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 ON A PROBLEM OF SKVORTSOV INVOLVING THE
 PERRON INTEGRAL

 Skvortsov [1; p.202] posed the following problem: Prove (or disprove) that the
 Perron integral, defined for an abstract derivative base by means of its major and
 minor functions continuous with respect to this base, is equivalent to the integral
 for the same base but defined without the precondition of continuity of major and
 minor functions. In this note, we shall give a partial answer for the case of ordinary
 full covers [4].

 First, we define the Perron integral. Let E be a compact interval in the n-
 dimensional Euclidean space Rn. For any x 6 Rn and any positive number tj let
 S(x,ī}) be the open ball with centre x and radius rj. The symbol ¿ will always
 denote a positive function on E. A division D = {(/, a:)} of E is said to be ¿-fine if
 x G I C S(x, ¿(x)) for any interval-point pair (/, x) in D. (See [2] or [3] for further
 details.) An interval function A is said to be ¿-superadditive if A(Iq) > ( D ) £ A(I)
 for any interval I0 C E and any ¿-fine division D = {(/,x)} of 70. Similarly, A is
 said to be ¿-subadditive if -A is ¿-superadditive. The lower derivative of A at a
 point x G E, denoted by D_A(x), is defined as

 sup inf{A(/)/|/|; x E I C S(x, r¡) D E)}.
 T)>0

 Let / be a function on E. Then A is called a major function of / on E if

 1. A is ¿-superadditive for some ¿,

 2. DA(x) ^ f(x) for every iÇÍ,

 Similarly, we call B a minor function of / on E if -B is a major function of
 - / on E. Finally, / is said to be ( P ) integrable to c on E if

 (*) inf A(E) = sup B(E) = c

 is finite, where the infimum is taken over all major functions A and the supremum
 over all minor functions B.

 748



 A function / defined on E is said to be (Po) integrable if for every e > 0
 there exists 6, a major function A and a minor function B of / on E such that
 0 ^ A(E) - B(E ) < e and that for any x € E and any interval I C S(x, 6(x)) D E
 we have |j4(/)| < e and |5(/)| < e.

 Obviously, every (Po) integrable function is (P) integrable. The above definition
 comes from a condition in Bullen [1; p. 13] which he used to prove a more general
 Marcinkiewicz theorem. It is not the full continuity condition asked by Skvortsov,
 but it is the most we can achieve for the n-dimensional case using the present
 proof.

 Lemma 1. If f is (P) integrable to c on E, then it is ( H ) integrable to the
 same value c on E, i.e., for every e > 0 there exists 6 such that for any 6-fine
 division D = {(/, x)} of E we have 1(D) f(x)'I' - c' < e.

 The proof is identical to that of Theorem 8.7 [2; p.44]. Here (H) stands for
 Henstock.

 A measurable function / defined on E is said to have LSRS (locally small
 Riemann sums) if for every e > 0 there is a 6 such that for any t G E, any interval
 Iq with t e Io C S(t, 5(ť)) fi E and for any ¿-fine division D = {(/,x)} of Jo we
 have ICD) £ /(*) KII < e.

 Lemma 2. If f is (H) integrable on E, then f has LSRS.

 The proof is identical to that of Theorem 17.2 [2; p. 110].

 Lemma 3. If f is (H) integrable to c on E, then f is also ( B ) integrable to c
 on E, i.e., f is measurable and

 infsup(D) £/(x)|/| = supinf(£>)]T/(x)|J| = c,

 where all the divisions D above are 6-fine divisions of E .

 The proof follows from Lemma 2 and Theorem 17.9 [2; p. 113]. Here ( B ) stands
 for Burkill. (The original Burkill integral uses interval functions and constant 6.)

 Lemma 4. If f is (B) integrable to c on E, then it is (Po) integrable to c on
 E.

 Proof: Given 6, write for each interval Io G E

 A(/„) = sup(D)£/(*)M, B(Io) =
 D u
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 where the supremum and the infimum are taken over all ¿-fine divisions D of Iq.
 It is easy to see that A is ¿-superadditive and B ¿-subadditive. Let x G E and
 let I be an interval with x € / C S(a:,¿(:r)) fi E. Then (/, x) is a ¿-fine division
 of I whence A(I) ^ f(x)'I'. It follows that D_A(x) ^ f(x). We see that A is a
 majorant of /. Similarly, B is a minorant of /. Now let e > 0. Since / is ( B )
 integrable, there is a ¿ such that 0 ^ A(E) - B(E) < e. In view of the previous
 lemmas, / is also (II) integrable on E and has LSRS. It implies that both A and
 B satisfy the conditions required in the definition of the (Po) integral. Hence / is
 (P0) integrable on E.

 Finally, combining the above lemmas we have proved the following

 Theorem. If f is (P) integrable to c on E, then f is (Po) integrable to c on
 E.

