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Abstract. In this paper, we consider an n-species almost periodic Lotka-Volterra
competition system with dominated infinite delays. By constructing suitable Lyapunov
functionals, we are able to show that, under a set of algebraic conditions, the system
has a unique positive almost periodic solution which is globally attractive.

1. Introduction. In this paper, we consider an almost periodic Lotka-Volterra
system

n t

(L.1) xi(t)=xi(r)[b.-<t)— ) ai,-(z)J Ki,-(z—s)x,.(s)ds} ,i=l.n,
j=1 —

which describes a model of the dynamics of an n-species competition in mathematical

ecology. When the system (1.1) has delay-independent dominated terms, it takes the form

2.,

j=1,j#i

(1.2) xi(t)zxi(t)[bi(t)_aii(t)xi(t)_

3 aij(t)f K,-j(t—s)xj(s)ds],
i=1,...,n.

Recently, Gopalsamy [3] discussed the system (1.2) with w-periodic coefficients b;, a;;
(i,j=1,...,n) and proved that, under a set of delay-independent algebraic conditions,
the system (1.2) has a unique globally attractive w-periodic solution. Murakami [10]
generalized the discussion to the system (1.2) with almost periodic parameters b;, a;;
(i,j=1, ..., n). By investigating the stability properties of the solutions of the system
(1.2), Murakami [10] was able to show that (1.2) has an almost periodic solution. We
also refer to Hamaya [7] and Hamaya and Yoshizawa [8] for further discussion on
the periodic and almost periodic system (1.2), respectively. As one can see easily, when
such delay-independent dominated terms are not present, the argument used in
Gopalsamy [3], Hamaya [7], Hamaya and Yoshizawa [8] and Murakami [10] cannot
be used for (1.1). For (1.1), when n=1, the related problem has been studied recently
by Gopalsamy et al. [5] in the periodic case and Gopalsamy and He [4] and Seifert
[11] in the almost periodic case. We also refer to He and Gopalsamy [9] for the
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discussion on the periodic system (1.1) with n=2. However, when n>2, it has been
an open problem whether the system (1.1) has a unique globally attractively positive
almost periodic solution (see also Gopalsamy and He [6] and He and Gopalsamy [9]).
It is the purpose of this paper to solve this problem. Motivated by recent work of
Gopalsamy and He [4], [6] and Murakami [ 10], we first give estimates for the uniform
upper and lower bounds of positive solutions of (1.1). Then, by constructing some
Lyapunov functionals, we obtain a set of algebraic conditions, under which the systems
(1.1) has a unique positive almost periodic solution which is globally attractive. As
in the case n=1 (see Gopalsamy and He [4]), the sufficient conditions are delay-
dependent, which characterizes the competition systems with delay-dominated terms,
while the conditions for (1.2) are often delay-independent (see Gopalsamy [3], Hamaya
[7], Hamaya and Yoshizawa [8] and Murakami [10]).

In what follows, we denote by R” the n-dimensional real Euclidean space and by
| x| the norm of xe R". Given x=(x,, ..., x,)e R"and y=(y,, ..., y,)€R", we put x>y
if x;>y; and x>y if x;>y, for all ieI={1, 2, ..., n}. R% will denote the nonnegative
cone of R". Throughout this paper, we assume that the functions b;, ¢;; and K;; in (1.1)
are real-valued functions on R and that the following conditions are satisfied:

(H1) a;; and b, are continuous, almost periodic functions, and inf,_g a;;(t)>0 for
i#j, inf, g a;(t)>0 and inf,_ g b;(t)>0 for i, je .

(H2) K;is nonnegative piecewise continuous, | K;;(s)ds=1, | sK;;(s)ds < co and
[ s*Ky(s)ds < oo for i, jel.

Consequently, define constants b}, b, a}}, af; (i, jeI) by

bl=infb,(t), bi=supb(t), al;=infa;(r), ali=supa;(r).
teR teR teR teR
Let BC* be the set of all bounded nonnegative continuous functions from R_=

(— o0, 0] into R" satisfying ¢(0)>0. Set ||¢| =sup,.z_¢(s) for ¢(s)e BC*. We assume
that the system (1.1) is supplemented with the initial condition

(1.3) x(s)=¢(s)eBC™ for seR_.

ACKNOWLEDGEMENT. The author thanks Dr. Shigui Ruan for carefully reading
the original draft and suggesting a number of corrections. The author also expresses
his deep gratitude to the careful referee for many valuable comments and, in par-
ticular, for pointing out two ambiguous gaps in the proofs of Theorems 3.2 and 4.6
in the original manuscript. The suggested improvement made the current paper more
readable.

