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ON THE STRUCTURE OF MEASURABLE
FILTERS ON A COUNTABLE SET

Abstract

A combinatorial characterization of measurable filters on a count-
able set is found. We apply it to the problem of measurability of the
intersection of nonmeasurable filters.

The goal of this paper is to characterize measurable filters on the set of
natural numbers. In section 1 we introduce basic notions, in section 2 we
find a combinatorial characterization of measurable filters, in section 3 we
study intersections of filters and finally section 4 is devoted to filters which
are both null and meager.

Through this paper we use standard notation. w denotes the set of natural
numbers. For k,n € wlet [n,k] = {i <w:n <i <k}. For n € w, 2" (2¥)
denotes the set of 0-1 sequences of length n(w), also let 2<¥ = J, ¢, 2". For
any sequences s,t € 2<“ let s”t denote their concatenation. For s € 2<¥
let [s] = {z € 2¥ : s C z}. The family {[s] : s € 2<“} is a base of the
space 2. We will often identify a set [s] with a sequence s and we will also
identify subsets of w with their characteristic functions. Filters considered in
this paper are assumed to be nonprincipal. We identify filters on w with sets
of characteristic functions of its elements. In this way the question about
measurability makes sense. Finally let quantifiers “3®°” and “V*™” denote
“for infinitely many” and “for all except finitely many” respectively.

1Research partially supported by SBOE grant 92-096
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1 Introduction

In this section we establish some definitions and recall several facts which we
will use later. Let us start with measures we will be working with.

DEFINITION Let p = {p, : n € w} be a sequence of reals such that
Pn € (0,3] for all n € w. Define p; to be the product measure on 2¢ such
that ps;({z € 2 : z(n) = 1}) = p, and p;({z € 2* : 2(n) =0}) = 1 — p, for
n € w. Notice that if p, =  then p; is the usual measure on 2. From now
on let us fix one of the measures p;. We have the following:

Theorem 1.1 (Sierpinski) Suppose that F is a filter on w. Then F is
either of ps-measure zero or F is ps-nonmeasurable. Moreover, F is either
meager or does not have the Baire property.

PROOF: In the case of the Baire property or when p; is the Lebesgue measure
we use the fact that the automorphism of 2¥ which sends every set to its
complement preserves Lebesgue measure.

Suppose that a filter F is ps;-measurable. Since F is non-principal it has
measure 0 or 1. We have to show that u;(F) = 0.

Consider ¢ : 2¢ x 2¢ — 2“ defined as ¢(X,Y)(n) = max(X(n),Y(n))
for X,Y € 2v.

Let ¢, be chosen in such a way that (1 — p,)(1 — ¢,,) = 1/2 for all n.

Claim 1.2 ¢~ (p) = ps X p;.

PROOF: Verify that for all n € w,

1 w - w
3 = #{z €2°: 2(n) = 0}) = ps x p3(¢7" ({z € 2 : 2(n) = 0}))
and use the fact that sets of this form are independent. m

Since ¢ is a continuous mapping it follows that if A C 2% x 2¢ and
s X pg(A) =1 then p(p(A)) = 1.

Consider the set F x 2. If ps(F) = 1 then ps x ps(F x2*) = 1. In
particular p(@(F x 2¥)) = u(F) = 1. Contradiction. m

Sierpinski also proved that if F is an ultrafilter then F is Lebesgue non-
measurable. The next theorem shows that with measures p; this is not the
case.
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Theorem 1.3 Let F be a filter on w.

1. If there exists X € F such that 3,cx pt < oo for some k € w then
ps(F) = 0.

2. Let {k, : n € w} be a sequence of natural numbers such that

oo (o o]
Yo = oo but Y pirt! < co.

n=1 n=1
If for every X € F, Ypex pat = 0o then ps(F) = 0.

PROOF: The first part of this theorem is due to M. Talagrand. For com-
pleteness we sketch the proofs of both parts.

