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RESTRICTION THEOREMS ON
WEIGHTED SOBOLEV

SPACES OF MIXED NORM

Abstract

By similar methods as Calderén [1] and Stein [10], we prove some
restriction theorems on weighted potential spaces when the weight
satisfies Muckenhoupt’s A, condition. We then construct potential
spaces of mixed norm and find that mixed norm potential spaces are
indeed a natural object in the study of restriction theorems. With the
help of mixed norm spaces, we obtain a better version of restriction
theorem.

§ 1. Introduction

In this paper, we discuss some restriction theorems on potential spaces.
S will always denote the Schwartz space and C' denotes various positive
constants which may differ even in the same string of estimate. If v is a
multi-index, v = (11,72,---,7s) € Z}, we will denote 3-7_, v; by | 7 | and
D7 = (&) (%)™ By ¥ = 7° wemean v; > 9% for all 1 < j < n.
Moreover we write v > 4° if ¥ > 7° and v # 7°. Let @ be a cube (or ball).
Then CQ will always denote the cube (or ball) with same center as @ and

C times its edgelength (or radius). If 1 < p < oo, we will let p' = p/(p — 1).
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We write w € A, when w satisfies Muckenhoupt’s A, condition [7].

f € L2(IR"), we mean f is L? integrable with respect to the measure wdz.
Moreover, for 1 < p < oo, L% ,(IR") denotes the space of functions having
weak derivatives of all order @, |a| < k and satisfying

15y oey= 2 1D Flgg gy = 3 ([ 1 D7F 1P dw)'/r < oo

o<|vI<k o<|vI<k

where D" f is the weak derivative of f of order 7.
Following E.M. Stein [9], we define for each a > 0 and z € R™,

Gan(z) = (47)0/?

1 b 2 dé
—|z|?/6 -6/4"5—("'_0‘)/2—-. 1.1
T(e/2) Jo © ¢ 5 (1)
We will write G, = G,,» when there is no danger of ambiguity. For any
a>0and f € L2(R"),1 < p< oo,w € Ap, we can define

Jolf) = Jan$ = {30 X670

Next, following N. Miller [6], we have the following definition of weighted
potential spaces.

Definition 1.2 Let 1 < p < 00, w € 4,, @ > 0. We write L%, ,(R") =
Jo(L(R") with norm (111, = llll g g i€ £ = Jag. *

Note that this deﬁmtlon is Just the weighted version for potential spaces
L? ( see [9, Chapter V, section 3] or [1] ). A.P. Calderén [1] proved that
Theorem A Letl < p<2and a > (n—m)/p. If f € L2(R") and R™
is an m-dimensional subspace of R"™, then f coincides almost everywhere on
IR™ with a function in L{H(R™) where B = a — (n—m)/p. The restriction of
f to R™ induces a continuous mapping of LE(R") to LH(IR™).

Later, E.M. Stein improved Theorem A by showmg that the restriction
mapping is indeed a continuous mapping of LP(IR") into certain subspace
of LE(IR™) (see [10]). Our purpose is to extend Theorem A to weighted
potentlal spaces when the weight satisfies the Muckenhoupt A, condition.
First, we state some simple facts on weighted potential spaces in section 2.
Then we prove some restriction theorems on weighted potential spaces in
section 3. Finally, we establish potential spaces of mixed norm and discuss
restriction problems on mixed norm potential spaces. With the help of these
spaces, we improve results in section 3.

10ne could also define weighted potential spaces when p = 1 and w € A;; see [8].
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§ 2. Weighted potential spaces

In this section, we collect some elementary facts for easy reference. Most of
the fact stated in this section can be found in [8], [6] or [3].
First, let us state some simple properties from [9] and [1].

Proposition 2.1 For each a > 0,
(a) Ga(z) € L'(R™),
(b) Ga(z) = (1 + 472|z|2)~2/2 where G, is the Fourier transform of G,
(¢) Go is radial and decreases as |z| increases,
(@) |Ga(z)] < C/|z|* for all z € R*, a < n,

-nta

(¢) Ga(z) = 5=+ o|z|7"**) as |z| — 0.