2. Uniform upper and lower bounds. In this section, following the idea in
Gopalsamy and He [4], we obtain a priori upper and lower bounds of the positive
solutions of (1.1) and (1.3). One can see that, under the conditions (H1) and (H2),
the solutions of (1.1) and (1.3) exist for all z€[0, r) (r < + o) and remain positive. From
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the following Lemma 2.1, we know that the solutions of (1.1) and (1.3) are continuable
to t=o00. It follows from the positivity of the solution x(¢) of (1.1) and (1.3) that

@1 xi(t)Sxi(t)[bi(t)—aii(z)J Kﬁ(s)x.-(z—s)ds}, iel,

0
from which, using the same argument as in Theorem 2.1 in Gopalsamy and He [4],
we can derive the following estimate for the uniform upper bound of the solutions of
(1.1) and (1.3).

LEMMA 2.1. Under the assumptions (H1) and (H2), the solutions x(t)=(x,(t), ...,
x,(2)) of (1.1) and (1.3) satisfy x(t)>0 for all t>0, and furthermore
(2.2 lim sup x;(¢) < M;: = —— bi for iel.
o a!,f Kii(s)exp(—bls)ds

(0]

Using Lemma 2.1 and the idea of Theorem 2.2 in Gopalsamy and He [4], we now
have the following estimate for the uniform lower bound of the solutions of (1.1) and

(1.3).

LemMMA 2.2. Assume the system (1.1) satisfies (H1), (H2) and
(H3) b{>)"_, ;,,ai;M; with M; defined by (2.2) and i€l,
(H4) there exists 6 >0 such that

f Ki,.(s)exp|:—<b,-'— Z a;‘ij>s+5si|ds<oo .
0 j=1

Then the solution x(t) of (1.1) and (1.3) satisfies liminf,_,  x;(t)>m; with

(2.3) m,= oL

ai",.J Kii(s)exp[— bl— a;‘ij>s:|ds
0 j=1

Proor. The proof is similar to that of Theorem 2.2 in Gopalsamy and He [4]
and we indicate it briefly.

Let x(¢t)=(x,(2), ..., x,(t)) be any solution of (1.1) and (1.3). It follows from Lemma
2.1 and the condition (H4) that, for ¢<4, there exists a ¢, >0 such that

for iel.

M=

(2.4) x;(t)<M;+e¢ for t>¢, and iel

with M; defined by (2.2). Then, following the positivity of x(¢) and (1.1) and (2.4), one
can see that, for t>1,,
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2.5 )'c,-(t)Zx,-(t)I:bi’— ia,-"j(J‘t_”K,-j(s)xj(t—s)ds+J'co K,-j(s)xj(t—s)ds>]
ji=1 0 t—1y
in(t)[bi’— i a,-"j<[Mj+£] Jw_th,-j(s)ds+fOO K,-j(s)xj(t—s)ds>]
j=1 0 t—ty
=x;(t)c;(?)
with
c,(t)=b!— z": a;‘j<[Mj+8] ft_thij(s)ds+ Jw K,-j(s)xj(t—s)ds>, t>t,, iel.
j=1 0 t—1y

By the boundedness of x(¢) and the assumption (H2), we have

n

(2.6) 'lirg a(t)y=Ci:=bi— ) ai(M;+e), iel.

j=1
It follows from (2.5) that

x;(t—s) Sx,-(t)exp|: —J

t
c,-(s)dsjl for t—s>t,,

t—s

which, together with (2.5), implies that
t—ty t
2.7) Xi(t)?_xi(t)[b{—a;‘(j K;;(s) exp[— J‘ c,(r)dr}ds)x,-(t)
t—s

0
©

K f(s)x;(t— s)dsil .

—ty

n t—1ty n
_ Z .a,-"j(Mj+s)J Ki;(s)ds— -21 at
J= t

j=1,j#i 0
Note that
n t—ty n
lim ) a,-"j(M,-+e)j Kj(s)ds= Y. al(M;+e), iel,
t=00 j=1,j#i 0 ji=1,j#i
lim ) ag; K;j(s)x;(t—s)ds =0
7o j=1 t—ty
and
t—1ty t 0
ai"i< j K;(s) exp[ —f c,.(r)dr:| ds) <aj J K;;(s)exp(— C;s)exp(e,s)ds
0 t—s 0

for t>t,>t, and some ¢, with 0<eg, <. Then we can see from (2.7) that
Z. ali(M;+e)

Jj=1,j#i

xi(t)zxi(t)[(b!—ez)—
—as( f " Ka(s)exp(— Cis) exp(sls)ds)xi(t)]
0

(2.8)
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for some ¢, >0 sufficiently small and all large ¢. Then, similar to the proof of Theorem
2.2 in Gopalsamy and He [4], one can show from (2.8) that liminf, ., ., x;(¢)>m; with
m; defined by (2.3). This completes the proof.

