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A NOTE ON CONDITIONALLY
CONVERGENT INTEGRALS

Recently, S.P. Lu and P.Y. Lee obtained an interesting characterization of
the Henstock-Kurzweil integrability based on a suitable truncation of integrable
functions (see [LL]). We generalize their result to an abstract setting that
encompasses all the Riemann type integrals found in the present day literature.

Throughout this note, (X,9, 1) is a fixed measure space with a finite and
nonatomic measure p. All functions we consider are real-valued functions de-
fined on measurable subsets of X. The Lebesgue integral of a function f on a
set E € M with respect to p is denoted by [ f. If E € 9, then L'(E) is the
linear space of all measurable functions f on E for which [ |f| < +oc0. For
each f € L!(X), we set |f|y = [y |f].

A partition is a collection (possibly empty) P = {(61,z1),...,(0p,zp)} where
,...,Tp are points of X, and 6y,...,6, are nonnegative functions from L!(X)
such that Y°P_ 6; < 1 almost everywhere in X. If f is a function on X and
EC X, welet

o(f,P;E) =) {f(z)l6]: : (6,z) € Pand z € E}.
We write o( f, P) instead of o(f, P; X); thus o(f, P) = Y_F_, f(z:)|6i]:-

Remark 1. Our general concept of a partition includes the usual partitions
used in [LL], the approximating partitions of [P], and also the partitions of
unity employed in [JK] and [KMP].

In the family of all partitions, we fix once and for all a filter base B, i.e., a
collection of nonempty families II of partitions such tha for each II; and II; in
P there is a IT in P with IT C II; NII,.

Definition 2. A function f on X is called integrable if there is a real number
I having the following property: given € > 0, we can find a IT € P so that

IO'(f,P)—Il <eg
for each P € 1I.

Since P is a filter base, the number I of Definition 2 is determined uniquely
by the integrable function f; it is called the integral of f denoted by [™ f.
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It is easy to verify that the family 7 of all integrable functions is a linear
space and that the map f — [ * f is a nonnegative linear functional on Z. A
simple proof of the following Cauchy test for integrability is also left to the
reader.

Lemma 3. A function f on X is integrable if and only if given € > 0, there is

a Il € B such that
lo(f,P) —o(f,Q)| <e
for each P and Q in II.

It is clear that without additional hypotheses little can be said about the
integral [ *. Thus we make two natural assumptions that are easy to verify for
each available version of the Henstock-Kurzweil integral.

Assumptions 4. Throughout, we shall assume that the following conditions
are satisfied:
(i) LN(X)C T, and [* f = [y f for each f € L'(X);

(ii) each f € T is measurable.

Proposition 5. The following statements are true.

(1) If f and g are functions on X and f = g almost everywhere, then f € T
ifand only if g € T, in which case [*f = [* ¢

(2) A function f on X belongs to L'(X) if and only if both f and |f| belong
toZT.

(3) If {fn} is a sequence in T converging pointwise to a function f on X,
then f € T whenever either of the following conditions holds:

(a) fi <fa<--- andsup [* fo < +00;
(b) g < fn < h forsomeg andh inT andn =1,2,.

Proof. We prove each assertion separately.

(1) Clearly, f —g € L'(X) and [, (f —g) = 0. Thusif g € Z, it follows
from 4(i) that f = (f — g) + g belongs to T and [~ f = [* g. The proof
is completed by symmetry.

(2) If f and |f| belong to Z, then f, = min{|f|,n}, n =1,2,..., belong to
L'(X) by 4(i1). As fn /" |f], it follows from 4(i) that

/lfl—'hrn/ fn—hm/ fa < /If|<+oo

The converse is a direct consequence of 4(i).
(3) Using (2) and 4(i), it suffices to apply the monotone and dominated
convergence theorems for the Lebesgue integral to the sequences {f, —

fi} and {fn — g}, respectively.

So far we have not used the fact that the measure y is nonatomic; however,
the next lemma depends on it in an essential way
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Lemma 6. Let A C B be measurable sets and let f € LY(B). If [, f < ¢ <
f s/ then there is a measurable set C such that A C C C B and fC f=c

Proof. On the o-algebra M = {E € M : E C B — A} consider the signed
measure v : E — | g f- Since p is a nonatomic measure, it is easy to verify
that so is v. According to Liapounoff’s theorem ([R, Theorem 5.5]), the set
{v(E) : E € M} is a compact interval. As

u(@):OSc—/AfSV(B-A),

/szu(D)=c—/Af.