1) If there exists X € F such that }°,cx pn < 0o then p;(F) = 0 since
p;({Y Cw:|XNY|=w}) = 0. If there exists X € F such that 3",cx pF+! <
oo but for all Y € F, ¥,y pf = oo then ps(F) = 0 since p;({Y C w :
Y N X|=w and Y ,cxny Pk = 00}) =0.

2) Consider the random variables

k .
) ifneX
{n(X) = { 0 otherwise °

Let £ = Y2 ,&:. The mean value E(§) = T2, pk»*!' < co. Therefore
p({X Cw:Tnexpir =00})=0.m

The next theorem characterizes filters having the Baire property.

Theorem 1.4 (Talagrand [T1]) For any filter F on w the following con-
ditions are equivalent:

1. F has the Baire property,

2. there ezists a partition of w {I, : n € w} into finite intervals such that
VXeFV°n XN, #0.m

Our first goal is to describe certain family of ps-null sets which will be
used to cover ps-measurable filters.

DEFINITION Set H C 2“ is called small with respect to the measure p; if
there exists a partition of w into pairwise disjoint intervals {I,, : n € w} and
a sequence {J, : n € w} such that
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1. J,C2h forn€cw,

2. HC{z€e2:3°nz | I, € J,.},

3. ps({z€2¥:3°nz [ I, € J.})=0.

Denote the set occuring in 2) and 3) by (I,,, J,)%,. Notice that by Borel-

n=1°
Cantelli lemma we can replace condition (3) by the equivalent :

3. Y w({z €2z [ I, € Ju}) < oo.

n=1
The following generalizes the theorem from [Ba).

Theorem 1.5 1. Every ps-null set is a union of two p;z-small sets,

2. There exists ps-null set which is not small.

PROOF: For completeness we sketch the proof of the first part. Fix p; for
some p = {p, : n € w} and let H C 2 be a pz-null set. The following claim
is implicit in [O].

Claim 1.6 p;(H) = 0 iff there exists a sequence {F, C 2" : n € w} such
that

1. HC{z€2¥:3®nz [ n€F,},
2. 2 u({z€2¥: 2z n€F,})<oo.

PROOF: The only difference between this and the definition of a small set is
that “domains” of F,’s are not disjoint.
« This implication is an immediate consequence of Borel-Cantelli lemma.
— Since ps(H) = 0 there are open sets {G, : n € w} covering H such
that p3(Gr) < 5= for n € w. Write each G, as a union of disjoint basic sets
ie.

Gn= J[sh] for n € w.

mew

Let F, = {s € 2" : s = s} for some k,l € w} for n € w. Verification of 1)
and 2) is straightforward. m

Using the above claim and the assumption that ps;(H) = 0 we can find
a sequence {F, : n € w} satisfying the conditions 1) and 2) of the claim.
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Fix a sequence of positive reals {¢, : n € w} such that 332, €, < 0o and let
gn)=pt-p3'-...-p;l forn € w.
Define two sequences {ni,mj : k € w} as follows: ng = 0,

mi4r = min{u > ng s q(ni) - Y ps({z €2° : 2 | j € F}}) < &},

i—u

[e o]
Mg = min{u > mepr : q(me) - D_ps({z €2Y: 2z | j € Fj}) <&},

i=u
and let
I = [ng,nk41) and I, = [my, mpyq) for k € w.

Let

s € Ji iff s € 2" and 3i € [miy1,nk41) 3t € F; s | dom(t) N dom(s)

t | dom(t) N dom(s).
Similarly

s € JLiff s € 2™ and 3i € [ng, miy;) 3t € F; s [ dom(t) N dom(s) =

t [ dom(t) N dom(s).

