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Abstract. We classify such polarized surfaces that a certain equality holds between
the self-intersection number and the delta-genus and that the complete linear system has
finite base locus and defines a non-birational map. The surface obtained by the blowing
up at a point of such a surface turns out to be a double cover of a desingularization of
a surface with delta-genus zero. We classify these surfaces according to the shape of the
inverse image of the image of the exceptional curve. Six of the classes consist of fiber
spaces over the projective line and the other class consists of irrational ruled surfaces.
Conversely, we show the existence of polarized surfaces in each of the seven classes.

1. Introduction. Let (M, L) be a polarized manifold, i.e., a pair of an »n-
dimensional complete algebraic manifold M and an ample Cartier divisor L on it.
First we recall some definitions and necessary results. The integers x;(M, L) (j=0, ..., n)
are the coefficients of the Hilbert polynomial

(il
x(M, tL)=ZXj(M’ L)]" )
where 1°7=1 and M =¢(t+1)- - -(t +j—1) (j>0). The sectional genus of (M, L) is defined
as

g(M’ L) =1 _Xn—l(Ma L) .

By the Riemann-Roch theorem we get 2g(M, L)—2=L""'-((n— 1)L+ K,,), where K,,
is a canonical divisor of M. We define the A-genus as

AM,L):=n+L"—h°(M, L).
A prime divisor R,_, in the linear system |L| is called a rung of (M, L). We have
gM, L)=g(R, 1, Lig,_,). If the restriction map
Fu-1: HO(M, O(L) > HYR, -1, O(Lyg, )

is surjective, then R,_, is said to be regular. A rung R,_, is regular if and only if
AM, L)=A(R,_,, Lz, _,). We denote by Bs| L| the base locus of the linear system | L|.
As to the existence of a regular rung, Fujita proved the following:
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THEOREM 1 (Fujita [2]). Let (M, L) be a polarized manifold. When dimBs|L|<0
and g(M, L)> A(M, L), the following are satisfied:

(1) IfL">24(M, L)—1, then (M, L) has a nonsingular regular rung.

(ii) If L">24(M, L), then Bs|L|=(.

(i) If L">24(M, L)+ 1, then g(M, L)=A(M, L) and L is very ample.

We are interested in polarized manifolds satisfying the equality in the assumptions
of the above theorem. From now on we assume g(M, L)> A(M, L) and dim Bs| L |<0.

So far there have been the following results under these assumptions.

(1) Classification in the case L"=24(M, L) (Fujita [3]).

(1) Classification and study of deformations in the case n=2, L2=24(M, L) and
L=K,, (Horikawa [9]).

(2) Classification in the case L"=2A4(M, L)—1 and A(M, L)<2 (Fujita [4], [5]).

(2)) Classification and study of deformations in the case n=2, L"=24(M, L)—1
and L=K,, (Horikawa [10]).

(2") Classification in the case n=2, L"=24(M, L)—1, A(M, L)=3 and deg &, =2
(cf. [12]).

Here we are interested in classifying the other polarized surfaces satisfying L*=
2A(M, L)— 1. For surfaces deg @, is one or two. In this paper we classify those in the
case deg @, =2 using a method similar to that in [5].

In this case, the base locus of | L| is a point p, and by the blowing up at p, we
obtain a surface M, where E is the exceptional curve, and a degree two morphism
Gp: M- W, :=d;(M)c P(H(M, O(L))), where the A-genus of the pair of W, and a
hyperplane section H on it is zero. Moreover, we lift it to a morphism £, from M to a
Hirzebruch surfaces X. We carry out the classification by dividing the surfaces into
cases by the type of a divisor f¥f,(E)c M. We lift f, to a finite degree two morphism
from M or M to a surface obtained from X by the blowing up at a few points, where
M is a surface obtained from M by the blowing up at a point. We describe the branch
locus of the double covering. We then show the existence of polarized surfaces for each

of these types.

2. Generalities. In the rest of this paper we assume that g(M, L)> A(M, L) and
dim Bs| L|<0. First we obtain the following:

PropoSITION 1. Bs|L| is empty or consists of one point p. In the latter case, any
n general members of | L| intersect one another transversely at p.

PrOOF.  Since L">24(M, L)—1, the pair (M, L) has a nonsingular regular rung
R,_, by Theorem 1. A pair (R,_;, Lg, ) satisfies (Lig, )" ' >24(R,_y, L, )—1.
Thus (R, _;, Lg,_,) has a nonsingular regular rung R,_,. Hence we have a sequence of
rungs Mo R,_, > - >R,>R,. By the definition of a regular rung, it is sufficient to
show that Bs|L g, |={p}. We set Lg, to be a divisor on the curve R, which satisfies
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| Lig,|=|Lg,|+p. We have deg(Lg,)=degLg,+1. Hence we obtain A(R,, Lg,)=
A(Ry, Lig,)—1, since AM, L)=A(R,, Lig,) and deg Ly =deg(L,)=L"—1. Conse-
quently, we have deg Lz, =24(R;, Lg,). Moreover, we have g(R;, Lg,)>4(R;, Lg,)
by the Riemann-Roch theorem applied to the algebraic curve R,. It follows that
Bs| L g, |= by Theorem 1, (ii). Hence we have Bs| Lg, |={p}, and the coefficient for
p of Lz, —pis equal to zero for any general member L' of | L |. Therefore any n general
members of | L| intersect one another at p with the local intersection number one.
g.e.d.

If Bs| L|=¢F, then we have a morphism
&, M- Wy :=d, (M) P(H M, O(L))) .

Since L"=24(M, L)—1, we obtain 4(M, L)>2 and deg®,-deg W,=2h°(M, O(L))—
2n+1. Since A(W,, H)>0, we have deg W,>h°M, O(L))—n. Hence 2h°(M, O(L))—
2n+1>(h°%(M, O(L))—n)deg @,. By the ampleness of L, we have h°(M, O(L))—n>1.
Consequently, we see that deg @, is one or three by the oddness of L". When deg &, =3,
we have A(M, L)=2. This case is classified in [5]. When deg &, =1, we have A(M, L)>3
and A(M, L)y=A(W,, H).

