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A, TYPE CONDITIONS FOR
GENERAL MEASURES IN R’

ABSTRACT. Given two Borel measures g, v in R!, finite on compacts, we deal
with the conditions v € Aco(p) and v € A¥,(u). We point out several charac-
terizing statements, expressed in terms of maximal functions, A, classes, reverse
Holder inequalities, exponential type conditions, and their symmetric versions.
We use ideas from [1] and [19] and extend their results to this rather general
context (in the one-sided case we assume that p and v are mutually absolutely
continuous). We consider an application to the Gehring lemma.

1. INTRODUCTION

In 1972, B. Muckenhoupt introduced the A, classes of weights. He has shown
[20] that a weight w in R™ belongs to 4,, 1 < p < oo, that is,

p—-1
RUY N Uy - :
|Q|‘2/“’(|quf“’ ") <K,

if and only if the Hardy-Littlewood mazimal operator

1
Mf(@) = sup o Q/ F(w)ldy ,
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while w € A;, that is, Mw < Kw, if and only if M is of the weak type (1,1)
with respect to w,

A / wSK/|f|w.

{Mf>x}

The class Ao, formed by the weights w satisfying

5
(1.1) % < K (%) , EcQ, E measurable ,

where K and é§ do not depend on E and @, and w(Q) = fQ w dz, was extensively
studied in [7] and [21]. Both the endpoints of the 4, scale, the classes A; and
A, are of exceptional significance. While there is a gap between A; and
Np>1 Ap (see eg. [5], [11], [15], [16], [22]), one gets a different picture at
the opposite endpoint: Ao is exactly |J,5; 4p ([21], [7]). A lot of equivalent
definitions of Ao, are known (see e.g. [7], [14], [10], [11], [8]), and important
applications of A have been pointed out ([4], [2], [6]).

While nearly the entire A, theory has been translated to its one-sided (and
one—dimensional) analog, A: theory, initiated by the investigation of the one-
sided mazimal operator

z+h
1
M* f(z) = sup ¢ / | ]

z

([24], [17], [18]), the corresponding one-sided analog of Awo, the class A}, was
introduced only recently in [19].

One of the most important properties of A is its equivalence to the reverse

Hélder (RH) inequality,

1 / 146\1/(1+8) 1 /
L <K [w,
(o ) ]
Q Q

K, 6 independent of @ (see [7], [11]). The question what is the corresponding
one-sided analog of the RH inequality was solved by F.J.Martin—Reyes [17],
and called the weak RH inequality; he proved that if w € A;’, 1 < p < oo, then
there exist K, 6 such that

b b
/ Wt < K / w M~ (wx(as)®)]’ |
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and used this result to show that w € A} implies w € A;','_,. In [19] it was
shown that the last inequality is equivalent to w € A (in a somewhat more
general context).

Let us turn attention to measures. Coifman and Fefferman (7] studied A
and RH type conditions for doubling measures. Recall that p is said to be
doubling if p(2Q) < Ku(Q), where 2Q is a cube concentric with @ but with
sides twice as long. If we define v € A () by

WE) _ B g
< , cqQ, E measurable ,
#Q) (V(Q))

K, 6 independent of E, @, it follows from their result that the symmetry relation
(1.2) v E Aco(p) & U E Ax(v)

holds and that v € Axo(p) is equivalent to the RH inequality

1es 1/(1+8) ;
_1_/ (f‘lﬁ) du < K &,
#(Q)Q du ﬂ(Q)Q dp

K, 6 independent of Q. The proof essentially relies on the Calderé6n-Zygmund
decomposition lemma and entails therefore to assume the doubling condition.
A comprehensive expository is given in [26].

In Theorem 4.4 below we show that the symmetry relation (1.2) holds for
general measures, too. Thus, our definition of v € A (u) is consistent with
(1.1).

Translated to the one-sided case (1.2) naturally turns to the “anti-symmetry”
relation

veAL(w) & pedl®),

as shown in [19] for the case when p and v are weighted measures, that is,
du(z) = g(z)dr and dv(z) = w(z)dz with positive w and g.

