
 Real Analysis Exchange Vol. 17 (1991-92)

 Michael J. Evans, Department of Mathematics, North Carolina State Univer-
 sity, Raleigh, NC 27695-8205

 A NOTE ON SYMMETRIC AND

 ORDINARY DIFFERENTIATION

 For a function / : IR - > IR the symmetric derivative of f at x is defined
 as

 ~.kS{x~h)>
 provided this limit exists. We shall adopt the following notation:

 SD(f ) = {x : f's(x) exists finitely},

 D(f) = {a; : f'(x) exists finitely},
 and

 C(f) = {x : / is continuous at x}.

 That the set difference SD(f) ' D(f) is "small" in one sense or another has
 been established for various classes of functions by a number of authors, e.g.,
 see [1], [3], and [5]. The strongest result of this type for continuous functions
 has recently been proved by L. Zajíček [6], who has shown the following:

 Theorem Z // / : IR -> IR and C(f) = IR, then the set SD(f) ' D(f) is
 a-symmetrically porous. More specifically, for each 0 < e < 1 this set is
 <7-(l - e) -symmetrically porous.

 Some terminology needs to be reviewed in order to appreciate what this
 theorem is saying. If A is a subset of the real line 1R and x € IR, then the
 porosity of A at x is defined to be

 r- »0+ r
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 where A(A, x, r) is the length of the longest open interval contained in either
 (x, X + r) D Ac or (a; - r , x) fl Ac and A° denotes the complement of A. A set
 is said to be porous at x if it has positive porosity at x and is called a porous
 set if it is porous at each of its points. Further, a set is called a -porous if
 it is a countable union of porous sets. The symmetric porosity of A at x is
 defined as

 Umsupiii^i>,
 .-+0+ r

 where 7 (A,x,r) is the supremum of all positive numbers h such that there
 is a positive number t with t + h < r such that both of the intervals
 (x - t - h,x - t) and (x + t,x + t + h) lie in Ac. A set A is symmetrically
 porous if it has positive symmetric porosity at each of its points. For a num-
 ber 0 < a < 1 the set A is called a-symmetrically porous if it has symmetric
 porosity at least a at each of its points. The set A is called a-symmetrically
 porous if it is a countable union of symmetrically porous sets, and is called a-
 a-symmetrically porous if it is a countable union of a-symmetrically porous
 sets.

 The observations that <r-porous sets are not necessarily ^-symmetrically
 porous and that er-symmetrically porous sets need not be <r-(l - e) sym-
 metrically porous, for every 0 < c < 1, have been established in [2] and
 W-

 At the Sixteenth Summer Symposium on Real Analysis in Smolenice,
 Czechoslovakia, in August 1991, Zajíček posed the problem of whether or
 not Theorem Z would remain valid if the assumption that C(f) = IR. were
 replaced by the assumption that C(f) = JR., where C(f) denotes the closure
 of C(f). The purpose of this note is to show that Theorem Z does, indeed,
 remain valid under that modification in hypothesis. In fact, we establish a
 slightly stronger result (Theorem 1). We shall show that it suffices to assume
 that SD(f) Ç ČĶJ).

 Before moving to the proof of our result, it should be noted that a careful
 reading of [6] shows that Zajiček's proof actually yields a more general result
 than that stated in Theorem Z. Indeed, his proof shows the following:

 Theorem Z* For a function / : IR - > 1R, the set [SD(f) D C(/)] ' D(f ) is
 <t-(1 - e) -symmetrically porous for each 0 < e < 1.

 Thus, to establish our result, it will suffice to focus our attention on the
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 set SD(f) ' C(f). This is accomplished in the following proposition. The
 basic idea of the proof remains the same as that utilized by Zajíček, except
 that where he reflected points, we shall reflect intervals.

 Proposition 1 For f : 1R - ► 1R let

 cv r' í v f(x + ^) ' ~ f(x - h) 1
 £(/) cv r' = { x '• limsup v -

 Ļ h-> 0+ ¿n )

 Then ( S(f ) fl C(f))'C(f) is cr -1 -symmetrically porous.

 Proof. Let T = ( S(f ) D C(f)) ' C(f), and for all natural numbers m, n,
 and /, let

 r„ = jier:limsup /(« + *)-/(»-*) ¿h < Ì Ļ ^0+ ¿h J

 rr I _ rr . /(* + h) - f(x - h) ^ ^ Ł ^ 1 Ì
 rr im,n= <x _ e rr lm : .

 and

 Tm,n,l = € Tm¡n : C új(x) > ,

 where ojj(x) denotes the oscillation of / at x. Since

 T = (J Tm,n,i
 T7i,nf/

 it will suffice to show that each set Tminj is 1- symmetrically porous.
 Suppose to the contrary that there are natural numbers m, n, and I such

 that Tm,n>/ is not 1 -symmetrically porous and let x0 6 Tm>nj be a point at
 which Tminti has symmetric porosity less than 1 . Choose a positive number e
 such that the symmetric porosity of rm,n)/ at x0 is less than 1 - e. Without
 loss of generality we may assume that z0 = 0. Since Tm<nj is not (1 - e)-
 symmetrically porous at 0, there is a number 0 < 77 < 1/n such that for each
 0 < t < T)

