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Abstract. In this paper we introduce equations whose solutions are considered to
be a generalization of simply connected, minimal surfaces or constant mean curvature
surfaces in 3-dimensional space forms and prove that there exists a natural bijective
correspondence among the sets of solutions of the equations under certain conditions.

Introduction. In 1970 Lawson [L, Theorem 8] gave an S!-family of isometric
immersions with constant mean curvature (CMC for short) \/H?—c from a simply
connected Riemann surface M into the simply connected 3-dimensional space form
M3(c) of curvature ¢, where H, ce R such that H?>—¢>0. His result implies that there
exists a natural S'-equivariant bijective correspondence between the space of isometric
immersions with CMC=.,/H? —c of M in M3(¢) and the space of isometric immersions
with CMC=,/H?—¢' of M in M3(c’), where H, ¢, ¢’e R such that H>—¢, H>—c¢'>0
and c#c'.

In this paper we shall generalize his result. Before we state our main theorem we
shall explain some basic notation.

We fix a Riemann surface M. Let (M, so(3)) be the space of so(3)-valued 1-forms
on M and Q'°(M, C3) the space of C3-valued (1, 0)-forms on M. Set

1 if ¢=0,
Ha=3 1 it ¢#0
Jlel
and
1 if ¢>0,
sign(c)=4 0 if ¢=0,
—1 if ¢<0
for ceR.

Given H, ceR, we shall consider equations (5, on AeQ'(M,so(3)) and
aeQV%(M, C?) defined by
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da+Ana=./—1HL(c)axa

(*H,c) 1
dA +? [A A A]—sign(c)aA'a+an'a)=0,

where x is the complex linear extension of the exterior product on R>.
We set
A(H, c)={(4, a); A€ Q' (M, s0(3)) and ae Q"°(M, C3) satisfy (x5 )}
and
A =C*M, SO(3)).
The group " acts on «/(H, ¢) from the right by
(A, a)k=(k~*Ak+k~'dk, k™ 'a),

where ke A" and (4, a)e #(H, ¢).
Let p and g be C3-valued 1-forms on M and {z} a holomorphic local coordinate
on M. We define

ror=(f L o ({1 o
(Do (2 oo

where ¢ , > is the complex linear extension of the standard inner product on R? (this
definition is independent of z).
Then we set

BH, c)=<4(H, c)| A
and
€(H, c)={(4,a)e 4(H,c);a®a=0,a®a#0}/A .

Note that €(H, c) is a subspace of %(H, c).
The space %#(H, c¢) may be considered as a generalization of the space of isometric
immersions with CMC = H of M in 9M3(c). Indeed, we can prove the following:

PROPOSITION.  If M is simply connected, then

(i) @(H, c)={conformal immersions with CMC=H of M in MM3(c)}/Isoq(M>(c))
and

(il) (0, ¢)={harmonic maps from M into M>(c)}/Isox(MM3(¢)),
where 1s0o(I>(c)) is the identity component of the group of isometries of M>(c).

Moreover in §3 we shall naturally define an S!-action on %#(H, c) leaving €(H, c)
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invariant. Then our main theorem is as follows:

THEOREM. Let H, H', ¢, c'€ R. If sign(H?*+c)=sign(H'? +c’), then there exists a
natural S*-equivariant isomorphism

F:#H,c)—>BH, )
such that F (¢(H, c))=%(H', c').

We remark that if we restrict to the case that M is a simply connected Riemann
surface, we obtain G(/H?—c, c)=¥(/H?>—c',¢') for any H,c,c'eR such that
H?—c, H>—¢'>0 and c#c’. Since M is simply connected, by the Proposition, this
isomorphism gives an S!-equivariant bijective correspondence between the space of
isometric immersions with CMC=,/H?—c of M in M>(c) and the space of isometric
immersions with CMC = ./H? — ¢’ of M in M3(c’). We can check that this correspondence
is just the one obtained by Lawson (see §3, Remark), although our proof is completely
different from his. Originally the author studied the bijective correspondence above for
a special case in [F]. This paper was inspired by Lawson’s result and turned out that
the previous paper [F] is a special case.

ACKNOWLEDGEMENT. The author would like to express sincere gratitude to
Professor Takushiro Ochiai for his useful suggestions and constant encouragement, and
also to the referee for his useful comments.

1. Preliminaries. In this section we shall give basic facts which will be needed
later.

Let N=G/K be a reductive homogeneous space, g (respectively f) the Lie algebra
of G (respectively K) and n: G— N the natural projection. Since N is reductive, we have
a decomposition g=¥f@® m with an Ad; K-invariant summand m. We can naturally define
a g-valued 1-form f on N, called the Maurer-Cartan form. If P,, denotes the projection
from g to m, then

p(X)=AdgP.(Adg™'¢),

where g€ G, X=d/dt|,=0exp té.x, Eeg and x=m(g) (see [BR, p. 6]).
Now let M be a manifold.

