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 A NOTE ON CONDITIONALLY
 CONVERGENT INTEGRALS

 Recently, S.P. Lu and P.Y. Lee obtained an interesting characterization of
 the Henstock-Kurzweil integrability based on a suitable truncation of integrable
 functions (see [LL]). We generalize their result to an abstract setting that
 encompasses all the Riemann type integrals found in the present day literature.

 Throughout this note, ( X , 9JÌ, fi) is a fixed measure space with a finite and
 nonatomic measure fi. AU functions we consider are real- valued functions de-
 fined on measurable subsets of X. The Lebesgue integral of a function / on a
 set E € SDÌ with respect to fi is denoted by JE f. If E E 9JI, then Ll{E) is the
 linear space of all measurable functions f on E for which fE ' f' < +oo. For
 each / 6 Ll(X), we set |/|i = Jx 'f'.

 A partition is a collection (possibly empty) P = {(#i , x' ), . . . , (dp, xp)} where
 xi , . . . , Xp are points of X , and 6' , . . . , Bp are nonnegative functions from L1 (X)
 such that Yàï=i 1 almost everywhere in X. If / is a function on X and
 E C X, we let

 a{f , P; E) = {/(*)|0|i : (0, x) € P and * € E} .

 We write a(f,P) instead of a(f,P;X ); thus a(f,P) = 52f=1 /(^tOl^łli*

 Remark 1. Our general concept of a partition includes the usual partitions
 used in [ŁL], the approximating partitions of [P], and also the partitions of
 unity employed in [JK] and [KMP].

 In the family of all partitions, we fix once and for all a filter base ^3, i.e., a
 collection of nonempty families II of partitions such tha for each III and II2 in

 there is a II in ^3 with II C III ("I H2-

 Deflnition 2. A function / on X is called integrable if there is a real number
 I having the following property: given e > 0, we can find a II € 95 so that

 W/,P)-/|<£

 for each P G II.

 Since ^3 is a filter base, the number I of Definition 2 is determined uniquely
 by the integrable function /; it is called the integral of / denoted by J* /.
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 It is easy to verify that the family J of all integrable functions is a linear
 space and that the map / i-* J* f is a nonnegative linear functional on I. A
 simple proof of the following Cauchy test for integrability is also left to the
 reader.

 Lemma 3. A function f on X is integrable if and only if given e > 0, there is
 a II € such that

 W(f,P)-<j(f,Q)' <e
 for each P and Q in II.

 It is clear that without additional hypotheses little can be said about the
 integral f*. Thus we make two natural assumptions that are easy to verify for
 each available version of the Henstock-Kurzweil integral.

 Assumptions 4. Throughout, we shall assume that the following conditions
 are satisfied:

 (i) Ll(X) C J, and f*f = fxf for each f € L'X);
 (ii) each f £ T is measurable.

 Proposition 5. The following statements are true.
 (1) If f and g are functions on X and f = g almost everywhere, then f € I

 if and only if g € I, in which case f* f = f* g.
 (2) A function f on X belongs to L1(X) if and only if both f and |/| belong

 to T.

 (3) If {/„} is a sequence in I converging pointwise to a function f on X,
 then f 6 T whenever either of the following conditions holds:
 (a) fi < /2 < • • • and sup J* /„ < +00;
 (b) 9 <fn < h for some g and h in X and n = 1, 2, . . . .

 Proof. We prove each assertion separately.

 (1) Clearly, / - g € Ll(X) and Jx(f - g) = 0. Thus if g G J, it follows
 from 4(i) that / = (/ - g) + g belongs to I and /* / = J* g. The proof
 is completed by symmetry.

 (2) If / and |/| belong to J, then /„ = min{|/|, n}, n = 1,2,..., belong to
 Ll{ X ) by 4(ii). As /„ y |/|, it follows from 4(i) that

 Jx l/l = ììmfx / » = lim j fn < J l/l < +OO .
 The converse is a direct consequence of 4(i).

 (3) Using (2) and 4(i), it suffices to apply the monotone and dominated
 convergence theorems for the Lebesgue integral to the sequences {/„ -
 /1} and {fn-g}, respectively.

 So far we have not used the fact that the measure fi is nonatomic; however,
 the next lemma depends on it in an essential way
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 Lemma 6. Let A C B be measurable sets and let f € L1(B). If fAf<c<
 fg f, then there is a measurable set C such that A C C C B and fcf = c.