If Bs|L|# &, then Bs| L| consists of a point p. We now eliminate the base point
in Bs| L| of the rational map @, : M — W : =&, (M)c P(HY(M, O(L))). Let n:=M - M
be the blowing up at p, and denote by E the exceptional curve over p. We denote by
L the proper transform of a general member of | L|. n general members of | L| intersect
one another at p transversely by Proposition 1. Thus we have n*L =L + E, and n general
members of || do not intersect one another on E. Hence | £| has no base point.
Therefore the rational map

Qi =MW, :=d:(M)c PHO(M, O(L)))

is a morphism such that @ ;= @, ow. We see that deg @, is one or two as in the Bs | L |=
case. Moreover, we have A(W,, H)=4(M, L)—1 if deg®;=1 while 4(W,, H)=0 if
deg d;=2.

We set Iy :=®;(E). The pull-back of I'y by ®; can be written as @3, =¢c¢E+
E*+ D,, where ¢ is the multiplicity of E in ®}I'y and E* is the sum of the components
which are not contracted by @7, while D, is the sum of the components which are
contracted by @ ;. We refer the reader to [5, Lemma 1.5] for the proof of the following:

PROPOSITION 2. Let x be a point of W, such that X=®z(x) is of positive
dimension. Then X is an irreducible reduced curve with E- X =1 and xeI'y. Moreover,
XcE* or X< D,.

From now on we assume the following:

ASSUMPTION. n=2 and deg ®;=2.
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Under the above assumption 4(W,, H)=0 holds. Hence W, is one of the following
(11, [11]:

(I) W, is the Hirzebruch surface X, of degree d, and H=T +((r—1+d)/2)F
where r—d —3 is an even nonnegative integer, T is the minimal section and F'is a fiber.

(I1) W,< P is the cone over a nonsingular rational curve of degree r—1in P!,
and H is a hyperplane section of W,

(IIl) W,=P?, and H is a hyperplane.

(IV) W, is P? embedded into P° by ((2) and H is a hyperplane section of W,

In Case (IIT) we have A(M, L)=2, and this case is classified in [ 5]. Moreover, Case
(IV) is impossible because I'y is a line but W, of Case (IV) has no line.

We consider the Case (I). We set W, :=W, and W, is X, for a d, and H is linearly
equivalent to T +((r—1+d)/2)F. We set f, :=®. Since L - E=1, we see that M satisfies
one of the following:

(I4) E-ffT=1and E-f}F=0.

(I4ii) E-ffT=0and (r—1+d)/2E-f}F=1.

(I-iii) E-f¥T<O0.

In the case (I-ii), we have A(M, L)=3, and this case was already classified in [12].
In the case (I-i), consider the natural morphism M — W, — P!, and set I : =f,(E)c W,.
We have I'=I, and I is a fiber of W, —» P!. The proof of the following theorem is
similar to that of [12, Theorem 2]

THEOREM 2. In the case (I-1), f}¥I is of one of the following types:

(a) fFr=2E+X,+X,.

(b) f}r=2E+2X.

(¢) ffr=E+E*+X, and E-E*=0.

(d) f¥r=E+E* and E-E*=1.
Here X; and X are irreducible reduced curves which are contracted by f,, and E* is an
irreducible reduced curve birational to I'.

In the case (I-iii), we have E-f*T<0 and f; is generically two-to-one, hence we
have —d=T?<0, and T=f,(E). Moreover, since L - E=1, we have r=d+3.

THEOREM 3. In the case (I-iii), f¥T and d are of one of the following types:

(e) f¥T=2E+X,andd=1.

(f) f¥T=2E, and d=2.

(g) ffT=E+E* E-E*=0, and d=1.
Here X is an irreducible reduced curve contracted by f,, and E* is an irreducible reduced
curve birational to T. Moreover, we obtain A(M, L)=4 for the cases (e) and (g), while
AM, L)=>5 for the case (f).

Proor. Let D (resp. E*) be the sum of the irreducible reduced curves contracted
(resp. not contracted) by f;. Since 2=f}*T - f¥F=¢E-f*F+ E*- f}¥F, we obtain e=2 or
e¢=1. When ¢=2, we have E*=0, since E*-f*F=0. Since —d=E -f{*T, we have d=1
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or2.If d=1, then we have r=d+3=4 and so 4(M, L)=4. Moreover, D is an irreducible
reduced curve X by 1=D-E. If d=2, then we have r=d+3=5 and so 4(M, L)=5.
Moreover, we get D=0by 0=D - E. When ¢=1, we see that E* is an irreducible reduced
curve since E* - f*F=1. Since —d=E-f}T, we have d=1. Thus we have r=d+3=4
and so A(M, L)=4. Moreover, we get D=0 and E+ E¥*=0 because of 0=E+E*+D-E.

q.ed.

We consider the Case (II). We obtain a desingularization of @, _ )z r: 2,-; = Wy
by the method in [8, p. 46] and [9, Lemma 1.5]. We can lift @7 : M — W, to f, : M —
W,=%,_, and E is contained in a fiber of M— W, P'. We have I' :=f,(E)=
OG- yyr+rlo—T.

THEOREM 4. In the Case (II), fi*I is of one of the following types:

(a) ffr=2E+X,+X,.

(b) f}r=2E+2X.

(¢) ffr=E+E*+X, and E-E*=0.

(d) f¥r=E+4+E* and E-E*=1.
Here X; and X are irreducible reduced curves contracted by f,, while E* is an irreducible
reduced curve birational to I'.

The proof of the above theorem is similar to that of [12, Theorem 2].

3. Classification in Case (I), (a). From this section on, we use the same notation
for a divisor and its total transform, when there is no fear of confusion. In this section,
we assume that f*I" is in Case (I), (a), i.e., ffI'=2E+ X, +X,. Then the morphism
fi: M— W, is not finite. Hence we lift it to a finite morphism from M to W, where W
is obtained from W, by the blowing up at two points.

We first study the inverse image of x; : =f;(X;) by f;

LEMMA 1. The inverse image of x; by f, is a divisor.

Proor. The curves X; and X, are contracted to distinct points by f;. Thus we
have X; n X, =, and we get X, + X, =0. Therefore we have 0=/}I"- X;=QE+ X, +
X,)=2+X?, and hence X? = —2. Let ' and S” be general members of the linear system
which consists of those divisors of the linear system | T+ ((r— 1 +d)/2)F| of W, which
contains x;. S’ and S” intersect each other transversely at x;. By §'-I'=S8"-I'=1 and
the generality of S’ and S”, the other intersections of S’ and S” are outside I
By Proposition 2 the morphism f| iz s-1r M\ f{'T' - W\ is a finite double cover-
ing. Let f¥$'=: C'+u, X; and f¥$"=: C"+ u,X;. Hence [*—2<C'+C"=(8'—u, X)*
(8" —pu,X;)=8"+8"—2p,u,. Thus we have u, =p,=1. Therefore C' and C” are elements
of | L—X;|, and have no intersection of I, since C'+ C"=L?—2. Thus Bs|L—X;]| is
empty. q.e.d.