It is noticed that the upper and lower bounds obtained in Lemmas 2.1 and 2.2
depend on the diagonal delay terms only. As a special case of (1.1), it can take the
following form with finite discrete delays:

Y _aij(t)f K,-]-(t—s)xj(s)ds:|, iel,

n
Jj=1,j#i

(2.9) xi(t)=xi(t)[bi(t)—aii(t)xi(t—Ti)—

where 0<1; (iel) are finite constants. Consequently, from Lemmas 2.1 and 2.2, we
have the following bound estimate for the solutions of (2.9), which can also be found
in Gopalsamy and He [6]. This result will be used in our later discussion.

COROLLARY 2.3. Under the assumptions (H1) and (H2), if

n bl_l
(2.10) bi> ) ali—i-exp(bjt;) for iel,
j=tj#i = ajj

then the positive solutions x(t) of (2.9) satisfy

0<m; <liminf x(t) <lim sup x;(t) < M;

i
t— o t— o0

with

u

b y
M= ] exp(bi't;)

@.11) ! (el).

n

bl— Y a‘M; .
m;= a 1”5' exp|:<b,~’ -y a,?‘ij>r,-:| X
Qi j=1

3. Extreme stability. In this section we will show that, under a set of algebraic
conditions, the system (1.1) is extremely stable (see Yoshizawa [12], [13]) in the sense
that, for any two positive solutions x(t) and y(t) of (1.1) and (1.3), we have

lim [x(z)—y(t)]=0.

LemMA 3.1. Suppose the system (1.1) satisfies (H1)-(H4). Then there exists a
solution x(t)=(xy(t), ..., x,(t)) of (1.1) and (1.3) on R such that 0 <m;—e<x,(t)<M;+¢
(i€ 1) for te R and sufficiently small ¢ >0, where M; and m; (i€ I) are defined by (2.2) and
(2.3), respectively.

Lemma 3.1 can be proved by repeating almost the same argument as in Lemma
2 in Murakami [10] and Lemma 4 in Seifert [11], so we omit the details.
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THEOREM 3.2. Assume (H1)—(H4) are satisfied. Suppose that

(Miaﬂ)20i<ai’if K. (s)exp(—bts)ds  (i=1,...,n)
0
with o,= [ sK;(s)ds and E=(e;;), «, is an M-matrix, where

. _{ a}; J*w K.(s)exp(—bis)yds—(M;at)’c;  for i=j
’ - [10+ M?Zato;]a, for i#j.
Then the system (1.1) is extremely stable.
PROOF. Since the matrix E=(e;;),x, is an M-matrix, we know that (see [2], [6])
there exist a=(ay, ..., ®,)>0 and g,>0 such that

(3.1 (e —&,) > Z ai(leji|+e&), iel.

n
j=1,j#i
Clearly there exists an ¢, €(0, ¢,) such that
bi—e, <bi(t)<b!+e,, 0<ali—e <ayt), ayt)<ali+e,
for te R and
(3.2) e;—¢,<e;le), eij_80<eij(£1)

with

0

(3.3) { eii(£1)=(aili_81)|:‘[°o Kii(s)eXP(‘(b?+81)S)ds—51:|_[(ai';+31)(Mi+81)]20'i
eij(el): _(a;‘j"'sl)[l +(Mi+31)2(aiui+31)0'i] I#].

We first know from Lemma 3.1 that there exists a solution, say y(¢t)=(p(t), ..., yut))
of (1.1) and (1.3) satisfying

(3.9 O<m—e, <y,(t)<M;+¢, for teR and iel.

To prove the extreme stability of (1.1), it is enough to show that for any positive solution
x(t)=(x,(), ..., x,(t)) of (1.1) with x(s)=¢(s)e BC* for se R_ and the solution y(t)
satisfying (3.4), we have

(3.5) lim [x,(t)—y,(t)]=0, iel.

Define u(t)=(u(t), ..., u,(t)), v(t)=(vy(t), ..., v(t)) and w(t)=(w,(t), ..., w,(t)) as fol-
lows:

(3.6) wi(t)=In[x;(t)], woi(O)=In[y;(t)], wit)=w(t)—vi(t),  iel.