It remains to show that (Ii, Jx)52, and (I}, Ji)i2, are small with respect to
ps and that their union covers H. Consider set (Ij, Ji)52,. Notice that

ps({z€2:z [ I € Jk}) <

< ps({z € 2¥: 3 € [mry1,n141) It € Fi z [ [mpya, 1) =1 [ [Mi4a,9)}) <

nk+1—l

g(ni)- Y pi({z€2v:3teFizli=t}) <exn

i=mgq

Since Y22, € < oo this shows that the set (I, J,)3, is ps-null.
Analogous argument works for the other set. Finally we have that

H C (In,Jn)azq U (I, Jo )2

n=1"
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To see this suppose that z € H. Then theset X = {n€w:z[n € F,}is
infinite. Thus either

o0
Xn U [Mk4+1,nk41) is infinite or
k=1

o <]
X N J[nk, mi41) is infinite .
k=1

Without loss of generality we can assume that it is the first case. But it
means that z € (I,,J,)3%, because if z [ n € F, and n € [my41,nk41) then
by the definition of J there is t € J; such that = | [ny,niy;) = t. We are
done since it happens infinitely many times. m

2 Measurable filters

In this section we characterize pz;-measurable filters on w.

Theorem 2.1 Let F be a filter on w. Then F is ps-measurable iff F is
pp-small.

PROOF: « This implication is obvious.
— Let F be a pz-measurable filter. Fix a sequence {e, : n € w} of

positive reals such that Y52, 2" - ¢, < oo.

ForJC2<“let V(J)={z€2¥:3s€ J sC z}.

By 1.1 we know that F can be covered by some pz-null set H C 2v.
Applying 1.5 we can find two p;-small sets covering H. In fact as in the proof
of 1.5 we can find sequences {ni,my : k € w} and families {Ji,J} : k € w}
such that

1. ng < Mgy < Nggr < My for k € w,
2. Ji C 2lnkmksr) Ji C olmemits) for k€ w |
3. wp(V(Jk)) <ex, up(V()) <ex for ke w,

4. H C ([nkynq1), Je)ozy U ([me, miya), Ji)R2, -
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Now for k € w define
1
Sk = {t € 2[ﬂk»mk+l) . /l,;(V({s € 2[mk+1.nk+1) 1178 € Jk})) > ?} .

Notice that for all £ € w
1
e#p(V(Sk)) < #a(Ji) < €k hence
ps(V(Sk)) < 2% - .
Similarly if for £ > 1 we define

1
- {t € 2memae) ; u (V({s € 2™ - 57t € JL))) > 5;}

then p;(V(S})) < 2F - &
Thus we have three pz-small sets

H, = ([nka nk+l)a Jk)?:la

Hy = ([mk, me41), Ji)iz, and
Hj; = ([nk»mk)a S U 52)211

If F C H,U H; we are done since it is easy to see that it is a ps-small set. So
assume that there exists X € F such that X € H, but X ¢ H, U H3. Since
X € H, we have an infinite sequence {k, : u € w} such that

Yu € w X [ [nk,, k1) € Jiy-

Define for u € w
Uu = [mku+l’nk..+l) and
T, = {s € 2" : X | [k, mro41) 78 € Ji, 0r 87X | [y 41, Mius2) € Jg 1}

We have to check that the set (Uy,T,)3, is ps-small. Consider sufficiently
large u € w. Since X [ [nk,, "k, 41) € Ji, and X [ [ne,, Miy41) € Sk, U Sk,
(u is large) we have ps(V(T,)) < 27*.

Claim 2.2 F C (U,,T,)%,;.
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PROOF: Suppose that F is not contained in this set and let ¥ € F —
(Uy, Ty)Z.,. Define Z € 2“ as follows

u=1l-"

_J X(n) ifn € Uye, Us
Z(n) = { Y(n) otherwise

for n € w.

Notice that Z € F since X NY C Z. We will show that Z ¢ H; U H; which
gives a contradiction. Consider an interval I, = [npm,npy1). I m # k,
for every u € w then I, N U, Us =0 and Z | I, & Jp since Z | I, =
X | I, for such m’s. On the other hand if m = k, for some u € w then
X | I, € J, but by the choice of X Z | [ng,,mk,41) = X [ [nk,, Mk, +1) has
only few extensions inside Ji, (since X € H3). In fact if Z [ I, € J,, then
Z | [mky+1,Nk.+1) has to be an element of T,,. But this is impossible since
Z | [miut1,nke41) = Y [ [Miut1,nket1) € Tu for sufficiently large u € w.
Hence for all except finitely many m € w Z [ I,, € J,, which means that
Z ¢ H,. Similarly, using the second clause in the definition of H3 we prove
that Z ¢ H,. That finishes the proof since (U, T,)2, is a pz-small set. m