Let 6: W— W, be the blowing up at x, =f;(X;) and x,=f,(X,), and let Z, and
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Z, be the exceptional curves over x, and x,, respectively. Let M := M. We denote by
I the proper transform of I'. The inverse image of x; by f; is X; because of the above
lemma. Hence by the universality of the blowing up, there exists a morphism f: M — W
such that f=0of; and f*Z;=X,. Then f is a finite double covering. Since Pic(W)=
ZT®ZFD ZZ, ® ZZ,, the branch locus is linearly equivalent to 24=2aT+28F—
2y,Z,—2y,Z, for a unique quadruple (o, 8, 7,, y,) of integers.

THEOREM 5. In Case (1), (a) let 6: W—W, be the blowing up at the two points
x,1=f1(Xy) and x,=f,(X,) with the exceptional curves Z, and Z, over x; and x,,
respectively. Let T be the proper transform of T. Then M (= M) is a finite double covering
of W. The branch locus B is linearly equivalent to 20T+ 2pF—2y,Z, —2y,Z,. The integers
o, B, y, and v, satisfy o=y, +y,—1, 2y,—1>0 and («—2)(r—d—1)+2(f—d—2)>0.
Moreover, we have the following:

(1) When d>0 and x,, x, ¢ T, we have 2>20d +1.

(2) When d>0, x,eT, and T is a component of B, we have 2p—1=Qu—1)d+

(2y,—2).
(3) When d>0, x,eT and T is not a component of B, we have 2 —1>2ad +
(2y,— D).

(4) When d=0, we have f—y,;>0.
Conversely, for each quadruple (o, B, v,, y,) satisfying these conditions, there exists
a polarized surface (M, L) giving rise to the quadruple.

The first half of Theorem 5 is proved as follows: Let A=aT+BF—y,Z,—7,Z,.
Then clearly Be|24|. Since f*['=f*I'—f*Z, —f*Z,=2E, the curve I is a component
of B. Then we have B=B + I, where B’ is a nonsingular curve. Since the branch locus
Bis nonsingular, we have B n I'= f. Hence we have 0=B' - =24 —T) - '=2(a—y, —
y,+1), and obtain a =y, +y,—1. Z, is not a component of B’ because Z,- I"=1. Thus
we obtain 0< B’ - Z;=2y,— 1. Since g(M, L)> A(M, L), we have (a—2)(r—d—1)+2(f—
d—2)>0. Suppose d>0 and x,, x,¢ T. T is not a component of B’ because T-['=1.
Thus 0<B - T=Q2aT+(2—1)F—Q2y,—1)Z,—Q2y,— 1)Z,)- T= —2ad+2B—1. There-
fore we obtain 28> 2ad+ 1. Suppose d>0, x, € T and that T is a component of B. Then
we have B'=B"+ T, where B” is a nonsingular curve. Then 0=B"- T=(Qa—1)T+
@2B—DF -2y —1DZy—(2y,—2)Z,) (T—Z;)= — 20— 1)d+ (2 —1)—(2y, —2). Thus
we have (2f—1)=(2a—1)d+(2y,—2). Moreover, d is odd. Suppose d>0 and x,eT
and that T is not a component of B'. Thus 0<B'+ T=QaT+ (2 — 1)F—(2y, — 1)Z, —
2y,—1Z,) (T—-Z,)= —2ad+(2f—1)—(2y,—1). Therefore 2od+(2y,—1)<2p—1.
Suppose d=0. If T,e| T—Z,| is a component of B/, then B+ T,=T?=—1.1f T, is not
a component of B/, then 0< B’ - T,. In either case we have —1<B' - T;=2(f—y,). Thus
we have f—7;>0. Moreover, T, is not a component of B'.

We now consider the existence of such polarized surfaces. Suppose d>0 and
Xy, X, ¢ T. Because B'~(2f—2ad— 1)F+Qy,—I)T+dF—Z,)+Qy,— \)(T+dF—-2Z,)
and 2f>2ad+1 and 2y;—1>0, it suffices to prove the following:
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PrROPOSITION 3. Bs|T+dF—Z2;| is empty.

PrOOF. We see that |T+dF—Z,|3(d—1)F+T+I+2Z, and (T+dF—Z,)- T=
(T+dF—2Z,)-T=(T+dF—Z,)- Z,=0. Hence it suffices to prove that T, I and Z, are
not fixed parts of | T+dF—Z, |. By the exact sequence

0= O0p(T+dF—Z,)> Ow(T+dF)— 0, (T+dF)—0
we have h%(T+dF—Z,)>h°(T+dF)—1=d+1. By the exact sequence
0 O (T+(d—1)F) > Op(T+(d—1)F+T)> Op(T+(d—1)F+1)>0

we have h%(T+(d—1)F+T)=h%(T+(d—1)F)=d. Thus Z, is not a fixed component.
Similarly I is not a fixed component. By the exact sequence

we have h%(d— 1)F+ I+ Z,)=h°((d— 1)F+ Z,). Similarly we have h°(d—1)F +Z,)=
h°((d — 1)F)=d. Hence we have h°(d— 1)F + I' + Z,)=d. Thus T'is not a fixed component.
q.e.d.

Suppose d>0, x,e T and that T is a component of B. Because B=I"+ T+ B",
where B' ~(20—1)T +(2f— 1)F —(2y, — 1)Z, — (2y, — 2)Z,, it suffices to prove that | B” |
is base point free. We have B'~Q2y,—I)(T+dF—Z,)+(2y,—2XT+({d+ 1)F—Z,).
Hence it suffices to prove that Bs| T+dF—Z,| and Bs|T+(d+ 1)F —Z, | are empty.

PROPOSITION 4. Bs|T+(d+1)F—Z,| is empty.

Proor. We see that T+|T+(d+1)F| and I'+Z,+|T+dF| are subsets of
| T+(d+1)F—Z,|. Thus the base points are on 7'n (v Z,). Since T-I'=T+27,=0,
we see that Tn'=TnZ,=(. q.e.d.

PROPOSITION 5. Bs|T+dF—Z,| is empty.