 Proof. On the <7-algebra 91= {E Ç. 9JI : E C B - A} consider the signed
 measure v : E t~* fE f. Since fi is a nonatomic measure, it is easy to verify
 that so is v. According to Liapounoff's theorem ([R, Theorem 5.5]), the set
 {v(E) : E € 91} is a compact interval. As

 i/(0) = 0 < c - j f < u(B - A) ,
 there is a D 6 91 with

 [ f = v{D) = c- f f .
 J d Ja

 Consequently, C = A U D is the desired set.

 Proposition 7. Let f be a measurable function with fx f+ = Jx f~ = +oo,
 and let c be a real number. There is an increasing sequence {Xn} of measurable
 sets whose union is X and such that f Ç. Li ( Xn ) and Jx f = c for n = 1,2,

 Proof. We follow the proof of [LL, Lemma 2]. For n = 1, 2, . . . , let

 A„ = {x € X : n- 1 < f(x) < n} and A~ = {x 6 X : -n < f(x) < - (n- 1)} .
 Since

 W j /= Jx / /+ = +0° and ^2 Ja f / = -//- = - OO , „=1 j At Jx Ja ñ Jx

 we can construct inductively increasing sequences {r*} and {$*} of positive
 integers so that

 rk f »k . r»+l f 'k ř

 ^Lf+^Lf<c<^Lf+^Lf rk JAn f »k J An . r»+l ^ An f 'k J ř An n=l JAn n=l J An n=l ^ An n_j J An

 for k = 1, 2,

 E; = (Qui) u (Ü and Ek = (u Atj u (Çu«) •
 we have ü?¡~ C Ef C E^ C E£ C • • • ,
 OO OO t t

 II E~¿ = M E% = X , and / t f < c< I t f for k = 1,2,....
 Jt=i jfc=i J£k

 By Lemma 6, there are measurable sets Xk such that Ej~ C Xk C E£ and
 Jx f = c. Since E C Xk C E^ C E^+ļ C we see that {.X*} is the
 desired sequence.
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 Corollary 8. Iff G X, then there is an increasing sequence {X„} of measurable
 sets whose union is X and such that f € Ll(Xn) and fx f - J* f for n =
 1,2,....

 Proof. If / € Ll(X), then in view of 4(i), it suffices to let Xn = X for n =
 1,2,

 /+ nor f~ , and the corollary follows from Proposition 7.

 Remark 9. Propositions 5 and 7, as well as Corollary 8, are true for any linear
 space X and any nonnegative linear functional / t- ► J* f on X that satisfy both
 conditions of Assumption 4. The approximation of J* f by the sums a (/, P )
 was not used in obtaining these results.

 Theorem 10. A function f on X belongs to X if and only if given e > 0, there
 are E € and II € such that f G Ll{E) and

 '<r(f,P;X-E) '<e

 for each P € II. If f G Ī, then E can be chosen so that fi(X - E) < e and
 I.f-rf-
 Proof Choose an e > 0, and suppose first that there are E G 9Jl and II G
 such that / € Ll{E) and '<r(f,P;X - £)| < e/3 for each P G II. Define a
 function g G Ll(X) by setting

 ^ / X _ / /(*) if x € E,
 9 ^ / X _ I 0 if x G X - E.

 According to 4(i) and Lemma 3, there is a IIff G such that | <r(g, P)-a(g, Q)| <
 e /3 for each P and Q in IIj. Now if II/ G ^3 and II/ C II D IIff, then

 W(f,P)-<r(f, Q)' < '<r(g,P)-a(g,Q)' + 'a(f,P-,X-E)' + 'a(fìQ;X-E)' < e
 for every P and Q in II/. Consequently, / G X by Lemma 3.

 Conversely, suppose that / G X and find II/ G so that '<r (/, P) - f*f | <
 e/2 for each P G II/. By Corollary 8, there is an E G 3JÎ such that ¡i{X - E) <
 e, f G L^{E), and fEf - J* f. Again, define a function g G Lx{X) by setting

 9[X) (x' _ / if x 6 9[X) (x' _ l0 if x€X-E.
 According to 4(i), the function g belongs to X and

 F'-L"L'-F'-
 There is a II5 G ty such that '<?{g, P) - f* g' < e/2 for each P G IIS. Thus if
 II G and II C II/ fl IIS , then

 W /, P-,X-E) I = H/, P)-a(gy P)| < <t(/, P) - j' /| + a(g, P)- ļ"gļ< e
 for each P G II.
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