DEFINITION. A map ®: M—G is called a framing of ¢: M—>N if it satisfies
ToP=0¢.

We set a =P~ 1d® for a framing of ¢. Corresponding to the reductive decomposi-
tion g=f@® m, we have a decomposition of «,

=00+ Oy, .

Then we have:
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ProposITION 1.1 (see [BP, p. 241]). Let M be an oriented Riemannian manifold
and @ a framing of ¢ : M—N. Then
P(traceVdo) =+ Ad ®{d* o, + [ A *x o]},
where x is the Hodge star operator on M.

We shall now describe M3(c) as a (Riemannian symmetric) reductive homogeneous
space.
We put

P
G0=SO(3)1><R3={(0 i’)eGL(4,R);PeSO(3),peR3},

G.=S0(4)
for ¢>0, and
G.=S0"(3,1)={X=(x;;)e GL(4, R); 'XJX=J, det X=1, x,4>0}
for ¢ <0, where J=diag(l, 1,1, —1). Set

Kc={<g (1)>eGL(4, R); Pe 50(3)} .

An involutive automorphism is defined by
g(X)=JXJ,
where XeG..

The corresponding symmetric decomposition g.=f,@® m, is given by

gc={< .A a)eM(4,R);Aeso(3),aeR3},
—sign(c)a 0

.= {(3 g>e M4, R);, A€ 50(3)}

mc={< 0 a>eM(4,R);aeR3}.
—sign(c))a O

An Adg K -invariant metric on m, is defined by

0 a 0 b o
(agmre o) ommrs o)) =10KeD

where a,be R®. Then M3(c) is a Riemannian symmetric space corresponding to
(GL‘, KC’ o-c’ gt.‘)'

and
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2. A generalization of isometric immersions with constant mean curvature. In this
section we shall prove the Proposition in the Introduction.

Let ¢: M—IM3(c) be a map and @ a framing of ¢ (M is not necessarily simply
connected). It is not hard to see that such a framing always exists. We have a
decomposition @~ 'd®=:a=o0y +a,, . Since M is a Riemann surface, we have a type
decomposition

— ! ”
o‘mC_’o‘mc'i_O‘mc 3

where a},_is an m&-valued (1, 0)-form with complex conjugate o'y, . We may consider

’

o), and a’,_ to be C*-valued. We denote the decomposition o=o_+a’, 4oy, simply
as a=o+ o, + o'

LEMMA 2.1. ¢@: M—I3(c) is a conformal immersion if and only if o/, ® o', =0 and
oh ®at #0.

PrOOF. Let {z} be a holomorphic local coordinate on M. Since
do(X)=m,(Ad Po(X))

for any tangent vector X on M, we have

g(dq)(i) , d(p<i>>dz ®dz=L¥c),, ® o'y,
0z 0z
0 0 _
gc<d<p(> , d¢<f>>dz ®dz=L*c),, ®a’l, .
0z 0z

This completes the proof. [ ]

< 0 0 >
Oy = .
—sign(c)a 0

for ae QY(M, R3), we can define an m_-valued 2-form o, X o, by

( 0 ax a)
Oy X Uy = . .
—sign(c)(axa) 0

and

If we write «,, as

We set
L
n =77t*(Ad d)*(am X O(m)) .

If ¢ : M—>93(c) is a conformal immersion, then there exists a function he C*(M)
such that
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p*g.=e"g,
where g is a Riemannian metric on M.
Let {x, y} be an isothermal coordinate system on M. It is easy to see the following:

LEMMA 2.2. If ¢ is a conformal immersion, then
0 0
,dol — ) |=g n,do| — ] =0
gc<n (p< 0x )) I <n q)( ay >>

gdn, n)= e

and

It is obvious that 2" acts on C*(M, G,) from the right by

¢k=d><k °>,
0 1

where #e C*(M, G,) and ke X ". Note that if @ is a framing of ¢ : M—IM3(c), so is k.

We write o=@~ 1d® as
< : 0 >
a = . b
—sign(cfa O

where A (respectively a) is an so(3)- (respectively R3-) valued 1-form on M. Then direct
computation gives the following:
LEMMA 2.3. Let @ be a framing of ¢: M—M3(c) and ke A". Then
k™ 'Ak+k~'dk k71
(<I>k)“d(<15k)=< At “) .
—sign(c)(k"'a) 0
Now we are in a position to prove the Proposition in the Introduction.

Proor. It is enough to prove (i).
Let ¢ : M—IM3(c) be a conformal immersion with CMC = H of M in M>(c). Then
¢ satisfies

1
0 traceVdo = Hn .

Let @ be a framing of ¢. Then by Proposition 1.1, Lemma 2.1 and Lemma 2.2,
we have
dxay+[on o, ]=HL(C)oty X 0p, om®ap=0 and o, ®af#0.

Direct computation shows that
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2.1 (doty + Log A o ])— (doy + [ A an]) =24/ — LHL(C)oty X o'y, -
Taking the m .- and f-parts of the Maurer-Cartan equations for a, we have
2.2) (dot + Loz A ay )+ (dot+ Loz A0 ) =0
and
1
(2.3) dat+3[o¢f/\ocf]+[oz'm/\oc',;]=0.