ProOF. We see that T+ +2Z,e|T+dF—Z,| and (T +dF —Z,): T=(T+dF —
Z,)-I'=(T+dF—Z,)+ Z,=0. Hence it suffices to prove that T, I and Z, are not fixed
parts of | T+ dF—Z,|. By the exact sequence

0 Oy (T+dF—Z,) - Oy (T+dF) - 05 (T+dF) >0
we have h%(T+dF—Z,)>h°(T+dF)—1=d+ 1. By the exact sequences
0 Oy (dF—Z,) = Oy (dF — Zy + Z5) > O (dF — Z, + Z,) >0
0 Op((d—)F +Z5) > O (dF — Z,) > OpdF — Z ) — 0
and

0-0p(d—1)F) > Op(d—1)F+Z,) > O,,((d—1)F+Z,)—>0
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we have h°(dF —Z,+Z,)=d. Hence T is not a fixed part. As to Z, and I, the proof
is similar to Proposition 5. g.e.d.

Supposed d>0 and x,e T and that 7' is not a component of B. Because B=1"+
B, where B'~(2—1—2ad —(2y,— 1)) F+ 2y, — \(T+dF —Z )+ (2y,— 1)(T+(d+ 1)F —
Z,), it suffices to prove that | B’ | is base point free. The proof'is similar to the above case.

Suppose d=0. Weseethat B' ~2(f—y )F + 2y, — T+ F—Z,)+(2y,— 1T —Z,).

ProrosSITION 6. Bs|T+F—Z,| is empty.

PrOOF. Since (T+F—Z,)T,=(T+F—2Z,)-(T—Z,)=0, it suffices to prove that
T is not a fixed part of | T4+ F—Z, |. By the exact sequence

0->O0T+F—2Z,)-»OpW(T+F)—> 0, -0

we see that h%(T+F—Z,)>h%T+F)—1=3. Because (T+F—Z,)—T~F, we have
ho(F)=2. q.e.d.

Hence we have Bs|B'|c T,. Moreover, Bs|B'|c T, similarly. Since T, n T, =,
we conclude that Bs| B’| is empty.

We prove the existence of the ample divisor L by a method similar to [ 12, Proposition
4]. The invariants of M are as follows:

Ky =2a—2)(—da+2f—4)—=20, —1)*=2(y,—1)*+1,

1
Pg(M)=Z(2(a—2)(—da+2ﬂ—4)—2(71 =1 =20y, — 1)’ +1)

1 11

+—(—d+Da+p——o/,

2( Jou+ B 2
q(M)=0.

4. Classification in Case (I), (b). In this section, we assume that f*I" is in Case
(D, (b). Then the morphism f, : M — W, is not finite. Hence we lift it to a finite
morphism from M to W.

We first study the inverse image.

PROPOSITION 7. The inverse image of x by f; consists of a divisor and an isolated
point.

PrOOF. Since 0=f}F-X=(2E+2X)-X, we have X?>=—1. Let S’ and S” be
general members of | T+((r—1+d)/2)F | on W, containing x. By §'-I'=8"+I'=1 and
the generality of S’ and S” the other intersections of S’ and §” are outside I'. By
Proposition 2 the morphism f| jz« s; 1, : M\f{'T' - W\ is a finite double covering.
Let f*S'=:C'+u,X and f*S"=:C"+u,X. Since E-f¥S'=E-f¥S"=1, we have u, =
u,=1and CnE=C"nE=. Thus 0=X-f}¥S'=X-C'—1, so that XnC'=) is a
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single point. Similarly we see that X n C”=: )" is a single point. Therefore C’ and C”
are elements of | L— X, and have intersection of I' since C' - C"=L>—1. qg.e.d.

Thus the inverse image of x by f; has an isolated part. Let y be the base point of
| L—X|. Denote by p : M — M the blowing up at y with the exceptional curve Y over
y. Let X be the proper transform of X. By Proposition 7, the inverse image of x by pof;
is the divisor X+2Y. Let o, : W,— W, be the blowing up at x, and let Z, be the
exceptional curve over x and I" the proper transform of I', respectively. By the univer-
sality of the blowing up, there exists a morphism f, : M — W, satisfying fop=0,of,
and f}Z,=X+27.

PROPOSITION 8. The image of X by f, is equal to the intersection z of Z, with T,
and the morphism f5y : Y — Z, is an isomorphism.

PrROOR. Let g be a point on Z, =P'. Since deg(fyy)*q=deg(fo))*(—Z,)z,=
—f#Z,-Y=1, we see that f,,: Y—Z,~P" is an isomorphism. On the other hand,
since deg(f2,,7)*q=deg(f2,;»)*(——Zl)lzl~= —f¥Z,- X=0, the image of % by Szt X
Z,~P'isa point. Moreover, since f}I"=f}I'—f¥Z,=2E+ X, we have f,(X)e I". Hence
fr(X)elnZ,. g.e.d.

Consequently, the morphism f, is not finite. Hence we carry out the same operation
again. Let o, : W— W, be the blowing up at z, and let Z, be the exceptional curve
over z. We denote by I' and Z, the proper transform of I" and Z,, respectively. By
Proposition 8, the inverse image of z is X. Thus by the universality of the blowing up,
there exists a morphism f: M — W such that f, =c,of and f*Z,=X. Then fis a finite
double covering. Since Pic(W)=ZT® ZF® ZZ, ® ZZ,, the branch locus is linearly
equivalent to 24 =2aT+2BpF—2y,Z,—2y,Z, for a unique quadruple (a, f, y,,y2) of
integers.

THEOREM 6. In Case (1), (b) let p: M — M be the blowing up at the base point y
of the linear system |L—X|. Let o, : W,— W, be the blowing up at x=f,(X), and let
Z, be the exceptional curve over x, and I the proper transform of T, respectively. The
intersection of I' and Z, is a point z. Let 6,: W— W, be the blowing up at z, and let
Z, be the exceptional curve over z. Then M is a finite double covering over W. The branch
locus B is linearly equivalent to 2aT+2BF—2y,Z,—2y,Z,. The integers a, f, y, and y,
satisfy a=y,+y,—1, v, =y,—1,v,—1>0 and (a—2)(r—d—1)+2(f—d—2)=>0. More-
over, we have the following:

(1) When d>0, x¢ T, we have 2ad+1<2p.

(2) When d>0 and xe T, we have 2(ad+7y,)<2f—1.

(3) When d=0, we have 2 —a—1>0.

Conversely, for each quadruple (a, B, y,, y,) satisfying these conditions, there exists
a polarized surface (M, L) giving rise to the quadruple.

The first half of Theorem 6 is proved as follows: Let A=aT+pF—y,Z,—7,Z,.