 [(-t + rf/2, -et/ 2) U (et/2, t - et/2)] D ¿ 0. (1)
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 Let

 B = (2)

 Since 0 is a limit point of C(f), we select a point ai G C(f) such that

 M < min {'J, 2^}. (3)
 We shall now inductively define a sequence {a*} of points such that for

 each natural number k we have

 K+i| < (1 -e)K|. (4)

 If the points ai,...,a¿ have been selected we proceed as follows. First, if
 a* = 0, we put ûfc+1 =0. If a*; ^ 0 then from (1) it follows that there is a
 point

 Pk e [(-M + e|a*|/2, - e|a¿t|/2) U (e|a*|/2, |afe| - e|afc|/2)] n Tm>n,/ , (5)

 where for definiteness we shall choose pk to have the same sign as a* if we
 have a choice. We then set

 _ Í 2 pk- ak if Pkdk > 0
 fc+1 ' 2pk + ak if Pkdk < 0

 In other words, ojt+i is the reflection of ak about pk if a* and pk are on the
 same side of the origin; otherwise, ajt+i is the reflection of - a* about pk.
 From (5) and (6) inequality (4) clearly follows for each natural number k.

 Since ūļ 6 C(f), there is a 0 < 6 < r¡ - ļaiļ such that

 |/(x) - /(ai)| < ^ for all X € /i = (ai - ax + 8). (7)
 Since a;/(0) > 1//, (7) implies that 0 £ Jj, i.e.,

 S < |a,|. (8)

 For each k let Ik = (a* - 6, ak + 6). Since lim^oc ak = 0, there is a
 smallest natural number N for which 0 G In+i- For each k - 1, . . . , N define
 a function r* : IR - ► IR by

 „ _ / 2P* - X if Pk* > 0 (9) /Qx 2p»+x ifp»x<0 Pk* ■ (9) /Qx
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 Consequently, rk(x) is the reflection of x about pk if x and pk are on the same
 side of the origin; otherwise, rk(x ) is the reflection of - x about pk- In this
 notation,

 ajfc+i = rk(ak) and Ik+ 1 = rk(Ik ) for all k = 1, . . . , JV,

 the latter resulting from the fact that for k = 1, . . . , N, we must have 6 < ļa^ļ,
 and hence for all x 6 Ik, pkx > 0 if and only if pkak > 0.

 Thus, for each s G /jv+i there are points sn € In, $n-i G In- i, • • • ,
 Sļ G h such that

 s = ryv(sjv), sn - r^_1(s^_1), . . . , s2 = ri(si).

 We shall observe that

 I f(n(si)) - f(si) I < Y' l0j'l for each i = !' 2' • • • >N' (10)

 To see this, fix a j € {1,2, . . . , N}. Either sjpj > 0 or sjpj < 0. Let's
 consider the former situation first. Then

 i/m*»)) - n»¡)' = 'f(2Pi - *¡) - /m
 < 2|sj - Pj'm
 < 2['ūj' + 8)m
 < 4|a¿|m
 Be. , . x

 = - , (n) . x

 where we have used the fact that pj € Tmtn<¡. Next, if SjPj < 0, then

 l/M-»,)) - f('i)' = l/(2ft+»j)-/(»i)l
 < l/(2Pí + >¡) - H-'i) I + - f(>¡)'
 < 2ļ - Sj - pj'm + 2'sj'm
 < 4(|aj| + 6)m
 < 8|a¿|m

 Be. -

 = -2-|«i|. - (12)
 This time we used the fact that both 0 and pj are in From (11) and
 (12) we obtain the claim (10).
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 Hence, for each s E In+ i we have

 l/0»)-/(sl)l = 'f(rNÌsN))-f(sl)'

 < H'f(rAs}))-f(sj)'
 j= i

 < !C ^-'ai' z (from (10)) i=l z

 ^ - e)J_1|«i| (from (4))

 < ^EO- ¿ ¿ 3=1

 B'ai'
 2

 < ¿ , (13)
 where the last inequality follows from (3). So, for each s G In+i we have

 |/(s)-/(ai)| < 'f(s)~ + f(aļ)'

 < Ti + ¿ ^from ^ and ^
 1

 27'

 This is an impossible situation, however, since 0 G /jv+i and o;/(0) > 1//.
 This contradiction completes the proof of the proposition.

 Theorem 1 Let f : JR -+ JR.. If SD(f) Ç 0(7), then SD(f) ' D(f) is
 cr-(l - e) -symmetrically porous for each 0 < e < 1.

 Proof. We have

 SD(f) ' D(!) = [( S DU ) n CU)) ' £>(/)] u [SD(f) ' CU)i ■

 Let 0 < e < 1. According to Theorem Z*, the set [SD(f) D C(/)] ' D(f)
 is <r-(l - e)-symmetrically porous, and according to Proposition 1, the set
 SD(f) ' C(f) is <t-1 -symmetrically porous. Consequently, the set SD(f) '
 D(f) is er-(l - e)-symmetrically porous.
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