If we omit the doubling condition, we meet surprisingly difficult obstacles
(cf. [25], [26], [9], [3], [1]). For example, Sjogren [25] showed that while the

maximal operator

1
M,f(z) = 21;2#—(5) ! [f(¥)| du(y)

is in R! always of weak type (1,1) with respect to u, this is no longer true in
R"™, n > 1, even not for u absolutely continuous with respect to the Lebesgue
measure.
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The fundamental paper of Andersen [1] develops a method allowing to extend
the A, and A} theory to the context of general measures in R!.

As far as we know, no attempts have been made to obtain results on A} or
A type conditions for general measures. This is a subject of the present note.
Our aim is to look backwards at the methods used by different authors and to
point out how the theory rounds off, and not so much to obtain new results. For
illustration, let us indicate the sources of our main results. Theorems 3.3 and 3.4
below were shown in [19] in the case of weighted measures (thus, in particular,
absolutely continuous with respect to Lebesgue measure). The statements of
Theorem 4.4 have been subsequently proved to be equivalent in [7], [10], [14]
and [13] under the doubling condition, see also [26]. We shall show (Section 3)
how the one-sided theory works with general measures and afterwards (Section
4) use the results obtained to prove the two-sided theorems. It follows from the
proof of Theorem 4.4 that the symmetry relation (1.2) can be proved (in R!)
assuming merely that u and v are Borel measures finite on compact sets, i.e.,
without the doubling condition or any absolute continuity. This yields some
interesting consequences; for example, it sheds light on the relation between
two conditions of exponential-logarithmic type, which are both equivalent to
As: the Hruséev condition

/=)= @ == ()
sup | — fw]exp| — [ log| — < K,
o \1o1) Q1) \w

and the Fujii condition

P Q) Q/ g (52 wie)de < K,

where wqg = w(Q)/|Q|. The equivalence between these two conditions, which
is not quite obvious, was pointed out in [13], but again under the doubling
condition.

Further, we show that A, is equivalent to the reverse Holder inequality,
again using the one-sided results instead of the Calderén-Zygmund theory.
Here, the main disadvantage of our approach appears again: it does not apply
to the higher—dimensional case.

Finally, we prove (Theorem 4.5) the analog of Gehring’s lemma [12).

As usual, K will always denote absolute constant, independent of appropriate
quantities. We write (a,b) for an open interval, [a, b] for a closed interval and
{a, b} for an interval which might be either open or closed. We shall write E
for a Borel set in R. The products of type 0 - co will be taken to be zero.
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2. DEFINITIONS AND PRELIMINARY RESULTS.

Let p be a nonnegative Borel measure in R, finite on compact sets (as known,
then p is regular [23], Theorem 2.18). We put

1
M*f(z) = sup ——— f du ;
. f(2) h>13,u[w,z+h)[ /| |fldp

1
sup ———— du ;
,.>‘3u(z—h,z1( {]'f' a

1
M,f(z) = sIt;r;mI/Ifldu,

M f(z)

where I denotes an interval in R (cf. [1]).

2.1. Definition. Let w be a weight (nonnegative u—measurable function) in
R!. We say that w € A}(u), p € (1,00), if

1/p 1/¢’
(2.1) / wdy / w7 dy < Kuy(a,c)
a,b] b,c)

with some K independent of a < b < ¢, where p' = p/(p — 1).
We say that w € At (p) if M;w(z) < Kw(z) for p-almost all z. Similarly,
w € Ay (u), p € (1,00), if

1/p 1/p
(2.2) /wdy /wl"" du < Ku(a,c)
b,c) a,b]

and w € A7 (p) if MY w(z) < Kw(z) for p—almost all x.
We say that w € A,(p), p € (1,00), if

1/p 1/p'
(/wdﬂ) (/w"”' dﬂ) < Ku(I)

I I

for some K independent of interval I in R.
We say that w € A;(p) if Myw < Kw p-almost everywhere.

The following theorem is due to Andersen [1].
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2.2. Theorem. Let p > 1. Then the following statements are equivalent.

@) S (M} wdp < K [|fPwdp ;
(ii) w € Af(p);
(iii) w'=? € A5 (p) ;
(iv) J (M“‘f)PI w=Pdy < K [|f|fw~? dpu.