As a corollary we get:

Theorem 2.3 For any filter F the following conditions are equivalent:

1. F is ps-measurable,
2. there ezists a family { A, : n € w} such that
(a) A, consists of finitely many finite subsets of w for all n € w,
(b) UA. NU A, =0 whenever n # m,
(c) Tozapms({X Cw:a€AnaC X}) <o,
(d) VX € FI°n 3Ja€e A, aC X.
PROOF: 2) — 1) This implication is obvious.

1) — 2). Assume that F is a measurable filter. Then by the previous
theorem F C (I, J,)3, for some ps-small set (I, J,)3%,. Define for n € w

J.={s€Jo:Yue2 (s7}(1) Cu™l(1) > u € J,}.

Claim 2.4 F C (I,,,J;)%

n=1"
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PROOF: Suppose not. Let X € F — (I,,J.),. It is not very hard to
see that there exists a set X’ O X which does not belong to (I,,J,)%2,.
Contradiction. m

Identify elements of J, with subsets of I, and let
A, ={aCI,:ais C —minimal element of J.} for n € w.

Obviously F C {X Cw:3°n Ja € A, a C X} and the family {A, : n € w}
has properties a) — d). m

If a family {A, : n € w} has the properties a) — c) denote the set {X C
w: 3®°n Ja € A, a C X} by (A.)3%,. Characterization proved above
can be interpreted as follows: Filter F is p;-null iff there exists a sequence
of independent “tests” {A, : n € w} such that every element of F passes
infinitely many of them. Condition (c) is a necessary requirement for such a
set to have measure zero. Using 2.3 one can prove that

Theorem 2.5 Let F be a filter on w.

1. Let ps and p; be two measures such that p, < g, for all except finitely
many n. Then p;(F) = 0 whenever pus(F) = 0.

2. Let p; and p; be two measures such that F is nonmeasurable with
respect to both of them. Define r, = min{p,,q,} forn € w. Then F is
pi-nonmeasurable.

PROOF: 1) This can be showed be direct computation. A more sophisticated
but shorter is the following:

Suppose that p and § are two sequences such that p, < ¢, for n € w.
It is enough to show that for any set A = (A4,)%, , ps(A) = 0 whenever
ri(A) =0.

Let ¢ : P(w)xP(w) — P(w) be the mapping defined as p(X,Y) = XUY
for X,Y € P(w). Let

l_qn

=1]1-
™ l_pn

for n € w.

As in 1.2 we show that o= (u;s) = ps % ps.
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Since p4(A) = 0 we have that p; X p:(¢~1(A)) = 0. Therefore by Fubini’s
theorem there is set X C w such that

ps({Y Cw: XUY € (A)i,}) =0.

But {Y Cw: XUY € (A4A)2,} 2 (An),.

2) Suppose that X C w is an infinite set. Call X, F-positive if the family
F U {X} generates a proper filter.

If X is F-positive let

Fx ={XNnY:Y € F}
be a trace of F on X. We will use the following fact:

Claim 2.6 For every filter F and measure p; the following conditions are
equivalent.

1. F is ps-nonmeasurable,
2. Fx is psix -nonmeasurable for every F-positive set X C w,

3. there exists F-positive set X C w such that Fx is psx-nonmeasurable.

PROOF: 1) — 2) Suppose that psx(Fx) = 0 for some F-positive set X.
Then by 2.3 there exists pzx-small set A = (4,)%, C 2X which covers Fy.
Since A is upwards-closed it is easy to see that this set covers F as well and
is ps-small.

2) — 3) Obvious.

3) — 1) Suppose that Fx is ps x-nonmeasurable for some X C w. Notice
that

Fx % Qu—X CF.