450 M. YOSHIOKA

Then clearly Be|2A4|. Since f*I'=f*I'—f*Z, —f*Z,=2FE, the curve I is a component
of B. Since f*Z,—f*Z,=2Y, the curve Z, is a component of B. Thus we have
B=B'+I+Z,, where B'is a nonsingular curve. Since the branch locus B is nonsingular,
we have B nI'=B'nZ,=(. Hence we have a=y,+7,—1 and y,=7,— 1. Because
Z,+Z,=1, we see that Z, is not a component of B'. Thus we have 0<y,—1. Since
g(M, L)>A(M, L), we have (a—2)(r—d—1)+2(f—d—2)>0. Suppose d>0 and x¢T.
Because T-I'=1, we see that T is not a component of B'. Thus 0<B - T= —2ad+
(28—1). Suppose d>0 and xe T. Since T+ Z, =1, we see that T is not a component of
B'. Thus we have 0<B' - T= —20d—2y, + (28— 1). Suppose d=0. Since Z, - T=1 for
Te|T—2Z,|, we see that T is not a component. Thus we have 0< 7+ B'=2—2y, —1.

We now consider the existence of such polarized surfaces. Suppose d>0 and x¢ T.
Because B'~(2f—1—20d)F+o(2T+2dF—Z,—Z,), 2—1—20d>0 and «>0, it
suffices to prove that | 2T+ 2dF—Z, — Z, | has no base point. Since (T+ (2d—1)F)+ T+
Fe|2T+2dF—Z,—Z,| and QT+2dF—Z,—Z,) T=QT+2dF—Z,—Z,)-T'=0, it
suffices to prove that 7' and I’ are not fixed parts of | 2T+ 2dF—Z, — Z, |. By the exact
sequence

0—Ow(RT +2dF —Z,) - Ow(2T +2dF)— 0, (2T 4+ 2dF) >0
we see that h°QQT +2dF — Z,)>h°(2T +2dF)— 1. By the exact sequence
0->0wR2T+2dF —Z,—Z,)—> 0y(2T +2dF —Z,) > 0,,2T +2dF - Z,) -0

we see that h°QT+2dF —Z,—Z,)>h°QT +2dF —Z,)—1. Thus h°QT +2dF—Z,—
Z,)>h°(2T +2dF)—2=3d+ 1. Moreover, by the exact sequence

0 OW(T +Q2d — 1)F) > Oyl + T +Q2d—1)F) » O + T +(2d — 1)F) > 0

we have h%T +(2d—1)F)=3d. Consequently, T is not a fixed component of |27 +
2dF —Z,—Z,|. Similarly we see that I is not a fixed component.

Supposed d>0 and xeT. Because B'~(2f—1—aRd+1))F +o02T +(2d+ 1)F —
Z,—Z,), it suffices to prove that | 2T +(2d + 1)F — Z, — Z, | is base point free. 2T+ Z, +
|(2d+ 1)F | and I' +|2(T + dF)| are sublinear systems of | 2T +(2d + )F—Z,—Z,]|. Since
I'n(TuZ,)isempty, | 2T +(2d+2)F —Z, — Z, | has no base point.

Suppose d=0. We see that B'~(2f—a—1)F+a(2T + F—Z,—Z,). Thus it suffices
to prove that | 2T + F —Z, — Z, | is base point free. We see that 27+ Z, + Fe|2T + F —
Z,—2Z,|. Since QT+F—Z,—2Z,)- T=QT+F—2Z,—Z,)-Z,=0, it suffices to prove
that T and Z, are not fixed components of |27+ F—Z, —Z,|. By the exact sequence

0> OyQT+F—Z,)— 0y2T +F)— 0,,2T + F)—0
we have h°QT + F —Z,)>h°2T + F)— 1. By the exact sequence
05 OyQRT+F—Z,—Z;)— OyQT+F—Z;) > 0, 2T +F—Z)—>0
we see that QT +F—Z,—Z,)>h°2T +F—Z,)—1. Thus we have h°QT+F—Z, —
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Z,)=h°(2T + F)—2=4. On the other hand by the exact sequence
0->O0(T+Z+Z,))> O (T+F—Z,)>OT+F—Z,)—0
we see that h%(T+Z, +Z,)=h%T +F — Z,). By the exact sequence
0->OWT+2Z,)>Op(TH+Z,+Z))> 0, (TH+Z,+Z,)—>0
we see that h%(T+Z,)=h%T +Z, + Z,). By the exact sequence
0= 0p(T)> O (T+Z) >0, (T+Z,)>0

we see that h%T)=h%T + Z,). Thus we have h®(T + F — Z,)=h%T)=2. Consequently,
T is not a fixed component of |2T+F—Z,—Z,]|.
Moreover, by the exact sequence

0> OUT+F—2Z,) = OyRT+F—2Z,)— 02T +F—2Z,) -0
we see that h%T+ F—Z,)=h°2T + F—2Z,). By the exact sequence
0->O0W(T)> Oy (T+F—-2Z,)>0F—0

we see that 3=h%T)+1>h%T+F—2Z,). Thus we have 3>h°Q2T +F —2Z,). Conse-
quently, Z, is not a fixed part of |2T +F—Z,—Z,|. Hence Bs|B'| is empty.

We prove the existence of an ample divisor L by a method similar to [ 12, Proposition
7]. The invariants are as follows:

K2 =20—2)(—doa+2B—4)—2(y, —1)>=2(y,—1)*+2,
Pg(M)=%(2(fl—2)(—da+2ﬁ~4)—2(v1 —1)2=2(y,—1)*+2)
1 12
g(M)=0.

5. Classification in Case (I), (c). In this section, we assume that f*I" is in Case
D), (), i.e., [f{fI=E+E*+ X and E- E*=0. We divide surfaces of this type into two

subtypes.

PROPOSITION 9. There are the following two subtypes:
(c-1) X-E*=1,
(c-2) X-E*=0.

PrOOF. Let S be a general member of | T+ ((r—1+d)/2)F| on W, containing x.
Let f*S=:C+uX. Since E-f¥S=1, we have u=1 and Cn E= . We have X - E*+
C- E*=1 because L - E¥=1. Since X is not a component of E*, we have X - E*>0. On
the other hand, since | L— X| has no fixed component, we have C* E*>0. q.e.d.
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First we treat the subtype (c-1). The morphism f; : M — W, is not finite. Hence
we lift it to a finite morphism. Let o : W — W, be the blowing up at x : = f(X), and let
Z, be the exceptional curve over x and I the proper transform of I', respectively. There
exists a double covering f: M — W, such that f, =gof and f*Z = X by the universality
of the blowing up. Moreover, f'is a finite double covering. Since Pic(W)=ZT® ZF®
ZZ, the branch locus is linearly equivalent to 24 =2aT +2fF —2yZ for a unique triple
(o, B, y) of integers.