Then, from (1.1) and (3.6),
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(3.7 — [u (t)—v, ()] = — Z a;(1) J Kij(s)[exp(u;(t—s)) —exp(v;(1—s))1ds .
For iel and t>0, the equation (3.7) can be written as

3.8) Wi(t)= —ay(t) JI Ki(s)y;(t—s)[exp(w;(t —s))— 1]ds
—a,(t) r Ki(s)[explust — 5)) — exp(vy(t—)1ds

- Y a0 J " Ky (t—$)[explwy(t — 9) — 11ds
0

j=1,j#i

= _aii(t)|: J‘ Kii(s)y:(t —s)ds} [exp(w;(t))—1]
0
+a;(t) jt K (s)y;(t _S)< JI exp(w;(s))W;(s,)ds, )ds
0 t—s
—ay(t) Jw Ka(9)[expl ¢ — ) —exploy(1— s)1ds

- Zn: a.-,-(t)JwKe;(S)y;(t—S)[eXp(W,-(t—S))—I]ds

Jj=1,j#i

= u(t)[j Kii(s)yi(t— S)ds] [exp(w;(t))—1]
_au(t J K”(S [exp(u (t S)) CXp(U,-(t—S))]dS

— i .aij(t)J‘wKij(s)yj(t—S)[CXp(Wj(t—s))—l]ds
0

Jj=1,j#i

—a0) Y. Ki,-(s)yi(t—s)[ f exp(wi(s,)ayy(s,)
J= 0 t—s

X <‘[ Kij(sz)yj(sl —sz)[exp(w}(sl —5,))— 1]d52>d51:|d5 .

0
Let
(3.9 Viiw(2)) = w;(t) |

and

(3.10) Jiw(t)) = —ay(t) r) K;i(s)[exp(u;(t —5)) —exp(v;(t —s))]ds .
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Then, it follows from (3.9) and (3.8) that the upper right derivative D*/(Dt)V;,(w) of
V;1(w) along the solutions of (3.8) is given by

(3.11) V() < _aii(t)l:f Kils)y:(t— S)ds:llexp(wi(t))—l [+ 1J:(w(1)|
+ ~=1i¢ a;;( t)J :i(8)yi(t—s)| exp(w;(t —s))—1|ds
+a;(t) ZIJ Kii(s)yi(t—s)[J exp(w;(s1))a;;(s)
J= 0 t—s
X (J Kij(s2)yi(s1 —s5)|exp(w;(s; —s2))—1 |dsz>d51]ds .
(o]
By (3.10),
(3.12) |Ji(wi(z))|s(ax+el)( J wKu(S)dS> S xi9)-i)].
Denote E;=(aj;+¢&,)SUp_ o, <s<0 | X;(s)—»;i(s)|. Then, for t>0, we have from (3.12) that
(3.13) T | <E, f " Ky(s)ds
Let

(.14)  Vip(w)(t)= 12 (S)J (s, +5)y;(s1)| exp(w(s,)) — 1 |ds ds

j= #i

+ 3 f Kils) f s + 93153 f explvi (5. (s,)

X J- (Sz)yj(s1 s) eXP(Wj(Sl —5,))— 1 |ds,ds dsyds .
0
Then, from (3.11) and (3.14),

+

(3.15) % Vit + Vi dw() < _aii(t)[f Kii(s))’i(t_s)ds:ll exp(w;(t))— 1] +[J;(w(t)) |
0

_— ( f mK.-,-(s)ai,-(t+s)ds>y,-(t)|exp(w,(r))—1|

ji=1, 0

¥ z( f K9 f ' a.-.-(s1+s)y.-(s1>dslds)

X exp(w,-(t))a,-j(t)fw K;j(s)y;(t—s)|exp(w;(t—s))—1|ds .
0
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Denote
1) = Lw Ka9) f a1 +5) s s ds
By (3.4),
d(t)<(M;+¢e)aki+¢,) J: sK;;(s)ds=(M;+¢,)ak+¢,)o; .

Also, for ¢, >0, there exists a T; >0 such that
exp(w;(t)) <max{x;(t), y:(t)} <M, +e¢,

and

o)

jw Ki(s)exp[ — (0" +¢,)s]ds < J K, (s)ds<e,

1

for t>T,. It then follows from (3.15) that, for t> T,

+

(3.16) Vi + Vi Jw@) < _(a!i_al)[j K;i(s)y(t —S)dS]l exp(w;(t))— 1

n

+ Y (ak+e)y;(t) expw;(t)—1]

j=1,j#i

L) |+ (@4 e Myt e1Vo, Y (@lte)

X Jw K;i(s)y(t—s)|exp(w;(t—s))—1|ds .
0

For i, jel, let
b;=(aj+&,)(M;+¢,)0,(ali+¢,)
and
3.17) Viw)t)=[Vii + Viz + Viz]w(t)), iel
with
Via(w(t))= j; b;; J‘: K;;(s) J:—syj(SI)I exp(w;(s))—1|ds,ds .