That finishes the proof since p; = psrx X ppju—x. ®

Now we can finish the proof of 2.5. Suppose that F is nonmeasurable
with respect to measures p; and p;. Let r, = min{pn,,q,} for n € w. We
show that F is p;-nonmeasurable. Let X = {n € w: p, = r, }. Clearly either
X or w— X is F-positive. Without loss of generality we can assume that we
are in the first case. Applying the above claim and using the fact that p;x
and psrx are the same measures on 2% we get the desired conclusion. m
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DEFINITION Filter F is called rapid if for every increasing function f € w*
there exists X € F such that | X N f(n)| < n forn € w.

As another application we get a simple proof of the following result of
Mokobodzki.

Theorem 2.7 (Mokobodzki) FEvery rapid filter is Lebesque nonmeasur-
able.

PROOF: Let F be a rapid filter. Suppose that F is covered by a set of form
{X Cw:3°n Ja € A, a C X} where {A, : n € w} is a family as in 2.3.
Without loss of generality we can assume that for all n € w,

;;({ngzflae.a‘lnaCX})<2”+l

and that
max{max(a) : a € A,} > min{min(a) : a € A} for n > m.

In particular it means that no set in A, has less than n + 1 elements. Define
f(n) = max{max(a) : a € A,} for n € w and let Z € F be such that
|Z N f(n)| < n for all n € w. We immediately get that

Zg{XCw:3%n3a€ A, aC X}.
Contradiction. =

Before we go any further let us study the possible strenthening of 2.3.
For simplicity we work with standard measure on 2*. Suppose that (A,)32,
is a small set. Notice that for given n € w

. 1 1
p{X Cw:Ja€e A, aC X}) < D o~ > e T

a€An a,b€EA

Therefore it is natural to ask whether condition (¢) in 2.3 can be replaced by
the condition
DI
= < 00
n=1a€An 2|a|
or in general by

> ¥ IIn< oo

n=1a€A, i€a
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Surprisingly the answer turns out to be negative — the following example was
found by M. Talagrand ([T3]).

Theorem 2.8 (Talagrand) Assume CH. There exists a measurable filter
F such that for every sequence {J, : n € w} of finite subsets of w satisfying
1

Z 2lJn|

n=1"

< 00

there exists X € F which contains no set J, for n € w.
PROOF: Let us start with the following observation:

Lemma 2.9 Let I be a finite set of size 2n for some n € w and let A\j be the
counting measure on the set Z(I) = {I' C I : |I'| =n}. Suppose that C is a
subset of I. Then

M{IeZ():CcIy< §|lc‘|

PROOF: Suppose that |C| = m. Then the left-hand side is equal to

2n—m
n—m

2n
n

Lemma 2.10 Let {I, : n € w} be a sequence of pairwise disjoint subsets of
w each of them having even number of elements. Suppose that {J, : n € w}
is a sequence of finite subsets of w satisfying

)SOH(m)=2n—-m 2

H(m) = (

> o)

1
Zm<00.

n=1

Then for n € w there are sets I}, C I, of size |I,|/2 such that U,¢, I}, contains
no set J, forn € w.
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PROOF: Provide Z(I,,) with the counting measure A\j, and P = [],¢., Z(I,)
with the product measure A = [],¢, A1,. Using lemma 2.9 we get that for
every k € w

M{:newyeP: S ULY) <] M({Ih € Z(1,): HNI, CI}) <

ne€w ne€w

1 1
= ':'I;'[, AInndy| = 21| ”

Therefore

M{{ILinew)eP:Vhewdig JI}) 2 H(l—ﬁ)>0.
kEw

new
In particular the set of sequences we are looking for has positive A-measure. m

CONSTRUCTION OF THE FILTER
Let {Ix; : k,l € w} be a family of pairwise disjoint sets such that |I; ;| = 2F
for k,l € w. Let {J¢ : n € w,€ < w;} be an enumeration of all sequences

such that
=1
> <l
9IS

n=1

Construct by induction a sequence {X; : £ < w;} of subsets of w such that:
1. J§ ¢ Xeforn € w,é <wy ,

2. family {X,, : n < £} has finite intersection property for £ < wy ,

3. for every { < w; and ny,...,7. < { there exists a sequence of natural
numbers {aj : k¥ € w} such that limy_ o ax = 00 and |X,, N---N X, N
Iyl > ai for l € w.

