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Abstract. We prove a rigidity theorem for real hypersurfaces in a complex projective
space of complex dimension n>4. As an application of this rigidity theorem, we classify
all intrinsically homogeneous real hypersurfaces in the complex projective space.

Introduction. Let P,(C) be an n-dimensional complex projective space. It is an
open question whether a real hypersurface in P,(C) has rigidity or not. More precisely,

if M is a (2n—1)-dimensional Riemannian manifold and 1, i are two isometric
immersions of M into P,(C), then are 1 and i congruent?

To this problem, many authors including the present ones gave some partial
solutions (see [1], [3], [4] and [5]). Recall that an almost contact structure (¢, &, 1) is
naturally induced on a real hypersurface in P,(C) from the complex structure of P,(C),
and ¢ is called the structure vector field. The rank of the second fundamental tensor or
the shape operator of a real hypersurface in P,(C) is said to be the type number. As
one of the above-mentioned solutions, the following is known.

THEOREM A ([1]). Let M be a(2n—1)-dimensional connected Riemannian manifold,
and 1 and T be two isometric immersions of M into P,(C) (n=3). If the two structure vector
fields coincide up to sign on M and the type number of (M, 1) or (M, i) is not equal to 2

at every point of M, then 1 and 1 are rigid, that is, there exists an isometry ¢ of P,(C)
such that @ o1=1.

The purpose of this paper is to give a solution of the rigidity problem using Theorem
A. Namely, first of all we shall prove:

THEOREM 1. Let M be a (2n— 1)-dimensional Riemannian manifold, and 1 and i be
two isometric immersions of M into P,(C) (n=4). Then the two structure vector fields
coincide up to sign on M.

The following is immediate from Theorems A and 1.

THEOREM 2. Let M be a (2n— 1)-dimensional connected Riemannian manifold, and
1 and 1 be two isometric immersions of M into P,(C) (n=4). If the type number of (M, 1)
or (M, 1) is not equal to 2 at every point of M, then 1 and i are rigid, that is, there exists
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an isometry @ of P,(C) such that ¢ c1=1.

There are two concepts of homogeneous real hypersurfaces in P,(C). A real
hypersurface M in P,(C) is said to be intrinsically homogeneous if for any points p and
g in M there exists an isometry ¢ of M such that o(p)=gq, and extrinsically homogeneous
if for any points p and g in M there exists an isometry ¢ of P,(C) such that ¢(p)=¢q
and @(M)= M. It is clear that an extrinsically homogeneous real hypersurface in P,(C)
is intrinsically homogeneous. The first author classified all extrinsically homogeneous
real hypersurfaces in P,(C), which consist of the so-called six model spaces of types
Ay, A,, B, C, D and E ([6], [7]).

As an application of Theorem 2, we shall classify all intrinsically homogeneous
real hypersurfaces in P,(C) (n>4). Namely, we can state:

THEOREM 3. Let M be a (2n— 1)-dimensional connected homogeneous Riemannian
manifold. If M admits an isometric immersion 1 into P,(C)(n>4), then (M) is extrinsically
homogeneous, that is, congruent to one of the model spaces of six types.

1. Preliminaries. We denote by P,(C) a complex projective space with the
Fubini-Study metric of constant holomorphic sectional curvature 4c and M a
(2n—1)-dimensional Riemannian manifold. Let 1 be an isometric immersion of M into
P,(C). For a local orthonormal frame field {e, ..., e,,_,} of M, we denote its dual
1-forms by 6;, where and in the sequel the indices i,j, k, [,... run over the range
{1,2,...,2n—1} unless otherwise stated. Then the connection forms 6;; and the
curvature forms @;; of M are defined by

d01+20,1/\0}=0, gij+6ji:0’
@lj:d91j+ Zeik/\ekj

respectively. We denote the components of the shape operator or the second fundamental

tensor A of (M, 1) by A4;;, and put ;=) 4,0, Then we have the equations of Gauss
and Codazzi

O=Yi A+l A 6j+CZ(¢ik¢jl+¢ij¢kl)0k/\01 s
ay;+ Z‘ﬁj/\ 9j1=cz,(5j¢ik+fi¢jk)6j/\ Oy

respectively, where the triplet (p=(¢;)), E=) &e;, =) &0,) is the almost contact
structure on M. The tensor fields ¢ and ¢ satisfy

Z¢ik¢kj=¢i£j—5ij’ Zfﬂsji:Os fo:l,
(1.2) d¢ij=Z(¢ik9kj—¢jk9ki)-fi‘//j+fj‘//i,
d§i=2(éj6ji_¢jilpj)-

For another isometric immersion i of M into P,(C), we shall denote the differential

(1.1)
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forms and tensor fields of (M, i) by the same symbol as the ones in (M, 1) but with a

hat. Then, since 0,=6; and @ij=éij’ from (1.1) we have

(L.3) AikAjl_AilAjk+C(¢ik¢jz—¢il¢jk+2¢’ij¢kl)
=“iik1‘ijl_/‘iit/ijk+C(‘ﬁikéjl“‘ﬁil‘ﬁjk"‘zéijd;m) .