Then, one can derive from (3.17) and (3.16) that, for t>T,,
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+

(3.18) Dt Viw)(t) < _(aiii_81)|: fK.-.-(S)yi(t —S)dS}I exp(w;(t))—1|

+ 2 (@ o)y 0lexp0n(0)=11+1700(0)|

j=1,j#i
+ 2 byyylexp(wi(0) =11

On the other hand, one has from (1.1) that
yi(e)<b,(t)y(r)  for >0 and iel,

which implies
(3.19) yiO)<y(t— s)exp(Jv bi(s ds1> for t=>s.

By (3.19), for t>T},

(3.20) JIK,,(S Vyi(t—s)ds < |:J‘ K;( s)exp< f b(sl)ds1>ds]y,-(t)
0 0

[I K (s)exp[— (b} +¢,)s]ds

/\

f " Kals)expl — (b"+al)s1ds]y,(r)

-]

Note that y;(t)| exp(w;(t)) —1 | =] x;(t)—y;(t) |. Therefore, it follows from (3.18) and (3.20)
that, for t>T,,

fw K(s)exp[ — (b} +31)S]d5”31})"i(t) .

0

(3.21) DD: Vi(W)(t)S—(a.-’,-—sl)[r)Ku(S)eXp[—(bE‘+81)S]dS—81}Ix.-(t)—yi(t)l

0

HAMON+ Y (@ra)lx =301+ % bylx) =y, 0)

== % eyfedl %0 =301 +1,000)]

with e;;(e,) defined by (3.3). Now, let

n

Viwe)= Y. o Vi(w(t)) .

i=1
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Then, from (3.21), (3.2) and (3.1), for t> T},

n

(3.22) SoVO)S = X3 Y efed 50 -30)1+ 3 ol 0]
= £ | £ weten |x-ro1+s000
= [a,-(eﬁ—so)— O sl +eo)]| Xt = (O] +J0(t)
== % AR -0+ 00,
where
Tw(e)= 3 o1 7,00)
and

Bi=a;[e;—e,]— Z .“j(|eji|+£0)>0 (by 3.1)) .

n
Jj=1,j#i

Note that V(w(t))>0 and also, from (3.13),

n

Jwe)s 3 0, r Ko(s)ds

i=1

Hence, for t>T,,

t n ft ©
J‘ J(w(s))ds < Z o E; J K:(p)dpds
T, i=1 JT1Js .
< Y «E; J K, (s)dpds
i=1 JT,JT,
< Y wE | sK;(s)ds<oo.
i=1 JT,

Integrating (3.22) from T, to t>T,, we have

M=

ﬁ;f | x;:(5) = yi(s) |ds < o0 .
1 T,

Consequently, Y.7_, B:f 7,1 Xi(t)=y:(t)|ds<co. Hence, by the uniform continuity of
Z:’zlﬂilxi(t)—yi(t)l on [0, o), we have | x;(t)—y;(t)|—0 as t—oco. This completes the

proof.
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4. Existence of an almost periodic solution. In this section, we shall use the stability
properties established in section 3 and employ Murakami’s idea (see [10]) to derive the
existence of a positive almost periodic solution of the system (1.1). For convenience in
the following discussion, we rename the system (1.1) as (E), that is,

(E) Xi(t)= (t)[ - au(t)J‘ 1i(8)x;(t—5) :| i=1,...,n.

For completeness, we include the following notation, lemma and definitions
introduced by Murakami [10]. We denote by S(E) the set of all solutions
x(t)=(x,(t), ..., x,(t)) of the system (E) on R satisfying 0<m;—e<x;(t)<M;+¢ for
i=1,2,...,n,te R and sufficiently small ¢>0. Let BC be the set of all bounded
continuous functions from R_ into R". For any ¢, ¢ € BC we set

P ¥)=_Sup | ¢(s) =¥,

P )= 3. pu VT + 0, V)]

Clearly, p(¢,,, #) —0 as m — oo if and only if ¢,(s) = @(s) as n — oo uniformly on each
bounded subset of (— oo, 0]. For any function x: R— R" and any t€ R, we define a
function x': (— 00, 0] = R" by x(s) = x(¢ + s) for s <0. Similarly to Lemma 3 in Murakami
[10], we can conclude:

LemMA 4.1. Let a peS(E) and a sequence {t,}, t,=>0, be given. If
(H5) ay(t+1,)—>a;(t) and bi(t+1,) > b,(t) asn— oo on R for all i, j=1, ..., n, and
pt+1,)—p(t) as n— oo uniformly on each bounded subset of R for some
functions a;, b; and p,
then peS(E), where S(E) denotes the set of all solutions y(t)=(y,(t), ..., y,t)) of the
system

(E) }"i(t)=yi(t)[5,~(t)— > dij(t)J. Ki(s) i(t—S)dS], i=1,...,n,
j=1 0

on R satisfying 0<m;—e<y,(t)<M;+¢ for i=1,2,...,n, te R and sufficiently small

£>0. (Henceforth, we denote (p, E)e Q(p, E) when (H5) holds).

DErINITION 4.2. A function peS(E) is said to be relatively uniformly stable in
Q(E) (RUS in Q(E), for short) if for any £¢>0 there exists a d(¢)>0 with the property
that for any ¢,>0, any (p, E)e Q(p, E) and any zeS(E) satisfying p(p', z') < d(e) we
have p(p’, z')<e for all t>1,.

DEerINITION 4.3. A function peS(E) is said to be relatively weakly uniformly

asymptotically stable in Q(E) (RWUAS in Q(E), for short) if p is RUS in Q(E), and if
p(p', 2')>0 as t— oo for all (p, E)eQ(p, E) and all ze S(E).
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DEerINITION 4.4. A function pe S(E) is said to be relatively totally stable for (E)
(RTS for (E), for short) if for any ¢>0 there exists a d(¢)>0 with the property that if
t,>0, p(xt, p)<d(e) and g(t)=(g,(t), ..., g,(t)): R—>R" is any continuous function
satisfying sup,.g|g(t)| <d(e), then we have p(x’, p')<e for all t>1, where x is any
solution of the system

(E,) xi(t)=xi(t)|:bi(t)_ Zn: a;(t) Jw Kii(s)xi(t_s)ds:l+gi(t) ) i=1,...,n,

on R satisfying 0 <m;—e<x;(t)<M;+¢ for i=1,2,...,n, te R and sufficiently small
£>0.

By repeating the same argument as in the proof of Lemma 4 in Murakami [10],
we have the following conclusion.

Lemma 4.5. If peS(E) is RWUAS in Q(E), then it is RTS for (E).

We now state our main result on the existence and global attractivity of the positive
almost periodic solution of (E).

THEOREM 4.6. Under the assumptions of Theorem 3.2, the system (1.1) has a positive
almost periodic solution, which is globally attractive.

Proor. From Theorem 3.2, one can see that it is enough to show the existence
of an almost periodic solution of (E). The proof is essentially the same as the one for
Theorem in Murakami [10]. For the completeness, we indicate it briefly. By Lemma
3.1, there exists a pe S(E). We shall prove that p is asymptotically almost periodic.

Let {z,,} be any sequence satisfying ¢,,— 00 as m — co. We may assume that the
sequence { p(t+1,)} -, is uniformly convergent on each bounded subset of R and that
the sequences {a;;(t+1,)}m-, and {b(t+1,)}<-, are uniformly convergent on R. Set
pXt)=p(t+1,), te R, for each positive integer k. Clearly, p* is a solution of the system

(E% xi(t)=xi(t)|:bi(f+ n)— 2 ay(t+ tk)J Kii(s)xi(t_s)ds] ) i=1,...,n,
ji=1 0
on R.
We first prove that p* is RTS for the system (E*). By Lemma 4.5 it suffices to show
that p* is RWUAS for the system (E*).

CLamM A. For arbitrary (p*, E¥) e Q(p*, E¥) and z*e S(E¥), we have p((5*), (z*))—
0 as t— oo.

The proof of this claim is essentially the same as the proof of Theorem 3.2. However,
for convenience in the proof of the next claim, we describe the modified Lyapunov
functionals, which will be used in the proof of the next claim.