2.3. Remark. It is easy to see that Ap(u) = Af () N A, (p), p > 1, and that
max {M; f,MIf} < M,f < Mf + M;f.

Therefore, w € Ap(u), p > 1, if and only if

[t wdn < & [ifrw ds.

By the same argument as in [18] with trivial changes we can prove the fol-
lowing factorization theorem (we have only to realize that [M; (|f]|*)] /% and

(M, (If |°’)]1/° are sublinear operators for @ > 1, and use (Andersen’s) Theo-
rem 2.2.)
2.4. Theorem. Let p > 1. Then

Ar(p) = At (w) - [ATW)]' 7,

that is, each w € A} () can be factorized asw = wy -w] P, where wo € A} (p),
wy € A7 (p). Similarly,

AS (1) = AT(p)- [AF ()7,

and
Ap(p) = Ar(p) - [Ar(w)]' 77 .

711



3. ONE-SIDED PROBLEMS.

Let u, v be nonnegative Borel measures in R, finite on compact sets, and let
moreover i be absolutely continuous with respect to v and vice versa.

3.1. Definition. We say that v € AZ (p) if there exist K, § positive such that
for alla < b < c and E C [b,¢)

ME) K.(V(E))’.

ula,c) ~ v(a,b]

3.2. Remark. Obviously, v € A} (1) implies p < v. However, unlike in the
two—sided case, as we shall see, % can vanish on a set of positive measure (for
example, put dv(z) = dz and du(z) = X[o,c0)(z)dz). Thus, v € AL () does
not imply v < p. But, since we want to study natural relationship between
v € A} (p) and p € AL (v) (which, of course, would imply v < u), it is
only reasonable to avoid trivial cases by assuming that y and v are mutually
absolutely continuous (note that they need not be absolutely continuous e.g.
with respect to Lebesgue measure).

In what follows we put w(z) = %(z) We know from absolute continuity
that such w exists and 0 < w(r) < oo p-almost everywhere. We shall often
write w € A% (p) instead of v € AL (p).

The next two theorems were proved in [19] in the case of weighted measures.

3.3. Theorem. The following statements are equivalent.

(i) There exists p > 1 such that w € Af(u);
(i) w € AL (p);
(iii) for any o € (0,1) there exists 8 € (0,1) such that for alla < b < ¢ and

E C [b,¢c)
L H(E) ,
oa 0] <p implies [a.c) <aj;
(iv) for every a € (0,1) there exists 3 € (0,1) such that the following impli-
cation holds: whenever A > 0 and a < b are such that

v{a, z)
3.1 A< —= for all z € (a,bd];
3.1) pa,z) (=

then
p({z € {a,b); w(z) > BA}) > au{a,b);
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(v) for every a € (0,1) there exists B € (0,1) such that the following impli-
cation holds: whenever A > 0 and a < b are such that (3.1) holds and
v{a,b)
Uab) oy,
p{a, b)

then
p({z € {a,b); w(z) > BA}) > ap{a,b);
(vi) there exist K,6 > 0 such that for alla < b

/wl""du < K / wdp - [My, (wX(a,p)) (b)]5 ;

(a,b] (a,b]

(vii) there exist K,6 > 0 such that for alla < b

M, (u’GX(a,b]) (b) < K [M, (wX(a,p) (b)]6 ’

(viii) there exists p > 1 such that L € A7 (v);

(ix) there exists K such that for aH a< b < ¢ satisfying p(a,b) < Lpu(a,c) <
p(a, b]

v(a, b] 1 / 1
cexp| —— [ log=du| < K;
u(a,8] P We) J, By

(x) 5 € AZ(v) ;
(xi) for any a € (0,1) there exists 8 € (0,1) such that for alla < b < ¢ and
E C (a,b]
”—(E—) <p implies LE) <a;
l‘[b, c]

v(a,c]

(xii) for every a € (0,1) there exists § € (0,1) such that the follovﬁng
implication holds: whenever A > 0 and a < b are such that

p(z, b}
. <
(3.2) A< (2. 5] for all z € [a,b),

v ({x € (a,b}; ( y > ﬂ/\}) > av(a,b} ;