Notice that it is enough to finish the proof: let F be the filter generated
by the family {X, : £ < w,}. Clearly F avoids every small set (.4,)%%, such
that 322 .4, 2719 < 00. Moreover F is null since F is contained in the
set

{(XCw:IkewVliewXnI, #0}

which is null.
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Therefore assume that {Xj : 8 < a < w;} are already constructed. Order
those sets in order type w say {Y,! : n € w} and define

Y,=Y/Nn---NY, for n € w.

By the induction hypothesis there are sequences {a} : k,n € w} such that
limy_, a} = oo for n € w and |Y, N Ii | > a} for k,l,n € w. Find a sequence
{kn : n € w} such that lim,_,, a} = oco. Let

knt1

Xn=YnﬂU U I for n € w.
l€w j=kn

Let X! = Upeo Xn. Now apply 2.10 to the sequence {J* : n € w} and
partition {X; N Ii; : k,l € w} to get a sequence {I};: k,l € w}. Let
Xa = U IL’I.
k,Ew

Verification that X, is the element we are looking for is straightforward:
clearly X, intersects every set Y, and avoids the sequence {J% :n € w}. m

Theorem 2.11 Every ps;-measurable filter extends to a ps-measurable filter
which does not have the Baire property.

PROOF: Let F be a measurable filter. By 2.3 we can find a family {4, : n €
w} such that F C (A4,)2,. For X Cwlet Ax ={n€w: Ja€ A, aC X}.
It is easy to see that the family {Ax : X € F} has finite intersection property.
Let G be any ultrafilter (or filter which does not have the Baire property)
containing this family. Define

H={X Cw:Ax €G}.

It is not very hard to see that the filter H has required properties. m

3 Intersections of filters

This section is devoted to the problem of measurability of the intersection of
family of filters. Let us start with countable case.
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Theorem 3.1 (Talagrand [T1]) Intersection of countably many nonmea-
surable filters is a nonmeasurable filter. m

Theorem 3.2 (Talagrand [T1]) Intersection of countable family of filters
without the Baire property is a filter without the Baire property. Martin’s Az-
iom implies that intersection of less than 2% filters without the Baire property
does not have the Baire property. m

Surprisingly the second part of the above theorem does not generalize when
category is replaced by measure. In fact we have the following:

Theorem 3.3 (Fremlin [F]) Assume Martin’s Aziom. Then there ezists a
family of Lebesgque nonmeasurable filters of cardinality 28 such that every
uncountable subfamily has measurable intersection. m

The next theorem shows that the above pathology cannot happen if we as-
sume stronger measurability properties.

Theorem 3.4 Assume Martin’s Aziom. Let p; be a measure such that
lim, oo pn = 0 andlet {F¢: € < X < 2%} be a family of p;-nonmeasurable
filters. Then

() F¢ is a Lebesgue nonmeasurable filter.
139

PROOF: In fact we show that N¢<) F¢ is p4-nonmeasurable for any sequence
g such that limp o 2 = co. Let § = {¢» : n € w} be a sequence satisfying
the above condition and let (A,)32, be any p4-small set. For given X C w
let (A, — X)), = ({a— X :a € A, })2,. Notice that if X € (A,)2, then
(An — X)2%, =27,

Define by induction sequences {X¢ : £ < A} and {p* : ¢ < A} C R“ such
that

1. Xee Fpforn <€ <A,
2. X¢— Xy is finitefor § <p < A

3. pp=p)<pt < 30} < g, for n < € and all but finitely many n € w,
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4. limpooo & = 00 for £ < A,
5. ppe((An — Xe)nzy) =0 for £ < A.

It is easy to see that it is enough to finish the proof: by 1) and 2) X €
Ne<r Fe and X € (An)32, by 5) and the remark above.