Consequently, C = AU D is the desired set.

there is a D € )M with

Proposition 7. Let f be a measurable function with [, f+ = [, f~ = o0,
and let ¢ be a real number. There is an increasing sequence {X,} of measurable
sets whose union is X and such that f € L'(X,) and fX.. f=cforn=1,2,....

Proof. We follow the proof of [LL, Lemma 2]. Forn =1,2,..., let
At ={zeX:n-1<f(z)<n} and A, = {r€ X : —n < f(z) < —(n-1)}.

Since

we can construct inductively increasing sequences {ry} and {sx} of positive
integers so that

gAtf+Z/,4;f<c<

for k =1,2,.... Thus letting

5-(0)o(e) = () (00)

n=1 n=1 n=1

Tk41

,;/Aif+2 A;f

n=1

we have Ef CEf CE; CEf C -,

oo oo
UE=|JEf=X, and f<c</ fofor k=1,2,....
k=1 k=1 Ey E:

By Lemma 6, there are measurable sets X; such that B, C Xi C E;c" and
ka f =c. Since Ey C Xx C Ef C Ei, C Xi41, we see that {X;} is the
desired sequence.
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Corollary 8. If f € T, then there is an increasing sequence { X, } of measurable
sets whose union is X and such that f € L'(X,) and [y f = [*f forn =
1,2,....

Proof. If f € L'(X), then in view of 4(i), it suffices to let X, = X for n =
1,2,.... If f does not belong to L}(X), then by Proposition 5(2), neither does
f* nor f—, and the corollary follows from Proposition 7.

Remark 9. Propositions 5 and 7, as well as Corollary 8, are true for any linear
space T and any nonnegative linear functional f — [ * f on T that satisfy both
conditions of Assumption 4. The approximation of [ * f by the sums o(f, P)
was not used in obtaining these results.

Theorem 10. A function f on X belongs to I if and only if given € > 0, there
are E € M and I1 € ‘B such that f € L(E) and
lo(f,P;X - E)|l<e

for each P € Il. If f € Z, then E can be chosen so that u(X — E) < ¢ and
Jef=J"f
Proof. Choose an € > 0, and suppose first that there are E € MM and IT € P
such that f € L'(F) and |o(f,P; X — E)| < ¢/3 for each P € II. Define a
function g € L'(X) by setting

(z) = { f(z) ifz €E,

=0  ifzex-E.

According to 4(i) and Lemma 3, thereis a II; € P such that |o(g, P)—a(g,Q)| <
€/3 for each P and Q in II;. Now if IIy € P and Iy C I N1I,, then
Ia(f')P)_a(faQ)I < |d(g,P)—U(g,Q)|+Ia(f,P;X—E)|+Ia(f,Q;X—E)I <e¢
for every P and Q in II;. Consequently, f € T by Lemma 3.

Conversely, suppose that f € T and find II; € B so that |o(f,P) — [ Y fl <
€/2 for each P € II;. By Corollary 8, there is an E € 9 such that u(X — E) <
e, f € LY(E),and [ f = [* f. Again, define a function g € L!(X) by setting

(z) = { f(z) ifz €E,
=10 ifzex-E.
According to 4(i), the function g belongs to T and

[o=f o=l s=] s

There is a II; € P such that |o(g, P) — [~ g| < ¢/2 for each P € II,. Thus if
IIe€PandII CIIyNII,, then
o(g, P) —/ g

lo(f, P; X~ E)| = |o(f, P)—o(g, P)| < |o(f, P) - / "o+ <e

for each P € II.

818



REFERENCES

[JK] J. Jarnik and J. Kurzweil, A nonabsolutely convergent integral which admits transfor-
mation and can be used for integration on manifolds, Czechoslovak Math. J. 35 (1986),
116-139.

[KMP] J. Kurzweil, J. Mawhin and W.F. Pfeffer, An integral defined by approzimating BV
partitions of unity, Czechoslovak Math. J. 41 (1991), 695-712.

[LL]} S.P. Lu and P.Y. Lee, Globally small Riemann sums and the Henstock integral, Real
Analysis Exchange 16 (1990-91), 537-545.

[P] W.F. Pfeffer, A Riemann type definition of a variational integral, Proc. American Math.
Soc. 114 (1992), 99-106.

[R] W. Rudin, Functional Analysis, McGraw-Hill, New York, 1973.