Next, we will state a well-known lemma; see for example, Theorem 9.17
in [12].

Proposition 2.2 Let k(z) be nonnegative and integrable on R™ and suppose
k(z) depends only on | z | and decreases as | z | increases. Then for all non-
negative measurable functions f,

1 % k() £ CIl gy £7(2)

with C independent of f and k. Here f* is the Hardy-Littlewood mazimal
function of f.

It follows from these two propositions that J,(f) is well-defined for f €
L?(R™) when 1 < p < oo, w € A,, since

1Ga* £l < Clf*ll,y < CllAl, (2:3)

by [11, Theorem IX.4.1]. Note that C' is independent of a as ||Gaf|,, = 1.
Thus, indeed J,(f) € L2 (IR").

Next, let us state a fact from [4] about singular integrals.

Proposition 2.4 Let K be a real function which satisfies the following three
properties:

(a) | K|, <C (K is the Fourier transform of K .)

() |K(z)| < C/lz|"
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(c) |K(z) — K(z —y)| < Clyl/l=["*'  for [y| < |zl/2.
Ifwe Ay and 1 < p < oo, then

1K % Fll gy gy < Ol g gy for £ € LE(RY).

The following lemma is indeed a consequence of the proof of Lemma 2 in
[9, Chapter V] . The reader can also find the details in [3].

Lemma 2.5 There exists a finite measure p on IR™ such that its Fourier

transform is
2r|z|

H = (1 + 47r2|$|2)l/2'

Moreover
||;4=|=g||L5 < C||g||L5 ifl<p<ooandw € A,
The next two facts can be found in [8] or [3].

Proposition 2.6 Let1 <p< oo, w€ Ap and a > 1. If f € L5, ,(IR") then
fs 3% € L%, ,_1(IR") for all j. Moreover,

0
ey, + X5y SOl

Theorem 2.7 If k is a positive integer and 1 < p < oo, w € A,, then
L: (R") = L7, . (IR"). Moreover, their norms are equivalent.

§ 3. Restriction theorems

Let ¥ : R*™! - R and @ = {(z,9%(z)) : z € R*'}. By a weight w, we
mean a non-negative locally integrable function on R". By abusing notation,
we will also write w for the measure induced by w. Sometimes we write dw
to denote wdz. Let w be a weight in IR*™'. We denote L2(f2) to be the
collection of all functions f on 2 such that

1l g0 = (f.os 1@ (@) Pu(e)da) 7 < co.

Bn—l
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Moreover, let ¥ € C*(IR*!) and D7y are Lipschitz continuous for all
7, |7l £ k —1}. Then we said a locally integrable function f on Q has a
weak derivative of order 4, |y| < k, if there is a locally integrable function
(denoted by D7 f) such that

[ -, fe p@)De(e,b(@)de = (~)M [ D7 f(z,$(=))els, ¥(=))dz

for all ¢ € C§(R). Also, we let L% ,(R2) be the space of functions having
weak derivatives of all order v, |y| < k and satisfying

Iy = 2 10"l gy <
<|vI<k

Now, let us give a sufficient condition for restriction theorem on weighted
potential spaces.

Theorem 3.1 Let 1 < p < 0o and let w € Ap(R"), wy € A,(R™"). Sup-
pose that 1 : R*! — R is continuous. Furthermore, assume that there ezist
a,a* € R, a < a* and C;,C; > 0 such that for § > 0 and z,y € R*?,

o -1/(p-1)
/ e~ 1¥(2)-€2/6 (M) dt < C16%% + C6°°12. (3.2)
- w1 (y)

If f € £, ,(R"), > max(1 - 7;7,0), then f coincides almost everywhere on

Q= {(z,¥(z)) : = € R*'} with a function in L2 (). The restriction of f
to Q induces a continuous mapping of L%, ,(R™) into L%, ().