Suppose that {X : £ < a} and {p : ¢ < a} are already constructed and
satisfy conditions 1) — 5).

CASEla=+1

Let ¢ : 2¢ x 2¢ — 2 be defined as ¢(X,Y)(n) = max{X(n),Y(n)}.
Notice that p(X,Y) is essentially the same as X UY.

Define p =1 —4/1 —pg for n € w and let v be a measure on 2¥ x 2¢
defined as piga X ppa. As in 1.2 we show that

v =" (uss)-

Since by the induction hypothesis pzs((A. — Xp)iz;) = 0 we have that

n=1

v(p ' ((An — Xp)2;)) = 0. We also have that Fp is pza-nonmeasurable

because for almost every n € w p, < %pﬂ <1-—y1- p?. Therefore by
Fubini theorem there exists X € Fz such that

pe=({Y Cw: p(X,Y) € (A — Xp)aL1}) = 0.

Let X, = XgU X.
By the above remarks we have pza((A, — Xa)32,)) = 0. It is easy to
check that other conditions are satisfied as well. '
CASE 2 a is a limit ordinal.

For this case we use Martin’s Axiom: first we construct a sequence p*
satisfying 3),4) and 5) and then X, satisfying 1) and 2).
Let P be the following notion of forcing:

P={(s,k,H):s€ Q“,k €w,H € [a]< &
min{p¢, : £ € H}

m

VYm >k > lh(s)}.
(Q is the set of rationals). For any (s,k, H),(s',k’, H') € P define
(s, b, HY < (s, K, H)Yiff ' Cs& kK <k& H CH& foralln>Fk
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Ih(s') - p, < 8(n) < min{pf : ¢ € H'}.

One easily checks that P is ccc. Define for ¢ < a D¢ = {(s,k,H) : £ € H}.
It is easy to see that these sets are dense in P. If G is a filter which intersects
all of them define

/
p=U{s:(s,k,H) € G} andpﬁ:—zlfornew.

It is not very hard to check that this is a sequence we were looking for. Now
we construct X,.

By the induction hypothesis we know that pze((An — X¢)3%,)) = 0 for
€ < a. Therefore by 2.5 pja((An—Xa)32,)) = 0 for £ < a which is equivalent
to Yol ppe({X Cw:da€e A, — X aC X}) <oofor€ <a.

Using Martin’s Axiom find 32, €, < oo such that

VE<aV°n pspa({X Cw:3a€ A, — X¢ a C X}) <eé,.
Let Q be the following notion of forcing:
Q = {{{nay, Xa1)s (Nazy Xaz)s- -y (Rags Xy )}k Ew & s <afori<k &

foralln € w pse({X Cw:3a € A — (|J(Xai — nas) a C X}) <en})}.
i<k
For p,q € Q define p < qiff p D gq.

Claim 3.5 Q is ccc.

PRrROOF: Let W C Q be an uncountable family. By “thinning out” we can
assume that there are k,n,,...n; € w such that every element of W is of
the form {(ny,X4,),...,(nk, Xq,)}. Observe that for every X,,,...,Xq,
there is n € w such that {(n, Xa,),...,(n, Xa;)} € Q. This is because sets
{Xp : B < a} form an increasing sequence.

Since W is an uncountable antichain we can find a number n € w and two
conditions {(n1,Xa,),...,(nk, Xo,)} € W and {(n1,Xpg,),...,(nk, Xg,)} €
W such that {(n, X4,),...,(n, Xa,), (7, Xg,),---,(n,Xp)} € Q and

n N J(Xe = nai) =n 0 (J(Xp — ng,).
i<k i<k
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Thus conditions {(ny, Xa,),-- -, (nk, Xa, )} and {(n1, Xp,), ..., (nk, Xp,)} are
compatible, which finishes the proof. m

Let Di = {p € @ :3n € w (n,X¢) € p} for £ < a. It is easy to see that
all sets D¢ are dense in Q. Let G be a filter intersecting all D;’s. Define
Xo=H{X¢—n¢:3p € G (ng, X¢) € p}.
Verification that X, satisfies conditions 1) — 5) is straightforward. m

Notice that if the family of filters is countable we do not need Martin’s
Axiom. Using the same method we can prove Talagrand’s theorem from the
first section.