2. Proof of the theorems. In this section we shall prove Theorems 1, 2 and 3.

Proor oF THEOREM 1. We choose a local orthonormal frame field {e, e,,...,
€an—-2» €0} In such a way that

2.1 & =0,...,¢,.,=0 and &,=1,

where 0 denotes the last index 2n— 1. Then it follows from (1.2) that
(2.2) $i0=0.

If we put /=0 in (1.3) and make use of (2.2), then we have

(2.3) AyAjo—AipAj+ c(Dudio— Piod i+ 20 Pr0)=AuAjo— AigA i -

Here we consider a local vector field

This vector field is independent of a choice of a local orthonormal frame field

{eq, ..., €22, o} satisfying (2.1), up to sign. In particular, we can define a subset N,
of M by

N1:{P€M|“1(P)¢O}-

Assume that N,# . Then we can take another local orthonormal frame field
{fi»---+fam_2, €0} on N, in such a way that the unit vector field f,,_, is parallel to
u,. If we denote the components of tensor fields with respect to this new orthonormal
frame field by the same symbols as those to the old frame field, then we have

. 2n—1 " 2n—2 . .
Aeg= ), Age=| Y Aojejll fan—2+Aooo
i=1 i=1
2n—2

= Z /iOqfq‘i‘/iooé’o )
q=1

where | | indicates the length of a vector field. It implies that
(2.4) Ap=0 for p=1,2,...,2n-3.

If M\ N, # &, then it is obvious that (2.4) holds on M\ N, for any local orthonormal
frame field {ey, ..., e,,-,, €o} satisfying (2.1). Thus we may assume that (2.4) holds
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on M \\0N,. For a while we consider all forms on M\ dN;. In terms of this new local
frame field, it follows from (2.3) and (2.4) that

(25) ApiAqO - AinpO + C(¢pi¢q0 - ¢p0¢qi + 2¢pq¢i0) =0 >

where p,gq=1,2,...,2n—3,and i=1,2,...,2n—1.
Here we consider another local vector field

2n—3
U= Z ApOfp .
p=1
Then, by the same method as in the above, we can define a subset N, of M by
N,={pe M\ 0N, l“z(l’)?éo}
and can assume that
(2.6) A,o=0 on (MN\GON,)n(M\G0N,),

where and in the sequel the indices a, b, ¢, ... run over the range {1,2,...,2n—4}.
Putting p=a and ¢=»5 in (2.5) and making use of (2.6), we have

2.7) baiPro — PaoPbi + 2¢apPio =0 .
If we put i=a in (2.7), then we get

28 Pu$a0o=0.
Multiplying (2.7) by ¢,, and making use of (2.8), we have
(2.9) PapPio=0,

and hence it follows from (2.7) and (2.9) that

(2.10) Pai b0 = PaoPbi -

Let v, v,, v; be vectors in the (2n—4)-dimensional vector space R?"~* given by

Vi=(P12n-3P22n-3 > Pan-a20-3)»
V=(P12n-2:P22n—20 s Porn-a2n-2)>
V3=(10s D205 -+ -» Pan—sa0) -

Then (2.10) shows that {v,, v,, v} is a linearly dependent subset of R?"~*.
Finally, we assert that ¢,, #0 for some indices a and b. Indeed, if (¢,,) is the zero
matrix, then the matrix ¢ is given by
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0 'y vy v
—Us *

Since v,, v, and v; are linearly dependent, the rank of ¢ is not greater than 4, a
contradiction, because the rank of ¢ is equal to 2n—2 and n>4. Therefore the matrix
(¢,p) 1s nOt zero.

Since there exists a non-zero entry of (¢,,), it follows from (2.9) that ¢;,=0. It is
easily seen from (1.2) that é,= +1, and hence the two structure vector fields ¢ and &
coincide up to sign on (M \\ON,)n (M \\0N,), and hence on the whole M. This completes
the proof of Theorem 1.

PRrROOF OF THEOREM 2. It is immediate from Theorems 1 and A.

Proor oF THEOREM 3. Since M is homogeneous, both M and (M) are complete.
We denote by #( p) the type number of 1 at a point p of M, and define a subset U of M by

U={peM|ip)=3}.

Then obviously U is open. Moreover, by a theorem in [2] or [5], there exists a point
p in M such that #(p)>3. Therefore the set U is non-empty.

For any points p and ¢ in U, there exists an isometry ¢ of M such that o(p)=gq.
Then, by Theorem 2, the two isometric immersions 1 [, and (1< o) [, are rigid, that is,
1(U) is congruent to i1(a(U)). Thus the principal curvatures at p coincide with those at
g. This implies that the principal curvatures of M are constant on U. Hence U is closed.

Since M is connected, we have U= M and hence the two isometric immersions 1
and 100 are rigid, that is, there exists an isometry ¢ of P,(C) such that poi=100.
Therefore 1(M) is an extrinsically homogeneous real hypersurface in P,(C). As we have
already seen in the Introduction, 1(M) is congruent to one of the model spaces of six
types A,, 4,, B, C, D and E.

ReEMark. Theorem 2 is valid for connected real hypersurfaces in a hyperbolic
complex space form H,(C) of the same complex dimensions as P,(C) because we can
replace P,(C) by H,(C) in the proofs of both Theorem A (see [1]) and Theorem 1.
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