Let
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wi(t)=In[pi©)], vi(t)=In[ZK)], wi(t)=uflt)—v,(t)
fori=1,...,n and w(t)=(w,(2), ..., w,(t)). Then, for i=1, ..., n,

4.1 w;i(t)=— Z a,j(t+tk)fmK,-j(s)[exp(uj(t——s))—exp(vj(t—s))]ds

j= 0

- —a,-,-(z+tk)[< f T K- s)ds) [exp(wi(t)—1]

0

+J‘1+1k K534t s) f’ exp(w;(s))W;(s,)ds,ds

0

-Ss

4 J . K.-.-(s)[pf(t—s)—f,-*(t—s)stJ

+tr

- 2": a;(t+1t) Jw Ki(8)z}(t —s)s [exp(w;(r —s))—1]ds .

j=1,j#i
Clearly, for the ¢,>0 satisfying (3.1), there exists an ¢, €(0, ¢,) such that for ze R,
bi—e <bi(t+1)<bi+e,, O<al—e <ay(t+1), a;t+n)<ali+e,,
4.2)
0<m;—e, <pit), ZF()<M;+e,

and (3.2) holds with e;;(e,) defined by (3.3). Also, we can select a large positive integer
k, such that, for k>k, and t>0,

(4.3) J K (s)ds<e, .
t+1
Let V;, be defined by (3.9). It then follows from (4.1), (4.2) and (3.11) that, for >0,
D+ t+it
(4.4) Di Vii(w(t)) < “(aili—31)[ J Kii(S)z_ik("‘s)d{I| exp(w;(t))—1]|
(4]

+ i (a5+al)f (82Kt —s)| exp(w;(t —s))—1|ds

Jj=1,j#i

+(afi+¢e)JHt) + Z Cij (S)f J‘ ij(Sz)Z—,l'((Sl—sz)

X Iexp(wj(s1 —5,))—1|ds,ds,ds
with
cij=(aji+&)(M; +81)2(ai"j+31)

and
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0

4.5) JHt)= Kis)|pi(t =) —z{(t—s) |ds .
Let
(4.6) Wiw(t))=(Viy + Wi )w(1)) ,
where
4.7) Wiuw(t) = li;t a.,+81) Kij( S)j Zj(s1)| exp(w;(sy)) — 1 |dsds
+ i Cij{J' K“(S J J J\ ij S2)Z (Sl S2
j= t—sds3d 0

x| exp(w;(s; —s,))— 1|ds,ds ds,ds

+0; on Kij(s) Jt Z_,"‘(Sl)| exp(w;(sy))—1 |ds1ds} .

0

Then, from (4.4)-(4.7),

+

b . Wiw(t) < —(aili—ﬁl)[ j

0

t+it

(4.8)

Ki(s)zi(t —S)dS] lexp(w;(t))—1]

+ 3 (@l e)ho]expln o)~ 1]

j=1,j#i

+(afi+e)TH(t) + Z c;jo Z5(t)| exp(w;(t) — 1] .

ji=1

Similarly to (3.20), we have

4.9) — f " K;(5)zKt—s)ds< — [ JOO K (s)exp[ — (b, +&,)s]ds — el]ff‘(t) .

0
Thus, from (4.8), (4.9), (4.3) and (3.3),

0

(4.10) )< — ; e;j(e1)| p{(0)—Zf () |+ (ai + e )TH(2) -
Denote
4.11) Ww(t))= g W,(w(t)) .

Then, for >0,

4.12)

Z Bi1pM6)—Z(t) | +J(t)

85
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with
(4.13) J(t)= .--il o(a;+e)TNE) .
Note that (from (4.5) and (4.2))
T(t)< i_il wlag+e(Mits) | Kuls)dse Ly[0, ).

Then, similarly to the last part of the proof of Theorem 3.2, we can conclude from
(4.12) that | pXt)—2zXt)| - 0 as t— oo, which leads to p((p*), (z¥)') =0 as t — oo.

CLamM B. p*is RUS in Q(E).

It follows from (4.12) that, for t>1,>0,

(4.14) Z o In[ pE(E)] = In[Z(e)] | < W(w(t)) < W(w(t,) + j J(s)ds

i=1

n t
Z |:V11(W(t )+ Wil(w(to))+(aii+51)J f:‘(s)ds:| .
= .
Note that, for i, j=1,...,n and all L>0,

Vi w(t,)) = In[ 5(t,)] —In[Z4(t,)]
f Kij(s)f" | 5(s1)— 24(s,) |dis, ds

0 o—S

S(Mj+sl)fnsK,.j(s)ds+(stKij(s)ds> sup | pH(s)—zZK(s)|
L

0 to—L<s<t,

and

[ee] to to 0
j Kii(s)J J J Kij(SZ)IﬁJI"(sl _Sz)_z_,"‘(sl —$,) |ds,ds ds3ds
0 to—sds3 JO

[e'e] to to 0
SJ Kii(s)J j J Kij(s2)|p—}‘(sl 'Sz)—z_}‘(sl —5,) |ds,ds dsds
0 to—SVito,—sdJO