Proof First note that by Minkowski’s inequality and (3.2), we have

(/_: Ga(z —y,¢(z) — £)” (QZEIL(’:))') -1/(p-1) d{)l/p’

00 i\ dé
—mlz—y|2/6 —6/47% c(ax—n)/2( £a /2D’ a*/2p
<cf e gl (g 4 otl3) 2
= CGpn-1(z —y)+ CGpe n1(z — y) (3.3)

where 8 = a—1+a/p’ > 0 and B* = a—1+a*/p’ > 0. Now, given
fecLr (R"),let g € LE(IR™) such that f = Go * g. Then

Fed@) = [, [ Golz ~1,9(=) ~ Osly, )dédy, = € R™.
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Now let G = Ggn_1 + Gg+ n-1. Note by Holder’s inequality, (3.3) and (2.3),
s [ Gale = 4, 9(2) — O)lo(w, €)ldedy)Pun (2)do)

pw(y7€) 1/p
< (Lo AL LU lswel PRI
P w(y7€) /) l/p’ P (z xl/p
(7 Gala = vot) = 7 (22E) gy g o))
< O [ 1000 O 20 L dep G~ )l g

< O 1ot OF Al oy = ol ey

This concludes the proof of the theorem.
Remark 3.4

(a) The conclusion of Theorem 3.1 involves a but not a*. It shows that the
behavior of the integral of (3.2) as § — 0 is more important. When
6 — oo, we need only to assume that the integral does not grow too
fast. Indeed, we could even allow the integral to grow exponentially as
0 — oo; we could replace (3.2) by

-~ -1/(p-1)
/ e~ [¥(2)-€1%/6 (w(y’é)) d¢ < C16°% + C,6%"/265%8
—o00 wl(y) B

for some C3 < p'/4r with a,a*,C},C; as in (3.2).

(b) (3.2) holds for some @ < 1 when @ = R™! and w(z,y) = w;(z)w,(y),
z € R,y € R,w; € A,(R). For the details, see [3] or the proof of
Lemma 4.20.

(c) In the case w = w; = 1 and @ = R™!, we observe that a = 1 in
the previous theorem, and hence the restriction of functions in £2(IR")
induces a continuous mapping of £%(IR") into LP(IR*~') when o > 1/p.
This is indeed just a partial result of Theorem A in the introduction.

Unfortunately, under the assumptions of Theorem 3.1, we do not know
whether the restriction of £, ,(IR") functions is in £, ../, () as in the
case when w = w; = 1. However, if a + a/p’ — 1 > k for some k € IN, we
have the following theorem.
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Theorem 3.5 Under the assumptions of Theorem 3.1, assume further that
a—k > max(1—a/p',0) for some k € N and ¢y € C*(IR*!) with |D"yp| < M
for all |y| < k. Then for f € L%, ,(IR"), f coincides almost everywhere on
Q with a function in L%, ,(Q). Moreover, the restriction of f to Q induces a
continuous mapping from L%, ,(R") to L%, ().

Proof We will only prove the theorem for £ = 1. Thus, suppose that
—1> max(1 — a/p’,0). Let us define the restriction of f € L}, ,_,(IR") by

Ri@) = [, [ Gans(e—y,9(z) - Ogly, )dedy for = € R™

where J,-19 = f.
Claim:

ORf _ pOf 0% p0f

e Bz, 6 6zn forall1<i<nand f € L5, (R").

First note that the claim is clearly true when f € S. In general, if f €
L%, ,(IR™), let us choose { fn} C S with fn — f in L5, ,(IR™) and hence 5= —
51- in £}, ,_;(IR™) by Proposition 2.6. Note that since —L € L}, ,1(IR") and
a—1 > max(l — a/p,0), we have R;;L‘ € Lz, (R™") and R%:L‘ — Rgé— in
Lz, (R™) by Theorem 3.1. Note that g—;{,— is bounded by hypothesis, it is now
easy to see that our claim holds.