(xiii) for every a € (0,1) there exists 8 € (0,1) such that the following
implication holds: whenever A > 0 and a < b are such that (3.2) holds and

ma, b}
v(a, b} ~

then

< 2,
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then

V({a: € (a,b}; ( ) > ﬂ)\}) > av(a,b} ;

(xiv) there exist K,6 > 0 such that for alla < b

[
/ w04y < K / La. [My (lX[a,b)) (a)]
w w

[a,b) [a,b)

(xv) there exist K,6 > 0 such that for alla < b

M, ((%)6%.,1,)) (@) < K [Mu (%X[a,b)) (a)r

(xvi) there exists K such that for alla < b < c satisfying v(b,c) < 1v(a,c) <
v[b, c)

plb <) 1 / <
u[b ) - exp (e ] logwdv | < K.
(a,b]

P r o o f (i)=(ii) can be proved completely in the same way as in [19], that
is, using Holder’s inequality and A},

WE) < wE)( / G < K (o) 2k

which is w € AX (u) with § = 1/p.
(ii)=>(iii) is easy; we have only to realize that w € AX (1) is equivalent to
5
H(E) v(E)
<L . < .
ao S K (V[a,b] , a<bz<ec, E C [b,c)
This follows by the usual limiting argument.

(iii)=>(iv): Let A and {a,b) be as in (iv). We put zo = b and, for any negative
integer k,
o = inf{s € {a,b); 2%{a,b) < v{a,a]} .

Now, (3.1) yields that limk—,_oo Zx = a, and the sequence {zx} is (not neces-
sarily strictly) decreasing. It follows from the definition of {z;} that

(3.3) v{a,zx) < 2%v{a,b) < v{a,zi] .
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Put ' = {k € —N; zx # zx41}, then {a,b) = |J [z&,Zr+1) (We note that if
ker
{a,b) = [a,b), T is finite).
We claim that for any k
v{a,zr41) < 4v[zi—1,zi] .
Indeed, using twice (3.3), we get

v{a,zk+1) < 2M10{a,b) = 4(2% — 2F"1)v{a,b)
< 4(v{a,zi] — v{a,zk-1)) = 4v[zi-1,zk] .

Thus
v[Tk—1,zk]

A< 4 ,
— p{a,zi4a)

and we can estimate the measure of
Eg = {z € {a,b); w(z) < BA}
in the following way: For any k,

W(Eg N [zk,Zk+1)) _ BAu(Ep O [Tk, ZTkt1))
v[Tk_1,Tk] - v[Tr-1,zk]
< 4pMEe N[k Tk11) g
- :u{a')zk-l-l)

Given v € (0,1), we can (by (iii)) choose 8 so that

I‘(Eﬂ n [xkaxk-l-l)) <

plTe-1,Th41] T
Therefore
p({z € {a,b); w(z)>BA}) = Y u(lzk,zx41) \ Ep)
ker
2 Z#[zk,l‘kﬂ) -7 Z#[wk—l,xkﬂ]
ker ker

> ﬂ'{aa b) : (1 - 37) )

since each point of {a,b) belongs at most to 3 intervals of type [zx—1,Tk+1],
keT.

(iv)=(v) is obvious.
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(v)=>(vi):
Define Ao = M (wx(a,5))(b) and take A > Xo. Then (cf. [28], Theorem 1.3.8,
and [1], proof of Theorem 1)

{‘T € (aa b]v w(z) > A} - {Mu_(wX(a,b]) > A} = U{aj’bj) ’

j
where {a;, b;) C (a,b] for all j and
,u{aj,:c)
for all z € (a;, bj].
We fix j and define zo = a;j,

v{a;j,x)
Ay = {z € {a;,b;); DL < 20},
L= (e o) o <o)

and z; = sup4; if 4; # 0, and z; = zo if A; = 0. Suppose that z,_; is
chosen. If z,_; = b;, we stop the process. If z,_; < b;, we put

V[zn—la .'IJ)

A, = € [Tn-1,b;);
{z € [zn-1,bj) ESS

< 272}

and z, =supA, if A, #0and z,, = z,_; if 4, = 0.
Now, let n(j) be the least integer k such that zx > aj, and put