 The author wishes to acknowledge his thanks to Professor Lee Peng Yee for
 his guidance during the preparation of this paper and for his invitation to visit
 Singapore in 1991 during which this paper is written.

 References

 [1] P.S. Bullen et al (ed.), New integrals, Springer- Verlag LN 1419 (1990).

 [2] Lee Peng Yee, Lanzhou lectures on Henstock integration, World Scientific 1989.

 [3] K.M. Ostaszewski, ílenstock integration in the plane, AMS Memoirs 353
 (1986).

 [4] B. Thomson, Real functions, Springer- Verlag LN 1170 (1985).

 Received March 1, 1991

 750


	Contents
	p. 748
	p. 749
	p. 750

	Issue Table of Contents
	Real Analysis Exchange, Vol. 17, No. 2 (1991-92) pp. 452-826
	Front Matter
	EDITORIAL MESSAGE [pp. 454-454]
	CONFERENCE ANNOUNCEMENTS [pp. 455-456]
	Corrections to the Report on the Summer Symposium in Real Analysis XV, Smolenice 1991 [pp. 457-457]
	On local characterization of almost continuous functions [pp. 458-459]
	Some properties of subclasses of Darboux functions [pp. 460-461]
	TOPICAL SURVEY
	Almost Continuity [pp. 462-520]

	RESEARCH ARTICLES
	BOREL MEASURABILITY OF EXTREME LOCAL DERIVATIVES [pp. 521-534]
	ON TWO GENERALIZATIONS OF THE DARBOUX PROPERTY [pp. 535-544]
	Heredity of Density Points [pp. 545-549]
	ON m-RINGS OF FUNCTIONS AND SOME GENERALIZATIONS OF THE NOTION OF DENSITY POINT [pp. 550-570]
	ON THE DARBOUX PROPERTY OF THE SUM OF CLIQUISH FUNCTIONS [pp. 571-576]
	ON THE GROUP GENERATED BY QUASI CONTINUOUS FUNCTIONS [pp. 577-589]
	ON d-MEASURE AND d-DIMENSION [pp. 590-596]
	SOME REMARKS ON SUP-MEASURABILITY [pp. 597-607]
	THE PEANO CURVE AND I-APPROMIMATE DIFFERENTIABILITY [pp. 608-621]
	Riemann Integral vs. Lebesgue Integral [pp. 622-632]
	RESTRICTION THEOREMS ON WEIGHTED SOBOLEV SPACES OF MIXED NORM [pp. 633-651]
	APPROXIMATE SYMMETRIC DERIVATIVES ARE UNIFORMLY CLOSED [pp. 652-656]
	Mean Value Properties for Symmetrically Differentiable Functions [pp. 657-667]
	PARAMETRIC SEMICONTINUITY IMPLIES CONTINUITY [pp. 668-680]
	ON THE STRUCTURE OF MEASURABLE FILTERS ON A COUNTABLE SET [pp. 681-701]
	Cantor Type Sets of Positive Measure and Lipschitz Mappings [pp. 702-705]
	A∞ TYPE CONDITIONS FOR GENERAL MEASURES IN R¹ [pp. 706-727]
	SEQUENCE CONDITIONS WHICH IMPLY APPROXIMATE CONTINUITY [pp. 728-736]
	THE INTEGRAL OVER PRODUCT SPACES AND WIENER'S FORMULA [pp. 737-744]
	DERIVATIVES AND CONVEXITY [pp. 745-747]

	INROADS
	ON A PROBLEM OF SKVORTSOV INVOLVING THE PERRON INTEGRAL [pp. 748-750]
	LIMITS WITHOUT EPSILONS [pp. 751-758]
	THE FRÉCHET BOUNDS REVISITED [pp. 759-764]
	SOME PARAMETERS OF DISTRIBUTION OF MASS IN SELFSIMILAR FRACTALS [pp. 765-770]
	CERTAIN MEASURE ZERO, FIRST CATEGORY SETS [pp. 771-774]
	ON JOINT SUMMABILITY OF FOURIER SERIES AND CONJUGATE SERIES [pp. 775-780]
	ANOTHER NONMEASURABLE SET WITH PROPERTY (s⁰) [pp. 781-784]
	THE PACKING MEASURE AND FUBINI'S THEOREM [pp. 785-788]
	RIEMANN TAILS AND THE LEBESGUE AND HENSTOCK INTEGRALS [pp. 789-795]
	ON SAKS-HENSTOCK LEMMA FOR THE RIEMANN-TYPE INTEGRALS [pp. 796-801]
	ON THE THEOREM OF RADEMACHER [pp. 802-808]
	Some theorems whose σ–porous exceptional sets are not σ–symmetrically porous [pp. 809-814]
	A NOTE ON CONDITIONALLY CONVERGENT INTEGRALS [pp. 815-819]
	A NOTE ON SYMMETRIC AND ORDINARY DIFFERENTIATION [pp. 820-826]

	Back Matter