Hence,
"Rf"L:;l,l < C E IID”f"L, 1(l{n)‘

<1

This completes the proof of the theorem.

Remark 3.6 For the case w(z,y) = wy(z) x wz(y),z € R**,y € R* such
that wy € A,(R"*) and w, € A,(IR¥), better results are obtained in the
next section.

§ 4. Potential spaces of mixed norm

In this section, we define Sobolev spaces of mixed norm. To simplify the
notation, we will only define mixed norm with two variables. However, one
can easily extend the ideas to mixed norm of [ variables, [ € IN.

639



Definition 4.1 Let p = (py,p;), k = (ky, k2) and let 2 = (ny,n;) with n =
ny +ng. Also let w(z) = wi(x1) X wa(x2) = = (71,72),21 € R™, 25 € R™.
Then L? . _(R") will denote the space of functions having weak derivatives
of all order v = (y1,--,7n) such that

Nt o+ T Sk Yt S ke (42)
and satisfying

— Yy
”f”Lii . (R") - Z "D f”Lg(]Rn) <

w,k,# 'yel"(fc,ﬁ)

where T'(k,7) is the collection of all v which satisfies (4.2) and
2 —
”D f"Lg(]R") - ( ]R"2( R™

It follows from the proof of Theorem 3.1 in [2] that C§°(IR™) is dense in
L%, . (R™). We will now show that C§°(IR") is also dense in Sobolev spaces of
mixed norm.

|D"f|p’ dwl)”’/”’ dwg)l/”2.

Proposition 4.3 Let .k and 7 as above. Assume further that 1 < p; <
oo, w; € Ap,(R™). Then C5°(IR") is dense in L? . _(R").

Proof Let f € Li J-c,ﬁ(]R"), by repeated applications of Lebesgue’s dominated
convergence theorem, observe that given any € > 0, there exists a compact
set K such that

1A,

Revi) = ©

w,k, i

Next, let ¢ € C§° such that x, < ¢ < x,, where K’ = {z € R" :
dist(z, K) < 1}. Moreover, let us assume |D"¢| < M for all v € T'(k,#).
Let po = max{p;,p:} and Po = (po,po). Now, let us choose ¢ € C$ such
that ¢ is radial, nonnegative, decreases as |z| increases and [g» ¢ = 1. Then

by standard arguments (see for example [2]), we have
pexf— fin L* (K') as t—0
where p; = t~"p(z/t). Hence there exists ¢t > 0 such that

leerF =l oy SCllect F=1llpy ) S

w,k,f w,k,R
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Hence for such ¢,

o x 13— £,

. _(R")
w,k,i
< Meex NP =Tl oy TP =Fls
w,k, it w,k,it
< CcM ~ CM s e
= ”90t * f f”Lﬁ,,"g’ﬁ(K') + "f”Li,i,,ﬁ(Rn\K) S LeE

This concludes the proof of this proposition.
Let & = (a1, 2) and 7t = (n1,n,). We define

G&.ﬁ(m) = Goym (xl)Gaz»nz(x2) where z = (x17$2)axl € IR™,z; € IR™.

(See (1.1) for the definition of Gy, ;. )
For simplicity, from now on, in most cases, we will assume n = 2, n,
ny =1 and & = (a1, a2). We now write G5 instead of G5 7 and define

G(,, * f(:t) if ay, g > 0,

o _ ) f(=) ifag =a; =0,
Jaf(z) = Janf(z) = JRGay (21 — ;l)f(yl,xz)dyl ifa; =0,a; >0,

JRGaz (22 — y2) f(21,y2)dys if a1 = 0,00 > 0.

Next, let w = w; X wy,1 < py,p; < o0 and w; € Ap(R) for 2 = 1,2.
Recall that by f € L? (R?), p = (p1,p2), we mean f is measurable on IR? and

”f"L.";, = (/(/ | f(z1, zz)lplwl(xl)dxl)p'*‘/plw2(1;2)dx2)1/1>2 < 00.

