebras
following Satake [S1, Appendix, §2]. Let F be a field of characteristic different from
2. A quaternion algebra over F is, by definition, a central simple algebra over F with
[D: F]=4.If D is not a division albgebra, one has D~ M,(F), in which case D is called
a split quaternion algebra.

For given a, fe F*, one can define a quaternion algebra D(«, f) as an algebra with
the unit element 1 over F generated by two elements x,, x, satisfying

2 2_ _
xi=a, x3=B, XX;=-—X,x;.

Let #(F) denote the Brauer group of F, and Cl(D)e #(F) the Brauer class of D.

Since [D: F]=22, CI(D) lies in the subgroup ,#(F) of #(F) consisting of the elements
of order at most 2.

If Fis a local field, the Brauer group is
1 if F~C,
BF)={z2 if F=R,
Q/Z otherwise .
In these cases, CI(D(a, f)) is given by the Hilbert symbol (a, §)F, that is,
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1 if ax?+ By?=1 has a solution in F,
Cl(D(a, B))=(a, B)r= {

—1 otherwise .

Note that CI(D(«, B))=1 if and only if D(a, p) splits.

Now let F be an algebraic number field, Q(F) the set of all valuations of F. Consider
the quaternion algebra D(a, ) for a, fe F*. For a valuation ve Q(F), denote by F, the
completion of F with respect to v, and set

D(d, B)0=D(d, ﬁ) ®FF0 .

Then the Hilbert reciprocity law says that for all most all veQ(F), one has
Cl(D(a, B),)=1, and

9.5) [1 ClDE, p))=1.

veSNF)

Conversely, if T is a finite subset of Q(F) consisting of an even number of discrete
or real valuations of F, then there exist «, e F* such that

—1 if veT,

Cl(D(a, p),)= {1 if veQF)—T

(See [O’M, Theorem [71:19]].)
From this fact, one can see the following:

(9.6) PRrOPOSITION. For an arbitrary positive integer t and an integer t' satisfying

0<t' <t, there exist a totally real number field F of degree t and a quaternion algebra D
such that

9.7 D@gR=HX -+ xHxM;(R)x -+ x My(R).
k2 =

PrOOF. It is well-known that there is a totally real number field F of arbitrary
degree. The existence of the quaternion algebra over F with arbitrary spliting type
follows from the converse of the Hilbert reciprocity theorem.

(9.8) Examples of type (R2, +1). Let ¢ be an arbitrary positive integer, ¢’ an integer
such that 0<¢'<t, and let F and D be as in Proposition (9.5). We denote by i, the
standard involution of D. For positive integers »n and m, set

V:=D", U:=D".

We regard V as a left D-module, which can also be regarded as a right D-module via
the action

vra=a'o-p

for veV and ae D. We regard U as a right D-module.
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Taking se D™ an element skew with respect to 1,, i.e., 5= —s, we define a
(D, 1)-Hermitian form 4 on V and a (D, — 1)-Hermitian form 4" on U by

9.9) h(x, y)= Zl Xy, KH(x,y)=Y xPesy;.
i= i=1

Now consider the Q-algebraic groups
(9.10) Ga=Rgo(SUV, b)), Go=Rpo(SUU, k),

and denote by Gg and Gy the corresponding R-groups, respectively. From Lemma
(5.18) and Theorem (7.2), one has the decompositions

(9.11) Gr=SU,(H)x -+ xSUH)x Sp(R)x - - x Sp,R),
t' x compact (t—1") x (11I),

(9.12) Gi=SUn(H)™ X ** X SULH)" xS50,,R)x - x SO,,(R) .
t xtII),,, (t—1) xEompact

Note that G is non-compact if and only if — >0, while n> 1, and G is non-compact
if and only if '>0 and m>2. Setting

.13 Wo=U®pV, Q:=Trpeh'®Hh),

one has natural representations

p1:Ga—=>Sp(Wq,Q), py:Gog—Sp(Wq, Q).

One can get a complex structure 7 on Wy (see (R2, 1) in Theorem (7.2)), so that
(Wq, Q, p1, I) become a Q-symplectic representation of Gg (with respec to some
H-element H,) of type (R2,1) (see §6 and (7.2)). Therefore we obtain a Z-VHS
¢: Wy—Mp where M =I'\2 is an arithmetic quotient of the Hermitian symmetric
space

9.149) D :=Gp/K=(), x -+ x(II),,

— t—t' times ‘
and the corresponding Kuga fiber space f: X— M. Similarly, (W, Q, p,, I) becomes
a Q-symplectic representation of Gy of type (R2, —1). Hence we obtain a Z-VHS
@' Wy— M. where M. =I""\2' is an arithmetic quotient of the Hermitian symmetric
space

9.15) P':=Gy/K' =), x -+~ x(1),,

t' times

and the corresponding Kuga fiber space f”: X;— M.