Corollary 3.6 (Talagrand) Let {F, : n € w} be a countable family of
pp-nonmeasurable filters. Then

() Fx is a ps-nonmeasurable filter.
new

PROOF: Let (A,)32, be any us-small set. Construct a sequence {X,, : n € w}
as in the proof of 2.4 for measures p;,, m € w where pI* =2""p, for n,m € w.
Set X, will witness that MN,¢, Fn is not covered by (A,)3%,. Use the fact
that F, is psm-nonmeasurable for n,m € w [T1]. m

Therefore, if we have Martins’s Axiom countable case generalizes to un-
countable provided we have little bit stronger measurability hypothesis.

4 Filters which are both null and meager

This section is devoted to filters which are both null and meager. Let F be a
ps-measurable filter. By 2.3 F can be covered by some pz-small set (A,)32;.
For X € w define supp(X) ={n €w:3a € A, a C X} and let

F* = {supp(X): X € F}.

Notice that the definition of 7* makes sense only in presence of some covering
(An)2, of F. It is easy to see that F* is a filter which is a continuous image

of F.
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Lemma 4.1 If F is ps;-measurable and F* has the Baire property then F
can be covered by a ps-null set of type F,.

PROOF: Suppose that F C (A,)22,. If F* has the Baire property then using
theorem 1.4 we can find a partition of w {I, : n € w} such that

VXG.'F*V“nXﬂIn#@.

As a consequence we get

FcU N U {XCw:dae A ac X}

n€w m>n k€lm

The above set is a p;-null set of type F,. m

Corollary 4.2 Every Borel (analytic) filter can be covered by a null set of
type F,. m

Notice that if F can be covered by a null set of type F, then F is measur-
able and has the Baire property. The next theorem shows that the converse
does not hold. For simplicity let us work with Lebesgue measure.

Theorem 4.3 Assume that there exists a nonmeasurable filter having the
Baire property. Then there exists a filter which is both null and meager but
cannot be covered by a null set of type F,.

PROOF: Let us first notice that the existence of nonmeasurable filter having
the Baire property follows from Martin’s Axiom but it is not provable in
ZFC. (see [BGJS)).

Let G be a nonmeasurable filter with the Baire property and H any filter
without the Baire property.

Let {I, : n € w} be a partition witnessing that G is meager. We can
assume that |I,| > n for n € w. Define

F={XeG:{new:I,C X} € H]}

It is very easy to verify that F is a filter, F is meager since ¥ C G and
F is null since F C {X € w: 3®°n I, C X} which is null. We will show
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that F cannot be covered by a null set of type F,. Let K C 2“ be such a
set. First find an increasing sequence of closed sets {C,, : n € w} such that
K CUnew Cr and p(Cy) = 0 for n € w. Now for n,m € w define

Cr={se2™:[s)nC, #0}.

Let {kn : n € w} be any sequence of natural numbers such that

oo

> 2kn -p(V(Ck,,,)) < oo.

n=1

Define for n € w
U, = [kn, kn+1) and

Tn={se2U»;3teC,:‘"“s[U,,:t[U,,}.

From the above definitions easily follows that
KC{z€2:V°nz[U,€T,} C (UnTn)ots

and that the set (U,,T,)3%, is small. Without loss of generality we can also
assume that
Vne€wdiImewl, CUn.

Since G is a nonmeasurable filter we can find X € G — (U,,T,)%,. Using
theorem 1.4 and the fact that H does not have the Baire property we can
also find an element Y € H such that for some infinite set S C w

® ULnUU.=0.

neY nes
Let
Z=Xu | I.
neY

We will show that Z € F — K which finishes the proof since K is an arbitrary
F, set. Obviously Z € F and Z ¢ {z € 2¥ : V°n z | U, € T,} because of
(%) and the definition of X. m
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