I'@G) = {ke N\ {n(H)}; zx < zk+1}.
Observe that z, / bj, and so
{aj b)) = {aj,zn(;)) U U [Zn, Tat1).
n€r(j)

Moreover, the following estimates are true:

V{aj’ xn(j))

< 27y .
#{aj, za5))

on()-1) < M
- /L{aja :B)
and, for n > n(j) and n € I'(j),

S (aj1mn(j)] )
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l/[:tn, $n+l) < 2n+lA .
F‘[xn,xn-i-l) - ,
and
2n )\ < V[:c,,,z)
plzn, )
Only the last estimate needs proof, the preceding three follow immediately
from the definition of z, and the o-additivity of u. If z € (zn,zZn+1], we have

T € (Tp,Tnt1] -

2" Mp[tp-1,7) < V[Tp-1,T)
and therefore
V[Zn,Z) = V[Tn-1,2) — V[Tn—1,Zn) > 2" A\p[zn, T).
Now, using the estimates just proved and (v) we obtain
v{aj,znj)) < 2"DAp{aj, za(i)
< o 12"z € {aj, za(y); w(z) > 2"0)-180}
and, for n € I'(j),
V[Tp,Tnt1) < 2n+1'\#[$m Tn+1)
< a7 128 \u{z € [T, Tnt1); w(z) > 2"BA}.

Let us put zi := zx.
We continue as in [7], that is, we sum in j, multiply both sides by A®~! and
integrate from Ay to oo to get

[ o]

//\5‘l -v({z € (a,b]; w(z) > A}) dX

Ao
oo

= Z[O‘_lznm/ Mu{z € {aj,z;n(); w(z) > 27D~ BA}dA
;

0

oo
+ Z a'12“+1/)\5p{:v € [Tjn, Tjn+1); w(z) >2"BAYA ] .
n€r(y) 0

Changing the variables A — 27()=18) and A — 2" on the right we arrive at

1 1+6 1y 2 / 1+6
3 [ @ - el < s [ e,

(a,b) (a,b]
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which yields (vi) if § is sufficiently small.
(vi)=(vii) is obvious.

(vii)=>(viii): Let @ < b < ¢ be such that p(a,d] > 0. By (vii), for z € [b,c),

1 ) 1/6
(m / w6 dV)I/ S (Ml/ (w6X(a,z]) (.‘17)) /
(a,b]
< K M, (wx(,o) () -

As M, is of weak type (1,1) with respect to u (see [25]), we have
-1/5

ulbye) < K [v(a,c) T8 / wav|

(a,b]
or, p € Ay (v) withp=1+ .

Now, many other implications follow by symmetry: For example, (viii)=>(x)
is just a symmetric version of (i)=(ii) and so on. In this way we subse-
quently obtain (viii)=>(x)=>(x1)=(xii)=>(xiil)=>(xiv)=>(xv)=>(i). What remains
is to include the exponential type conditions (ix) and (xvi) into the chain.
We shall do it proving (i)=(ix)=>(v); the symmetric argument will then give
(viii)=>(xvi)=>(xiii) and round off the entire proof.

(i)=(ix): Since w € A}(u),

rp—1

v(a,b] 1 1—p! .
<

w(a, 5] u[b,c)[b/) whdpf < K

holds for all @ < b < ¢ such that p(a,b) < 1pu(a,c) < p(a,b]. By Jensen’s
inequality applied to the convex function exp((p' — 1)) we get

rp—1
1 1 1 1\?!
- - < - —
|y [esat] < | / (&)
[b,c) [b,c)

and (ix) follows.
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(ix)=(v): Let {a,b) and X be as in (v). First, let {a,bd) = (a,b). We put
zo = b and find z_; in order that

1
u(a,m_l) S 5/“'(a)b) S ”(07:”—1]'

We know that u(a,z) > 0 for z € (a,b). Hence, having z9,z_1,...,zk, we can
choose r—; so that

1
#a,zk-1) < sp(a,zi) < p(a,zk-] .

Now, we can proceed as in [11] and [19].

We find aj such that
1
1 — =0.
/ og (auv) du 0

[zk,Zk41)

Now, if (ix) holds for w, it also holds for axw, whence

aph < — 2k /dusx,
I-"(aamk]

(a,:u]

and thus, using the inequality log(1 + ) <z,

1
b({e € lon i) w() S AN < s / agw dp

[Tr,Zr41)

K
= Xog(1 + 1/KB) / dv.