The following lemma is an easy consequence of (2.3) and Minkowski’s

inequality.
Lemma 4.4 Let aj,az; > 0 and let p;,w; be as above. Then
5 (TR2
”J&f”L& ..<_ C”f"Lﬁ Vf € qu(IR )
where C' is a constant independent of & and f.

Lemma 4.5 If f € LE(IR?),1 < p; < oo,w; € A, and ¢ € S(IR?) then
fe € L'(R?).
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Proof By Holders inequality, it suffices to show that S C L? when u =
Uy X ug, with u;,us doubling weights in IR. First, note that there exists
Co > 0 such that 4;(2Q) < Cou;(Q) for all intervals @ in R, : = 1,2. We
now choose m such that Cy < 2™? for : = 1,2. Observe that if p € S, then
there exists A > 0 such that

A A A

|za|™" faa | a2l |za|m

l¢(x1, z2)| < min(4, )-

Hence,

lellz
An

< C AP du, P27 g C/ / du.)P2/P1 g
/|-‘”2|<1(/Ir1|<1 u) P EC Ui T @) 7 i
An
+ C/ / —  duq )Py
entUreza Talfeapyres )

C/ / An du.)P2/P1 g
(7 2/P1 u
|z2|<l( |z1]>1 |z1|mp1 1) 2

< oo0.

We will only show that

1
I= ———du; < oo.
=121 |24 |™P1

To see this, let @, = {x € R : |z| < 1}. Then

I < 1L Ck+t
- kz=% 2mp1k /;k+1 Q1\2%Q; duy < 2 2mp1kul(Ql)
Co \*
S COZ: 9mp; U(Ql) < 00.

Next, we also have

Lemma 4.6 If g1,9: € LE(IR?),1 < p; < oo, w; € Ay, and Jzs91 = Jsg; for
some &, then g = gy a.e..

Proof First let 1,2 € S(IR), observe that
//(Jagl(wl, r2))p1(x1)p2(z2)dr d2
= //91(331, £2)Ja, P1(21)Ja, p2(z2)dz1dT,
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and
//(J&yz(wla32))<P1($1)<P2($2)da:1da:2
//92(1'1,-"«'2)Ja1<P1($1)Ja,<p2(a:2)dxldz2.

Hence for almost every z,,

/yl(ml,zz)Jm‘Pl(zl)dwl = /gz(xlasz)Jal‘Pl(wl)dxl

since J,,S(R) = S(IR) (see for example [9]). Thus g, = g2 a.e..

We can now define potential spaces of mixed norm.

Definition 4.7 Let 1 < p; < oo, w; € Ap,a; 2 0 fori = 1,2. We write
£, 5 a(R2) = L5,(R) = Jo(L5(R) with norm |Ifll, = llgll, if =

J ag-
Let us state some simple properties regarding mixed norm potential spaces.

Proposition 4.8 If1 < p; < oo and w; € Ay, fori=1,2, then
(“)‘Cfp,ig C LF 5 and ||f||£i5 < ||f|| if a; < B; for all 1,

(b) J; is an isomorphism of£ to ‘C:;, T

Next, similar to Theorem 2.7, we have

Theorem 4.9 If k; € Z,;,1 < p; < oo, w; € Ay, for i = 1,2, then ACf“-c =

qu ;- Moreover, their norms are equivalent.

First, similar to Proposition 2.6, we have the following lemma. Note that
the proof can be done in a similar way as [10, Lemma V.3], using the fact
that the Riesz transform is bounded on L?, if w € A, and using Lemma 2.5,
Minkowski’s inequality and Propositions 2.4 and 4.3.