The equations (2.1) and (2.2) are equivalent to

2.4) do' o Aol ]=+/—1HL(c)a', X o'y, .

If we write a', as
, < 0 a )
o..,=
" —sign(cfa 0

for ae Q1'°(M, C?), we can see that (2.3) and (2.4) give (g ).
Moreover the conformality condition is a® a=0 and a® a+#0.

Conversely let 4 and a satisfy (xy ), a®a=0and ¢ ® a#0. Then since M is simply
connected, there exists a map ¢ : M—G, such that

d5_ldd5=< | A a+a>
—sign(c)(@+a) O

and p=n-® gives a conformal immersion with CMC=H of M in M3(c) (see [BP,
p. 230]).
By Lemma 2.3 this correspondence gives the isomorphism (i). ]

REMARK. (i) In the case H=0, (2.4) and (2.5) are the harmonic map equations
obtained by Burstall and Pedit [BP].

(ii) In the case ¢c<0 and H=0, (%, are equivalent to Hitchin’s self-duality
equations for a trivial bundle M x SO(3). In the case ¢>0 and H=0, (x, ;) are obtained
by dimensionally reducing the self-duality equations in R* with signature (2, 2). For
more information about the self-duality equations, we refer to Hitchin [H].

3. Harmonic maps and associated maps. In this section we shall prove our main
theorem.

We define a bijective map 1: R*—s0(3) by

0 —-p* »p p

p)={ p> 0 —p for p=| p? |eR3.
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The map 1 extends naturally to a bijective map from the space of C*-valued forms to
that of so(3)-valued forms.

Let H>0, ce R such that H?>—¢>0. For (4, a)e 2/(H, 0), we define a A -equivari-
ant bijective map

S(H; 0, ¢): «(H,0)— L (/H*—c, )
by

S(H; 0, c)(A, a)= <A+~/ 1(H—./H?—c)i(a—a), () >
Then we can define a # -equivariant bijective map

S(H;c,c'): A(/H?*—c,c)> A(JH*—¢', c))

by S(H;c,c’)=S(H;0,c)o S YH;0,c), where H>0 and c, c’'e R such that H?—c,
H?*—c¢'>0and c#c'.
={AeC;|A|=1} acts on /(H, 0) by

MA, a)=(A—/ = 1HA—)i(@) +/— | HA—1)(a), 1a)
for 2eS*' and (4, a)e o/(H, 0). Then we can define an S'-action on ﬂ(\/HZ——c, ¢) by
MA, a)=S(H;0,c)o Ao S™Y(H;0, c)(A, a)
for A€ S! and (4, a)e (JH*—c, c).
Direct computation gives the following:
LemMa 3.1. (i) For any AeS?t,
S(H;c,¢)od=4-S(H;c,c').
(i) For any ke A", leS! and (A, a)e;zi(\/ﬁ’z——c, c),
(koA)A, a)=(Aok)A,a) .
Then we have the following:
THEOREM 3.2. S(H;c, ¢') defines the quotient map
SaH;c,c'): B/H>—c,¢) > BJH>~¢', ¢,
which is S'-equivariant.

Now let H>0 and ¢<0 such that H?+¢<0.
For (4, ¢)e (0, ¢), we define a A -equivariant bijective map
T, H;c): 4(0,c) > «(H, c)
by
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(- g, [ ),
T(0, H; c)(A,a)—< INETE H2+C)

St acts on (0, ¢) by A4, a)=(4, Aa) for Ae S and (4, a)e (0, c). (If M is simply
connected, this action coincides with the action on the space of harmonic maps from
a simply connected Riemann surface into a Riemannian symmetric space defined by
Burstall and Pedit [BP].)

Let H, H €R and c <0 such that H2+c¢, H'?> 4 ¢c<0.

Similar to the above case, we can define a bijective map

T(H,H';c): &(H,c)—> (H', c)

and an S'-action on &/(H, c), where H, H' >0 and ¢<O0 such that H24¢, H?*+c¢<0
and H+# H'. Then we have the following:

THeorReM 3.3. T(H, H'; ¢) defines the quotient map
TgH,H';c): #(H,c) > B(H', c),
which is S*-equivariant.
Combining Theorem 3.2 with Theorem 3.3, we obtain our main theorem.

REMARK. Let H, ceR such that H>—¢>0 and (4, a)e L(JH?*—c, c). If M is
simply connected and (4, a) corresponds to an isometric immersion ¢ : M—93(c) with
CMC=,/H?—c, then Theorem 3.2 gives us an S'-family of isometric immersions
{0, vi=s}aest in M3(c’) with CMC=.,/H?—¢’ for any ¢’ such that H?>—¢’>0. This
family is just the one obtained by Lawson [L]. In order to see this, we have only to
calculate the second fundamental forms of ¢, .
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