[zk,Zk41)
Summing in k and using :7(:—’,:’,% < 2),
K
; < <
2K

u(a,bd) ,

= Tog( + 1/(KB))

and it suffices to take § small enough.
If {a,b) = [a,b), we choose £og = b and zx, k € —N so that

1
ﬂ[aaxk—l) < §ﬂ[a,xk) < pla,zr-a]

and stop in the case that a = z¢_;. Then we proceed as above.
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3.4. Theorem. Let p € (1,00) and let us denote o = w!~? and ds = o du.
Then the following statements are equivalent.

@ w € A%(u) and o € AZ();
(ii) M (wx(ay) (b) < K (M, (%x(a,b]) (b))p_1 for all a < b;
(i) w e AF () .

P roof (i)=(ii): Let a < b be such that u(a,b] > 0. We take z,y € (a,b]
such that

(3.4) pa,y) < gulad] < pay],
and
(35) Ha2) < gplay] < e,

It is easy to see that ¢ < ¢ < y < b, and further

(3.6) plz,b] < 3ulz,y],
and
(3.7) plz,b) < 2ply,b],

By (i), w € A} (p) for some r > 1. Jensen’s inequality and (3.5) yield

1 / 1 / 1
—_ wdy - ex —_ log —d < K.
wae] J. # ppm%]gw”
a,r z,y

Similarly, 0 € A7 (p) for some ¢ > 1. Jensen’s inequality and (3.6), (3.7) yield

1 / 1 1
_ odyu-exp | —— / log — d < K.
ul, 9 : Wz | BT
[y,] [z,9]

Raising this inequality to p — 1 and multiplying both inequalities we get
p—1

1 1

- <

u@ﬂ/w“ umm/”“ s K,
(aﬂ:] [y,b]
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which implies

[ wan < Kutaa1 (1 (Lran) )

(a,z]

Let us put zo = a, z; = z, then

/ wdp < Kﬂ(xo""'ll(Ma (%X(a,b]) (b))p-1 .

(10)31]

Suppose that zg,--- ,z; are chosen. If u(zg,b] = 0, we we put zx4; = b and
stop. Otherwise we choose zx41 as above with (a, )] replaced by (zx,b]. Then
a<ri<zT9<---<b,and

(3.8) / wdp < K p(zk-1, k] (Ms (zl;x(a,b]) (b))p_1 :

(Th-1,Z%]

It is easy to see that

Y u(ze-1,2x] = p(a,b]
k

E / wdy = /wdp.

k (Zr-1,%i] (a,d]

Indeed, by (3.4) and (3.5) we have

and

Wb = wab) — pa,m] < Su(ab.

By the induction we get

wen s (3) it

and so limg oo p(Zk, b = 0.
Summing (3.8) in k we obtain

1 1 Pl
(a8 / wdpy < K (M, > X(ab] (b) ,
(a,b]
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which implies (ii).

(i1)=(iii): Let a < b < ¢. For z € [b,¢) we have

1 . 1 g
m / wdp < K M, ;X(a,c) (:L‘) .
(a’b]

Then, since M, is of weak type (1,1) with respect to ds, we obtain

p'-1
/wl—p' dp < K % u(a,c) ,
[b,c) (a,b]

which is (iii). For details see [19].

(iii)=>(i) follows easily from the fact that w € Af(u) is equivalent to o €
A () via Theorem 2.2.

3.5. Remark. It follows from Theorems 2.4 and 3.4 that for p € (1, 00)

Af(w) - [AT(W)]'™" = Af(w) = AL N [Azw)]' 7.
4. TWO SIDED PROBLEMS

In this section we assume merely that u and v are nonnegative Borel measures
in R, finite on compact sets. We shall use I for an interval in R.