Lemma 4.10 Let 1 < p; < oo,w € Ap. If f € LL ;(R?), then 2L 2L e

ACw'(al_l a2) when a; > 1 and af € ‘Cw,(a, a2—1) when ay > 1. Moreover,

2

w (a1,a2-1)

1521,

w,(a3 —-1,a2)

+l52 <Clfll,y -
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Proof of Theorem 4.9 Applying Lemma 4.10, we note by induction that
it suffices to show that if f € L” then f € E” and ||f|| C||f||L§ .

w,k
Let us choose s1,s3 € Z such that k; < 2s; and let ;= 23. - k, for: =1,2.
If # = (ry,72), then

ID?I(D" ), <CIDfll, <CIfll,, for B<Fand7y< k. (4.11)
w w w"-‘

Next if a; < 2s;, let us choose 8 < 7,y < k such that B+ = a. We claim
that D*J;(f) = DPJ:(D"f) (as distributions) for all f € L? ;. The claim is

clearly true when f € S. Since S is dense in Li ;> We can prove the claim by
taking the limit and using (4.11).

Next

< Y CalDAl,

a1<2s1,02<2s2

< X IDPED DI, <CIl,, - (4.12)

B<F,v<k

Finally, let us observe that if f € L ,(IR"), then Ji(1 — (azl) (1 —
( ) )*2J;:f = f a.e.. This is clearly true if f € C$°. In the general case, let

us choose a sequence { f.} in C§° such that f,, — f in L” ;and f — fae.
Then by (4.12), the conclusion follows. This concludes the proof of Theorem
4.9.

It follows from Theorem 4.9 that £, ., C ol (k1 k») When B = (p,p)
and ky, k; € Z,. Moreover, we also have the followmg theorem.

Theorem 4.13 Let p = (p,p),w = w1 X wp and 1 < p < oo,w; € A, for
i=1,2. Then L%, 4,44, C LY, (01— az—eq) JOT QMY €1,€2 > 0.

Proof Let f = Ja 40,9 With g € S. Then

flzi,22) = (1447 (Jerf* + |zl?) 1+ 2g(zy, 25)
= (14 472z, |?)~@=a)/2(1 4 4x?|z,|?)~(02—=2)/2
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472|z,)?

2 2\-e1/2 -a1/2
(14 4r%|z,)%) 1+ Tr e 47r2|1'1|2) X
_ 4rd|zy|? | _on)2-
(1 + 4n?|zo|?)~2/2(1 + 1+47lr—2i:L2|2) /2§(zy, 72).
We now let
K' = (1 4 2 2\—-&1/2 1 47r2|.'l,'2|2 )—011/2
1(z1,22) = (1 + 47°|z4 ) ( +im )
and PRI
% _ 2. 12\—£2/2 |2y —aa/2
Ka(21,22) = (1 + 47%|as)) /%1 + m) el

Then as in [1, pp 41-43], we have (note that we may assume a;, a; < 2)
Ky(z1,23) < Ce 17212725 min(|z4| 2, |z4]7?)
and a similar estimate for K,. Thus if & = (a1 — €1, a2 — €2),
f=Ja(K1*(K;+g)) VgeS.
Let us note that
sy s (Kar o), < CllEsx Kaxgl, < CliKaxgl, < Cllgl,,. (414)
To see (4.14) holds, let us just demonstrate why || K * g|| L8 < C||g|| he

rest of the proof of (4.14) are about the same. First observe that for each
y2, Hi(y1,y2) = 7191127 x|y,|* min(y1|~2, |yz|~?) is radial, nonnegative and
decreases as |y;| increases, we can apply Proposition 2.2 and Theorem IX.4.1
in [11] to see that

| f K 2)a(c = v, 22 = )l
< Ol lgt2n =l
< Cemlallm|y, |- g (-, 25 — y2)ll g, -
We now apply Minkowski’s inequality and proceed as before,
1 oll,

(/(/ I / Ki(y1,92)9(- — y1, 22 — 3/2)‘1.'/1||ml dyz)P?wy(z5)dz;) /P2
< Cligll

IA
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since [ e~1%21/27|y,|51-1dy, < oo.