(9.16) DEFINITION-PROPOSITION.  The Kuga fiber space f: Xp—My (resp. f': Xp—
M) as above is said to be of type (R2, 1) (resp. (R2, — 1)). The relative dimension f (resp.



186 M. H. SAITO

f") is 2tnm, and the fiber space has no isotrivial factors if dim M >0 (resp. dim M.>0).

Moreover, the data (Wgq, Q, p; ® p,, I) become a Q-symplectic representation of
the product group Gg x G, and therefore we obtain a Z-VHS ¢: #,— M, x M}., and
the corresponding Kuga fiber space 71 (X )" =My x M}..

If we take a suitable point [0]e M, the family f, « 0 (Xrxr)(pxmp—[0] X My is
isomorphic to the original Kuga fiber space f: X;— M/, and the family f: (X;, )" —
M x My. can be regarded as a deformation of the original abelian scheme f of type
(R2, 1) with the parameter space M. We can interchange the roles of M and M. and
regard M| as the parameter space for the deformation of the Kuga fiber space
f'1 Xr—>Mp. of type (R2, —1).

From these facts, we can deduce the following:

(9.17) THEOREM. Let t, n, m be arbitrary positive integers, and t’ an integer such that
o<t<t

(i) One has Q-algebraic groups Gg and Gg of Hermitian type defined in (9.10) and
Q-symplectic representations (W, Q, py, I) for Gg of type (R2, 1) and (Wg, Q, p,, I) of
Gq of type (R2, —1) such that dimg Wq=4tmn.

Hence we obtain a Kuga fiber space f: Xr— M| of type (R2, 1) and a Kuga fiber
space f': Xr—>Mrp. of type (R2, —1), where M =TI'\2 and M .=I"'\2' are arithmetic
quotients of the Hermitian symmetric spaces 9 and 9’ in (9.14) and (9.15), respectively.

(ii) Moreover from the tensor product representation p, ® p, one obtains a Kuga
fiber space f: (Xpy )" =My x Mj., which Kuga fiber space [ gives the deformation of
both Kuga fiber spaces f and f'.

(i) If dimM >0, i.e., if t—t'>0 and n>1, then f: Xy— M| has no isotrivial
factor, and if dim M1.>0, i.e., if t’' >0 and m>2, f is non-rigid. Conversely, if dim M1.> 0,
f" has no isotrivial factor, and if dim M >0, then f' is non-rigid.

(9.18) COROLLARY. For all even integer r>8, there exists a non-rigid abelian scheme
of relative dimension r of type (R2, + 1) with no isotrivial factor.

(9.19) Remarxk. In Theorem (9.17), one has dimM,=(t—t)xn(n+1)/2 and
dim M. =t x m(m—1)/2. Following Deligne’s suggestion, Faltings [F] gave an example
of non-rigid abelian schemes over a modular curve of relative dimension 8 which has
no isotrivial factor. In our notation, his example corresponds to a Kuga fiber space of
type (R2, ) witht=[F: Q]=2,¢t'=1,(i.e.,D ®qR=H x M,(R)andn=1and m=2).

(9.20) Examples of type (C). In this subsection, we shall give a non-rigid abelian
scheme of type (C) in Theorem (7.2). Let ¢ be an arbitrary positive integer, and F
a CM field of degree 2¢, i.e., a purely imaginary quadratic extension of a totally real
field F* of degree t. The complex conjugation of F will be denoted by 1,, and let
{r;: F* = R}}_; be the set of all distinct embeddings of F* into R.

For positive integers n and m, set
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V:=F®" U:=F%m,

Taking two sequences {a;}}_, and {B,}r-, of non-zero elements in F*, we can define
((F, 1)-)Hermitian forms 4 and 4’ on V and U by

9.21) h(x, y)= _Zl xPra;ty;,
-
9.22) H(x,y)= k; X0 By -

Since one has isomorphisms
VO =V ®p.  R=C", UD:=UQ;., RxC",
one obtains a Hermitian form #® on V® induced by A, as well as a Hermitian form

K on U® induced by #'.