4.1 Definition. We say that u is comparable to v, u ~ v, if there exist a, 8 €
(0,1) such that for EC I

v(E) < Bv(I) implies  p(E) < au(I) .
4.2. Remark. The relation ~ is equivalence, especially p ~ v if, and only if,
v ~ p. Moreover, if p ~ v, then obviously p and v are mutually absolutely

continuous. Thus, there exists w such that dv = wdp, 0 < w(z) < oo almost
everywhere.
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4.3. Definition. We say that v € A(p) if there exist positive §, K such that
for all I and E C I we have

M8 < (4B

The following two theorems generalize (in R') the corresponding results from
(7], [10], [14], [13] and [11].
4.4. Theorem. The following statements are equivalent.

(i) v~ p;

(ii) v € Aoo(p);

(iii) p € Aoo(v);

(iv) there exists p > 1 such that w € Ap(u);

(v) there exists p > 1 such that 1 € A,(v);

(vi) there exist K,6 > 0 depending only on p,v such that for all I

1/(146)
1 / 146 1/
w' Td < K wdpy ;
(mnl g N

(vii) there exist K,6 > 0 depending only on p,v such that for all I

146 1/(1+8) ) )
(wn/() ) SKRﬁ/E“‘

(viii) there exists a constant, K, such that

s1;p (ﬁ/wdu) exp (ﬁ/log (%) du) < K,;

(ix) there exists a constant, K, such that

sup / log* (w(m)“EI;)w(x)dp(x) < K.

P 10 o f Weknow from the one-sided theorems that Ao = UJ,5, Ap- Thus,

the equivalence of the first five statements easily follows from the fact that
Ao =AY NAZ.
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(v)=(vi): Let L € 4,(v) for some p. Then

w

(@) (J o) " o
1/p’
(ﬁ/wﬂdﬂ) < Kﬁ/wd#,

and (vi) with § = p’' — 1 follows.
(vi)=(iii): By Holder’s inequality and the reverse Holder inequality (vi),

1/(146)
W(E) < (/ wlts du) - u(E)3+8)

E

that is,

1/(1486)
1 1+6 5/(1+6) 1/(1+6)
= | —< [ w™°d -u(E -u(I
( oS b[ u) u(E) (I)

K u(E) 5/(1+6)
< — . y(I) wW(I)/a+9 E"/(l""’):K-uI-(— ,
5 YD uDOH () m- (55
which is (iii).
(i1)¢>(viii) follows by using Theorem 3.3 and Remark 2.3.

Analogously we prove that (iii) is equivalent to

1 1
(4.1) SIIlp (;(-I—)I/d,u) exp (;(-I—)I/logwowdp> < K.

However, this is nothing but (ix). To see this it suffices to apply log to both
sides of (4.1) and use the argument from [13] and [14] to resume the “+” sign.
The rest of the theorem follows by symmetry.

The implications (vi)=(ii)=(i) and (iv)=>(i) are true also in R", n > 1 (see
[26], Chap. I, Lemma 12).

As currently adopted, we shall write w € RH(y46)(p) if the statement (vi)
from Theorem 4.4 is satisfied.

Similarly as in [27] (or [15]) it can be proved that

(4.2) we RHy(p) &  wP€Ax(p).
We shall use this result to prove the analog of Gehring’s lemma (cf. [12]).
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4.5. Theorem. Let I be an interval in R!, g a nonnegative function on I,
g € Lg (1), and let q € (1,00). Assume that

q
1 1
) m/ =8 (m/ “"‘)

for all intervals I' C I. Then there exists § > 0 such that for all p € [q,q + §)
we have

rle
1 » 1
(4.4) mﬁ/g dp < K (mp/g"dp) .

P r o0 o f. For the purpose of this theorem assume that suppu C I. It follows
from (4.3) that g € RH,(u), whence, by (4.2), g7 € Aco(p). In other words,
there is a positive g¢ such that for any € € (0,¢¢) and all intervals J C R

1/(1+¢)
1 1
- q(1+e) < K—_ q
(uU)!g *J =

which is (4.4) withp=g¢(l1+€)and I'=JN1I.

4.6. Theorem. Let p € (1,00). The following statements are equivalent.
() w € Aw(p). and s=w!"F ¢ Aoo(p);

(i) w € Ay(p).

P r o o f. This equivalence follows easily from Theorem 3.4 and Remark 2.3.
An alternative proof can be given employing Theorem 4.4. For details cf. [11],
Theorem IV.2.17.
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