But S is dense in L?, and ||J5( K * K, * g)HUD < CIIg“L, , it follows that
f =Ja(Ky * K3 x g) for all g € L?, such that f = Ja, 44,9 It is now easy to
see that if f € LE , ,,, then f € L for any €;,e2 > 0.

w,(oy —&1,02—¢2)

Remark 4.15

(a) Unfortunately, we are unable to show that L%, , 1., C P

y al-
though it seems very likely that it is true.

w (al Ned)
(b) Although we have only studied the casen =2 and o = k = (1, 1), it is
easy to see that all results proved above holds for arbitrary i and k.

Next, we also have Sobolev embedding theorem for mixed norm spaces.

all i. Suppose further that for each i, there exists 0 < §; < a; — B; such that

Theorem 4.16 Let & > [73 >0,1< p; <qi<oo and w; € Ap,;,v; € Ay, for

QI (@) ( [ wF T < €
Q ' -

for all cubes @ in R™. Then L2 . C LI .. and
w,&,7 v,B,i

Iy <Ol

where C depends only on C;, i =1,---,1.
Proof Let § = (6, --,6). It suffices to show that

5,451l ;4 < ClIFIl

cd —

However, this follows from the fact

lJanf($)| = C/m

Theorem 1 in [13] and the Minkowski inequality.
We will now study restriction theorems on mixed norm potential spaces.
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Theorem 4.17 Let 1 < p; < oo and w; € Ap(R™) fori = 1,---,1,

i = (N, ,m). Assume further that Gy, n,(b—-) € LY} (IR™) for some
7

b € R™ where v’ = wj Iff e Ewan, then f coincides almost every-

where on R*"™™ = RR* x {b} x R*™™7%  a; = ¥ ,c;ni, with a function

. P n—-n; L ) ) A A 2
in L@,&,ﬁ(m’ J) where p= (Pl,"‘, J—l’p.‘l-i-l”"apl) and w,a,n are de-

.

fined similarly. Moreover, the restriction of f to R"™™ induces a continuous
mapping of,Cwa a(IR™) into £- : -(]R""")

Proof To simplify the notations, we will only prove a typical case: | =
2,j = 2, then # = (n1,n2),& = (e, 02),p = (pl p2),w = wy X ws, and
p=p,W = w,& = a;. As before, let g € L?(IR") such that f = Jsg,
observe that

@8 = [ [ Garm(& = 9)Garm(b — €)g(y, €)dyde.
Let us define the restriction Rf of f as above, i.e., Rf(z) = f(z,b). Then
1R,
= (L 1L, L. Gosin (2 = 9)Gasna b — )9(y, €)dyde P wi(x)dz) 7

. /R"z( o | S G (2 = ¥)Ganna (b — E)g(y, )dy™ wy (z)dz)" /P d¢
by Minkowski’s inequality
C [ Cormalb= &) lo(z, O ws(x)da)! e

< Gayn, (b —
—_ C" a2, 2( )"L,Iz‘ (an)"g"La(R")
Y2

IA

(4.18)

by Holder’s inequality. Next, observe that
RJ&,‘I.I.g = Jal Ny RJ(O,QQ),ﬁg'

It is now easy to see that our result holds.
Remark 4.19 The assumption on G is optimal by the following reversed
Hoélder’s inequality:

sup [ fo=Ifll_,
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where the supremum is taken over ¢ € L? with ||g|| w S L (Just take

P[Pyt
_ sgnf|f|?/Pw where sgn is the sign function.)

4
11177
Thus if Ga,n;(b—") & L7 (]R'”) there exists a sequence {g} C L?(IR"),
||gm|| = 1, such that ||RJagm|| — 00 as m — 00.

(R*"5)
b
Next let us give a sufficient condition for G4 (b — +) € LP(IRF).