0 @ to
=j SKii(s){J Kij(sz)f |P_JIF(S1—52)_Z—1"‘(51 —5,) Idsldsz}ds
0 0 to—S

=R1+R2 N

where
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L oo to
Rl—_‘f SKii(s){J Kij(sz) Iﬁ_;‘(sl_SZ)—Z}‘(sl_sz) |dslds2}ds
0 0

to—S$

L L to
=f SKii(S){J Kij(sz) lp_}‘(sl _52)_2_}‘(51 —5;) |d51d52}d5
0 0 to—S

L o to
+j SKii(s){f K;i(s,) IP (s, — 32)—5}‘(31—32”‘151‘132}‘{3
L

0 to—S
< < J szKi,-(s)ds> sup | pf(s)—Z}(s)]
0 to—2L<s<t,

+(Mj+31)< f“ SzKii(S)ds> J“’O Kij(s)ds
0 L

and
R,= Lw sK,-,-(S){ Lw Kij(s,) —[“— | P¥(sy —52) — 25, —53) |dS1dS2}ds
<(M;+e) f " SKs)ds
L
Also,

Gi(t)= | Ty

Ji,

= MJ‘W Kii(s)| p¥(u—s)—ZH(u—s) |dsdu

Jio Jutiy

< me W ()| piu—s)—Z}(u—s) |dsdu

+ i

Ji,

(* 0 s—ti

= Ku(s)j IP (u S) Zk(u S) Iduds
Jio+it
[*2(to +tx)

= K,,(s)f | PR u—5)—ZHu—s) |duds
Jiotik

+j u(s) j |P, (u S) Zk(u S) Iduds
2(to 1K) to

<g; sup |pHS)—Z}s) |+ (M;+¢,) j Ki(s)ds .

—to— 2tk <s<t,

Thus, for i=1,...,n and all L>0,

87
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Wia(9(t,) < Z d.-,-[( J msKij(S)dS>< sup | p(s)—2K)|

L to—2L<s<t,

+(Mj+sl)rO K,.j(s)ds>+(Mj+31) Jw SZK,-,-(s)ds:| ,
L

L
where
dy=cu0;, djj=(ajj+e)+c;o; (i#)), Lj=1,...,n.

Now, using the argument in [10, p. 77], one can show that, for each ¢>0 we can select
large k,, L>0 and small 6(¢)>0 such that | p*t)—z¥t)|<e for all £>¢,>0, provided
p((p¥), (z%)°) < &(e). This implies that, p((p*), (Z¥)'°) <d(e) leads to p((p*), (Z*)) < (e)
for all t>t,. Therefore, for k>k,, p*e S(E¥) is RUS in Q(E*).

By the above claims, we conclude that p* is RWUAS for system (E*) and hence
p* is RTS for (E¥). Then, following the same argument as in [10, p. 78], we conclude
that p(¢) is asymptotically almost periodic, and thus, its almost periodic part is a solution
of (E). This completes the proof.

5. Discussion. We conclude this paper with the following remark. The conditions
of Theorem 3.2 depend only on the size of the diagonal delays, which are measured by
o; (iel). For (2.9), which is a special case of (1.1), o;=1; and the conditions of Theorem
3.2 become (2.10), (M;a})*t;<alexp(—b!'t;) and that E*=(e}),«, is an M-matrix with
e =ajexp(—bi't)—(M;a¥)*t; and e = —[1+MZajit]al; for i#j,i,jel, where M,
(iel) are defined by (2.11). In particular, when ;=0 (i€ ), the system (2.9) becomes
(1.2) and the corresponding conditions become

n b'-‘
(5.1) bi> Y afi— (iel)
j=1,j#i ajj

and that E=(e;;), «, With e;; = a}; and e;;= —af; (i#/) is an M-matrix. Using the properties
of an M-matrix (see Gopalsamy and He [6]), one can verify that the condition (5.1)
implies that E is an M-matrix. In fact, in addition to (5.1), under the condition

(5.2 al> Y a% (iel),
J=1,j#i

the existence of a strictly positive almost periodic solution was shown by Gopalsamy
[3] in the periodic case in (1.2) and by Murakami [10] in the almost periodic case in
(1.2). It was shown by Hamaya and Yoshizawa [8] that, for the almost periodic system
(1.2), the condition (5.2) is not necessary. Therefore, when (1.1) takes the form (1.2),
our conditions are reduced to the one for (1.2). It is in this sense that our result is a
significant generalization of the known results.
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