THEOREM 7. In the Case (1), (c-1) let 6 : W— W, be the blowing up at the point
x= f(X) with the exceptional curve Z over x. Let T be the proper transform of T. Then M
is a finite double covering of W. The branch locus B is linearly equivalent to 2aT +2fF —
2yZ. The integers o, f and y satisfy a=v,y>0 and (a—2)(r—d—1)+2(f—d—2)=>0.
Moreover, we have the following:

(1) When d>0 and x¢ T, we have 0< —2ad + 2.

(2) Whend>0, xe T and that T is a component of B, we have 0= —(2a— 1)(d+ 1)+
2B and 2y—1>0.

(3) Whend>0, xe Tand that Tis not a component of B, we have 0 < — 20d + 2 — 2.

(4) When d=0, we have 0<f—1.

Conversely, for each triple (a, B, v) satisfying these conditions, there exists a polarized
surface (M, L) giving rise to the triple.

To prove the first half of Theorem 7 let A=aT + SF —yZ. Since f*I'=E + E* and
E - E*=0, fis not branched along I". Thus we have B n I'= . Hence 0=B - "= 20— 2y.
Since ['*Z=1, we see that Z is not a component of B. Thus we have 0<B-Z=2y.
Since g(M, L)> A(M, L), we have (a—2)(r—d—1)+2(f—d—2)=>0. Suppose d>0 and
x¢T. Since T+-'=1, we see that T is not a component of B. Thus we have 0<B-
T = —2ad+2p. Suppose d>0, xe T and that T is a component of B. Then we have
B=B'+ T, where B’ is a nonsingular curve. We have 0=B'+ T'= —(2a— 1)(d + 1)+ 28.
Moreover, we see that d is odd. Since Z - T=1, we see that Z is not a component of
B'. Thus we have 0<B'+ Z=2y— 1. Suppose d>0, xe T and that T'is not a component
of B. We see that 0<B- T'= —2a(d + 1)+ 2f. Suppose d=0. We see that —1<B- T'=
28 —2y.

We consider the existence of such polarized surfaces. Suppose d>0 and x¢ T.
Because B=(2ff —2ad)F +2a(T +dF — Z), it suffices to prove that | T+dF —Z| is base
point free.

PROPOSITION 10. Bs|T+dF —Z| is empty.

PrOOF. Since T+(d—1)F + €| T+dF —Z|, it suffices to prove that T and I are
not fixed components. By the exact sequence

0> O0p(T+dF—Z)—> OwW(T+dF)—> 0T +dF)—0
we have h%(T +dF — Z)>h%T +dF)—1=d+ 1. On the other hand, by the exact sequence
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0— Oyl(d—1)F) > Op(T +(d—1)F) > 0T +(d—1)F) >0

we have h°(d—1)F)=h"%T +(d—1)F)=d. Similarly we have h°(d—1)F)=h"(T +(d—
1)F)=d. Consequently, 7 and I" are not fixed components. q.e.d.

Suppose d>0, xe T and that T is a component of B. Because B ~ (20— 1)(T +
(d+1)F —2), it suffices to prove that | T+(d+ 1)F —Z| is base point free. We see that
T+|(d+1VF|c|T+d+1)F—Z| and I'+|T+dF|c|T+(d+1)—Z|. Since |(d+ )F|
and | T +dF | are base point free and T+ I'=0, we see that | T+(d+1)F —Z]| is base
point free. Suppose d>0, xeT and that T is not a component of B. Because
B~(2B—2u(d+ 1))F +20(T +(d+ 1)F — Z), it suffices to prove that | T+(d+1)F—Z| is
base point free. The proof is similar to the above situation. Suppose d=0. Because
B~Q2B—20)F+ 2T + F—Z), it suffice to prove that Bs| T+ F—Z|= . We see that
T+Fand T+ belong to | T+ F —Z|. Thus the base points are on 7'n I, but T+ /=0,
a contradiction.

We prove the existence of an ample divisor L by a method similar to [12, Proposition
4]. The invariants are as follows:

K% =2(a—2)(—da+2B—4)—2(y—1)*+1,
M) = Qo= DA~ do 2§ =4 =2~ 1P+ ) (—d+ Dot

a(M)=0.

Let us now treat the subtype (c-2). We lift f, : M — W, to a finite double covering
f: M — W. We first study the inverse image.

PROPOSITION 11. The inverse image of x by f, is a divisor and an isolated part on E*.

Proof. Since 0= f*F-X=(E+E*+X)-X, we have X?=—1. Let §' and S” be
general members of | T+ ((r—1+d)/2)F| on W, containing x. By §'-I'=S8"+I'=1 and
the generality of S’ and S” the other intersections of S’ and S” are outside of I'. By
Proposition 2 the morphism | iz~ ;11 M\ f"'I' > W\ is a finite double covering.
Let f*S'=:C'+u; X and f*S"=:C"+u,X. Since E-f}S'=E-f}¥S"=1, we have
Ui=pu,=land C'n E=C"nE=¢. Thus C’' and C” intersect each other on X or E*.
The intersection of C’ and C” is a base point y of | L— X|.

Suppose that the base point y of | L— X| lies on X. Let ¢ : M — M be the blowing
up at y. By the above observation, the fixed part of | p*L —X| is Y. Moreover, the
variable part | p* L — X — Y| has no base point. Thus the inverse image of x by f,op is
the divisor X+ Y. Let 6 : W— W, be the blowing up at x, and let Z be the exceptional
curve over x and I” the proper transform of I, respectively. By the universality of the
blowing up, there exists a morphism f: M — W such that f,cp=0ofand f*Z=X+Y.
Moreover, f*'=f*I'—f*Z=E+E*—Y, a contradiction to the fact that f*I" is an
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effective divisor. q.e.d.

Let p : M — M be the blowing up at the base point y of | L— X|, and let Y be the
exceptional curve over y. We denote by £* the proper transform of E*. Leto : W — W,
be the blowing up at x, and let Z be the exceptional curve over z. We denote by I the
proper transform of I'. By the argument similar to that for Case (I), (b), we get a
morphism f: M — W such that f;cp=cofand f*Z=X+Y. Let ¢ be a point of Z=~P!.
We have deg(fx)*q=deg(fix)*(—2Z)z=—f*Z-X=1. Thus fjx: X—>Z is surjective.
Similarly, fiy: Y— Z is surjective. Thus f'is a finite double covering. Since Pic(W)=
ZT® ZF® ZZ, the branch locus is linearly equivalent to 24 =2aT +2F —2yZ for a
unique triple («, B, y) of integers.