Lemma 4.20 Let v € A,(R¥) and v € RD,(IRF), i.e., there exists C > 0
such that

v(6B) < C6**v(B) for all balls B in IR* and all 0 < 6 < 1.
Then Gox(b—-) € LE(RF) for b € R* when a > k(1 — :7)

Proof First note that there exist C, A > 0 such that

5 kp/2

Also, since v € A,, we know v € A, for some 1 < r < p (see for example,
Theorem 5.5 and Proposition 4.5 in Chapter IX of [11]) and hence v(MB) <
CM™vy(B) VM > 1 and all balls B where C is some constant > 1. Thus

—— i Y
nplé—bl2/6,,
./;1*6 ’ (©)de < C~/|£—b|>A\/_ |€ — b]k» e+ le- b|5m/3v(odf

(o2

§ kp/2
—{ J2iB,\2i-1B, (W) v(€)d€ + v(B,)

where B; = {¢£ € R* : |¢ — b| < AV} .

00 1 .
C Z mv(?Bl) + ’U(Bl)

IA

C

IA

IA

C Z —2”"v(Bl) + v(B1)

k
= 25kp

Cv(By) < C(§%/2 4 §*v/?)

IN
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by considering the case § < 1 and the case § > 1. Finally, note that by
Minkowski’s inequality,

oo d5
- —6/4m g(a—k)/2 —nplb-¢I2/6 1/p27
1Gailb= Mgy < [ eltms0ra([ e v(€)dg) /5

S C/w 6_6/4"5(a—k)/2(6ak/2p+6k/2)_d_6§ < 0o
0

if a — k(1 — a/p) and a > 0. However, a always < 1. This completes the
proof of this lemma.

Notation Let A(IR™) and B(IR™) be two Sobolev spaces. By A(R") 5
B(IR™), we mean the restriction of functions in A(IR") on IR™ induces a
continuous mapping of A(IR") to B(R™).

Corollary 4.21 Letw,p,&,#,w,p,&,n be as in Theorem 4.17 and w;l/(p"_l)

€ RDy(R), aj > k(1= &), k =n;. Then L5 .(R") B £? . .(R™*) where
J O, T
R™* =R% x {b} x R**%, q; = Yicjni for any b € RF.

Remark 4.22(a) Since w;-’ll (pi=1) ¢ A,;(]R"), let us note that there exists

0 < a <1 such that w}ll(p’_l) € RD,(IR¥).
(b) The assumption o; > k(1 — o) in Corollary 4.21 is optimal; when
J

a; = k(1— ), note that there may exist A, weight w; with w/ = w}ll (ri=1) ¢
J
RD,(IR¥) such that Gajk & LY (IR¥). For example, one may take w; =1,
J
then @ =1 and Gy, 4 & LPi(R*).
(¢) In particular, if p = (p, p), we have

L} 01 4a,(R™) C L] (R™) S L5, o, (R™)

w,(a,a2—¢),(n—k,k) wy,01
if az > k(1 — ) and € > 0 is chosen so that az — e > k(1 — =) when
wj € RDo(R*). Thus L5, (R") 5 L5, 5(R"™*) when & — 8 > k(1 — 2).

Moreover, note that when w; = 1, for i = 1,2, then @ = 1 and hence
ny R n—
LE(R™) = L5(R™F) (4.23)

fa—p8> %. Unfortunately, we are unable to conclude that

L2(R™) B L£P_, (R™*). (4.24)
P
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However (4.24) is true when 1 < p < 2 by [1, Theorem 11]. Nevertheless, we
show that (4.23) is true for a larger space, i.e.,

L5 a-p),(n-kpyR?) = L5R™*).

Moreover, it is easy to see that if f € L2 ;(IR*"*), then there exists an
extension Ef of f such that Ef € £1P?) (R™) for any a > 0,p, > 1 and

wy Xwz,(a,B)
wy € Ap,(IR¥). For example, we can take Ef(z,y) = n(y)f(z), € R"F,
y € R¥, where n € C°(IR¥) with 5(0) = 1.
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