(9.23) LEMMA. Assume that for every i, 1 <i<t, a pair of non-negative integers (p;, q;)
such that p;+q;=n is given. Then we can choose {a;}}-, in such a way that the cor-
responding Hermitian form h(x, y) in (9.21) induces a Hermitian form h” on V® with the
pre-assigned signature (+, —)=(p;, q;). The same is true for h'.

Proor. The induced Hermitian form A® has the form
h(i)(x, y)= '21 x;'o'ti(aj)'yj .
i=

Then the assertion follows from a well-known result in number theory, that is, there
exists a non-zero element a € F* such that t;(a) for every i has a pre-assigned sign.

Now let us take an element 0 € F such that 8'°= —0. Setting
Wa=U®rV, Qa=Trga((6-F)®H),

we obtain a Q-symplectic vector space (Wgq, Qo) of dimension 2tnm. Define Q-algebraic
groups Gg and Gg as in (9.10), and assume that we are given an integer ¢', 0<t'<¢,
pairs of integers (p;, q;), p;+q;=n for 1<i<t’, (p}, q;), pi+qi=m for t' +1<i<t. Then
by Lemma (9.23), we may assume that the Hermitian forms 4 and /4’ satisfy
= { a C-Hermitian form with signature (p;, ¢;) 1<i<t’ (p;>¢,>0),
a positive definite C-Hermitian form t'+1<i<t,

h""’—{a positive definite C-Hermitian form I<i<t,
a C-Hermitian form with signature (p}, ¢;) ¢'+1<i<t, (p;>¢;>0).

Then the groups Gg and G of R-valued points of Gg and Gq are given by
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9:29) Gr= ﬂ SU(p;, g;; C) x SULC)x - -~ xSU,(C),
i=1 (I)m (t— t') x compact
(9.25) Gr=SULC)x -+ xSU,(C)x H SU(p;, 4 C) .
t’ x compact =1 Dy
As in (9.8), one can obtain representations
(9.26) p1: Gg— Sp(Wa, Qa)
(927) P2 G‘;) - Sp(Wﬂa QO) ’

so that for a suitable complex structure / on Wy, the data (Wq, Qq, p;, I) for i=1,2
become Q-symplectic representations of Gg and Ggq, respectively. From (9.24) and
(9.25), one can see that the corresponding Hermitian symmetric spaces are given by

.

(9.28) P=Gy/K= [Il @M piq; s

(9.29) P =GyK'z ] Dy -
i=t'+1

Choosing suitable torsion-free arithmetic subgroups I'c Gg and I'’ = Gg, one obtains
Kuga fiber spaces

(9.30) fiXp>M.=I'\?,
(9.31) i XpoMp=I"\2 .

As in (9.8), one can also obtain a Kuga fiber space f: (X )" =M x M}. induced by
the Q-symplectic representation (Wg, Qg, p1 ® p2, I) of Gg x Gg. Therefore one has
the following:

(9.32) THEOREM. Let t, n and m be arbitrary positive integers, and t' an integer such
that 0<t' <t. Assume that the signatures (p;, q;) for 1 <i<t’ and (p;, q;) for t' +1<i<t
are given.

(i) There exists Kuga fiber spaces f: Xr—Mp and f': X't.— M. constructed from
Q-symplectic representations (9.26) and (9.27) of type (C), whose relative dimensions are
equal to tnm. Here M| (resp. My.) is an arithmetic quotient of a product of Hermitian
symmetric domains of type (), ,, in (9.27) (resp. (), 4, in (9.28)).

(i) From the tensor representation p, ® p,, one obtains a Kuga fiber space
F: (Xpup)" = Mpx My. This gives deformations of f and f'.

@iii)) IfdimM>0,i.e.,t' >0, then the Kuga fiber space f : X— M has no lsotrzvzal
factor, and if dimM[.>0, i.e., t—1t'>0, then f is non-rigid. Conversely, if dim M.>0,
then f' has no isotrivial factor, and if dim M >0, then f’ is non-rigid.

(9.33) ReMark. In order to obtain a non-rigid Kuga fiber space of type (C) which
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has no isotrivial factor, one must have 1>2, n>2, and m > 2. Hence the minimal relative
dimension r(f) for non-rigid Kuga fiber space is 8, when t=n=m=2. In this case, one
has Gg=SU(1, 1, C) x SU(2, C) and Gr=SU(2, C) x SU(1, 1, C).
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