THEOREM 8. In Case (1), (c-2) let p : M — M be the blowing up at the base point
y of the linear system |L—X|. Let c : W— W, be the blowing up at x :=f,(X), and let
Z be the exceptional curve over x, and I" the proper transform of I'. Then M is a finite
covering over W. The branch locus B is linearly equivalent to 2oT +2BF —2yZ. The
integers o, B and y satisfy a=y, y=0, =0 and f>2d—r+3.

Conversely, for each triple (a, B, y) satisfying these conditions, there exists a polarized
surface (M, L) giving rise to the triple.

The first half of Theorem 8 is proved as follows: Let A =aT+ BF—yZ. Then clearly
Be|2A|. Since f*I'=E+ E* and E - E¥=0, fis not branched along I". Thus we see that
0=B-I'=2a—2y. Since f*Z=X+ Y and X - Y=0, we see that fis not branched along
Z. Thus we have 0= B+ Z=2y. Supposed d>0 and x¢ T Since T-'=1, we see that T
is not a component of B. Thus we have 0< B- T=28. Since g(M, L)> A(M, L), we have
B>2d—r+3. Suppose d>0 and xe T. Since T+ Z=1, we see that T is not a component
of B. Thus we have 0<B-T=2p. Suppose d=0. For Te|T—Z| we have T-Z=1.
Thus T is not a component of B. Hence we have 0< B- T'=2.

We prove the existence of an ample divisor L by using [12, Lemma 6]. The in-
variants are as follows:

Ki=82—Pp), pM)=0, qM)=p—1.

6. Classification in Case (I), (d). In this section, we assume that f*I" is in Case
(1), (d), ie., [T =E+E*, and E-E*=1. The morphism f:=f, : M—> W,=: W is a
finite covering. Since Pic(W)=ZT @ ZF, the branch locus is linearly equivalent to
2A=20T+2BF for a unique pair (a, ) of integers.

THEOREM 9. In Case (1), (d) the surface M is a finite double covering over W. The
branch locus B is linearly equivalent to 2aT+2fF. The integers o and B satisfy a=1,
p=dand 2p>r+d+3.

Conversely, for each pair (o, B) satisfying these conditions, there exists a polarized
surface (M, L) giving rise to the pair.



POLARIZED SURFACES OF LOW DEGREES 455

The first half of Theorem 9 is proved as follows: Let 4=aT+ BF. Then clearly
Be|2A]. Since il =E+E* and E - E*=1, we see that B and I intersect each other at
f1(E n E*) with multiplicity 2. Thus we have B-I'=20=2, and 0<B*T= —2ad+2p.
Since g(M, L)> A(M, L), we have 2f>r+d+ 3.

The existence of such a surface is checked as follows: A general member B of |24 |
is nonsingular and irreducible. By B+ F =2, we see that (®p),3: B— P is a finite double
covering. Since B is irreducible, (@) has branch points. There exists a finite double
covering f: M — W such that f*I" and E- E*=1.

We prove the existence of an ample divisor L by using [12, Lemma 6]. The in-
variants are as follows:

Ki=—128—6d+24, p(M)=0, g(M)=0.

7. Classification in Case (I), (¢). In this section, we assume that f*T is in Case
(1), (e), i.e., f¥T=2E+ X and d=1. Then the morphism f, : M — W, is not finite. Hence
we lift it to a finite morphism. Let o : W — W, be the blowing up at x : = f(X), and let
Z be the exceptional curve over x and I the proper transform of I, respectively. There
exists a double covering f: M — W, such that f; =cof and f*Z =X by the universality
of the blowing up. Moreover, f is a finite double covering. Since Pic(W)=ZT®
ZF® ZZ, the branch locus is linearly equivalent to 24 =2aT+ 2pF—2yZ for a unique
triple (o, B, 7).

THEOREM 10. [In Case (), (e) let 6 : W — W, be the blowing up at the point x= f(X)
with the exceptional curve Z over x. Let T be the proper transform of T. Then M is a
finite double covering of W. The branch locus B is linearly equivalent to 20T+ 2pF—2yZ.
The integers o,  and y satisfy 2=Qa—1)+2y—1), 24—1>0, 2y—1>0, 20—1)>
2y—1) and (a—2)(r—2)+2(f—3)=>0.

Conversely, for each triple (o, B, v) satisfying these conditions, there exists a polarized
surface (M, L) giving rise to the triple.

The first half of Theorem 10 is proved as follows: Let A=aT+ fF—yZ. Then
clearly Be|2A|. Since f*T=2E, the curve T is a component of B. Then we have B=
B'+ T, where B’ is a nonsingular curve. Since the branch locus B is nonsingular, we
have 0=B'+ T=2f—(2a—1)—(2y—1). Since T+ F=1, we see that F is not a component
and 0<B' - F=20—1. Since Z-T=1, we have 2y—1>0. Since g(M, L)>A(M, L), we
have (x—2)(r—2)+2(f—3)=>0. Suppose I is not a component of B'. Then 0<B’- =
(2a—1)—(2y—1). Suppose I is a component of B'. Then we have B~ T+ '+ B". We
see that 0=B"+ T'=(2a—1)—(2y—2), a contradiction.

We consider the existence of such polarized surfaces. We see that B'~2(a—y)(T +
F)+(2y—1(T+2F—2Z). Thus it suffices to prove Bs|T+2F—Z|=¢. We have
T+|2F|c|T+2F—2Z| and I'+|T+F|<|T+2F—Z|. Since T-I'=0, we see that
| T+2F—Z]| is base point free.
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We prove the existence of an ample divisor L by useing [12, Lemma 6]. The
invariants are as follows:

Ki=2a—2)(—a+2f—4)—2>y—1)*+1,

1 11
pg(M)=Z(2(d—2)(—a+2ﬁ—4)—2(y—1)2+ D+b—>

q(M)=0.

8. Classification in Case (I), (f). In this section, we assume that f7*7 is in Case
(D, (), i.e., f¥T=2E and d=2. Then the morphism f, : M — W, is a finite covering.
We set f:=f,. Since Pic(W)=ZT@® ZF, the branch locus is linearly equivalent to
2A=2aT +2BF for a unique pair (a, f) of integers.