Received November 18, 1991

819



	Contents
	p. 815
	p. 816
	p. 817
	p. 818
	p. 819

	Issue Table of Contents
	Real Analysis Exchange, Vol. 17, No. 2 (1991-92) pp. 452-826
	Front Matter
	EDITORIAL MESSAGE [pp. 454-454]
	CONFERENCE ANNOUNCEMENTS [pp. 455-456]
	Corrections to the Report on the Summer Symposium in Real Analysis XV, Smolenice 1991 [pp. 457-457]
	On local characterization of almost continuous functions [pp. 458-459]
	Some properties of subclasses of Darboux functions [pp. 460-461]
	TOPICAL SURVEY
	Almost Continuity [pp. 462-520]

	RESEARCH ARTICLES
	BOREL MEASURABILITY OF EXTREME LOCAL DERIVATIVES [pp. 521-534]
	ON TWO GENERALIZATIONS OF THE DARBOUX PROPERTY [pp. 535-544]
	Heredity of Density Points [pp. 545-549]
	ON m-RINGS OF FUNCTIONS AND SOME GENERALIZATIONS OF THE NOTION OF DENSITY POINT [pp. 550-570]
	ON THE DARBOUX PROPERTY OF THE SUM OF CLIQUISH FUNCTIONS [pp. 571-576]
	ON THE GROUP GENERATED BY QUASI CONTINUOUS FUNCTIONS [pp. 577-589]
	ON d-MEASURE AND d-DIMENSION [pp. 590-596]
	SOME REMARKS ON SUP-MEASURABILITY [pp. 597-607]
	THE PEANO CURVE AND I-APPROMIMATE DIFFERENTIABILITY [pp. 608-621]
	Riemann Integral vs. Lebesgue Integral [pp. 622-632]
	RESTRICTION THEOREMS ON WEIGHTED SOBOLEV SPACES OF MIXED NORM [pp. 633-651]
	APPROXIMATE SYMMETRIC DERIVATIVES ARE UNIFORMLY CLOSED [pp. 652-656]
	Mean Value Properties for Symmetrically Differentiable Functions [pp. 657-667]
	PARAMETRIC SEMICONTINUITY IMPLIES CONTINUITY [pp. 668-680]
	ON THE STRUCTURE OF MEASURABLE FILTERS ON A COUNTABLE SET [pp. 681-701]
	Cantor Type Sets of Positive Measure and Lipschitz Mappings [pp. 702-705]
	A∞ TYPE CONDITIONS FOR GENERAL MEASURES IN R¹ [pp. 706-727]
	SEQUENCE CONDITIONS WHICH IMPLY APPROXIMATE CONTINUITY [pp. 728-736]
	THE INTEGRAL OVER PRODUCT SPACES AND WIENER'S FORMULA [pp. 737-744]
	DERIVATIVES AND CONVEXITY [pp. 745-747]

	INROADS
	ON A PROBLEM OF SKVORTSOV INVOLVING THE PERRON INTEGRAL [pp. 748-750]
	LIMITS WITHOUT EPSILONS [pp. 751-758]
	THE FRÉCHET BOUNDS REVISITED [pp. 759-764]
	SOME PARAMETERS OF DISTRIBUTION OF MASS IN SELFSIMILAR FRACTALS [pp. 765-770]
	CERTAIN MEASURE ZERO, FIRST CATEGORY SETS [pp. 771-774]
	ON JOINT SUMMABILITY OF FOURIER SERIES AND CONJUGATE SERIES [pp. 775-780]
	ANOTHER NONMEASURABLE SET WITH PROPERTY (s⁰) [pp. 781-784]
	THE PACKING MEASURE AND FUBINI'S THEOREM [pp. 785-788]
	RIEMANN TAILS AND THE LEBESGUE AND HENSTOCK INTEGRALS [pp. 789-795]
	ON SAKS-HENSTOCK LEMMA FOR THE RIEMANN-TYPE INTEGRALS [pp. 796-801]
	ON THE THEOREM OF RADEMACHER [pp. 802-808]
	Some theorems whose σ–porous exceptional sets are not σ–symmetrically porous [pp. 809-814]
	A NOTE ON CONDITIONALLY CONVERGENT INTEGRALS [pp. 815-819]
	A NOTE ON SYMMETRIC AND ORDINARY DIFFERENTIATION [pp. 820-826]

	Back Matter