THEOREM 11. In Case (1), (f) the surface M is a finite double covering over W. The
branch locus B is linearly equivalent to 2aT+2fF. The integers a and f satisfy f=20—1,
20—1>0 and («—2)(r—3)+2(f—4)=>0.

Conversely, for each pair (a, B) satisfying these conditions, there exists a polarized
surface (M, L) giving rise to the pair.

The first half of Theorem 11 is proved as follows: Let 4=aT+ BF. Then clearly
Be|2A]|. Since f*T=2E, the curve T is a component of B. Then we have B=T+B,
where B’ is a nonsingular curve. Thus 0=B'-T= —2(20—1)+2f. Since T+ F=1, we
see that Fis not a component of B’. Thus we have 0 < B’ - F=2a. Since g(M, L)> 4(M, L),
we have (a—2)(r—3)+2(f—4)>0.

We consider the existence of such polarized surfaces. We see that B'~(2a—1)(T+
2F). Since Bs| T+ 2F|= &, we have Bs|(2a— 1)(T +2F)|= .

We prove the existence of an ample divisor L by using [12, Lemma 6]. The in-
variants are as follows:

Ky=4a—2a—4+1, pM)=a>—3u+2, ¢M)=0.

9. Classification in Case (I), (g). In this section, we assume that f*T is in Case
I, (&), ie., fFfT=E+E*, E-E*=0 and d=1. Then the morphism f; : M—-W,is a
finite covering. We set f:=f;. Since Pic(W)=ZT ® ZF, the branch locus is linearly
equivalent to 24 =2aT+ 2fF for a unique pair (a, ) of integers.

THEOREM 12. In Case (1), (g) the surface M is a finite double covering over W. The
branch locus B is linearly equivalent to 20T+ 2BF. The integers o and f satisfy o=,
>0 and ra—2(r+1)>0.

Conversely, for each pair (o, ) satisfying these conditions, there exists a polarized
surface (M, L) giving rise to the pair.

The first half of Theorem 12 is proved as follows: Let A=aT+ SF. Then clearly
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Be|24]|. Since f*T=FE+ E* and E - E*=0, we see that f'is not branched along 7' Thus
0=B-T=—20+2f. Since T+ F=1, we see that F is not a component of B. Thus we
have 0< T+ F=2a. Since g(M, L)> A(M, L), we have ra—2(r+1)>0.

Conversely, since B~ 2a(T+ F), there exist such polarized surfaces.

The invariants are as follows:

K4 =20—2)(—a+28—4)+1,

1 1 13
PAM)= (=2~ 2=+ Dt 2

g(M)=0.

10. Classification in Case (II). In this section, we assume that we are in Case
(II). This case is similar to the Case (I) where the points x=f;(X) and x;=f;(X;) are
not on T by Proposition 2. Thus we have the following results:

Case (II), (a): Let o : W — W, be the blowing up at the two points x; =f,(X;) and
x,=1,(X,) with the exceptional curves Z, and Z, over x, and x,, respectively. Let T
be the proper transform of T. Then M is a finite double covering of W. The branch
locus B is linearly equivalent to 20T+ 28F—2y,Z,—2y,Z,. The integers a, f, y, and
v, satisfy a=y, +y,—1, 29,—1>0, 2>2a(r—1)+1 and 2(f—r—1)>0.

Conversely, for each quadruple («, f, y,, y,) satisfying these conditions, there exist
a polarized surface (M, L) giving rise to the quadruple.

The invariants are as follows:

K= 20— 2)(— (r— Dt 26— &)= 2y, — 12— 203,02+ 1,
pg<M)=}(z(oc—2>(—<r—1)a+2/3—4)—2<y1—1)2—2<v2—1>2+1)

1 11
- (—r+2u+p——r,
2( )+ B 2

qM)=0.

Case (II), (b): Let p: M — M be the blowing up at the base point y of the linear
system | C—X|. Let o, : W, > W, be the blowing up at x=£,(X), and let Z, be the
exceptional curve over x, and I the proper transform of I', respectively. The intersection
of I' with Z, is a point z. Let 6, : W— W, be the blowing up at z, and let Z, be the
exceptional curve over z. Then M is a finite double covering over W. The branch locus
Bis linearly equivalent to 2a7+2F—2y,Z, —2y,Z,. The integers «, , y, and y, satisfy
a=y;+y,—1,7,=y.—1,9,—1>0, 2>2a(r—1)+1 and f—r—1>0.

Conversely, for each quadruple (a, , 4, 7,) satisfying these conditions, there exists
a polarized surface (M, L) giving rise to the quadruple.

The invariants are as follows:
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Ki=20—=20—(—Da+2—4) =20, — 1> =@, —1)*+1,

1
Pg(M)=?(2(0<~2)(—(r— Do+2B—4) =20y, —1)* =20, — 1)*+2)

1 12
+—(—r+2a+p——",
3 ( Jo+ 2
q(M)=0.
Case (II), (c): We have the following two subtypes.
(c-1) X-E*=1,
(c-2) X-E*=0.

Subtype (c-1): Let 6 : W— W, be the blowing up at the point x= f(X) with the
exceptional curve Z over x. Let T be the proper transform of 7. Then M is a finite
double covering of W. The branch locus B is linearly equivalent to 20T+ 28F—2yZ.
The integers a, f and y satisfy a=y, y>0, f>a(r—1) and f—r—1>0.

Conversely, for each triple (a, , y) satisfying these conditions, there exists a
polarized surface (M, L) giving rise to the triple.

The invariants are as follows:

Ky =2(—2)(—(r—a+28—4)—2y—1)>+1,
pg(M)=%(2(oc—2)(——(r— Do+28—4)—2p— 1)+ 1)+%(—r+2)a+ﬁ—%,

g(M)=0.

Subtype (c-2): Let p : M — M be the blowing up at the base point y of the linear
system |L—X|. Let ¢: W— W, be the blowing up at x:=f,(X), and let Z be the
exceptional curve over x, and I the proper transform of I'. Then M is a finite covering
over W. The branch locus B is linearly equivalent to 2a7+2fF—2yZ. The integers a,
p and y satisfy a=y, y=0, >0 and f>r+2.

Conversely, for each triplet («, f, y) satisfying these conditions, there exists a
polarized surface (M, L) giving rise to the triple.

The invariants are as follows:

Case (II), (d): The surface M is a finite double covering over W. The brahch locus
B is linearly equivalent to 2a7+2fF. The integer « and f satisfy a=1 and f>r—1.
The invariants are as follows:

Ky=—12—6(r—1)+24, pM)=0, ¢gM)=0.
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