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BOREL MEASURABILITY OF EXTREME
LOCAL DERIVATIVES

1 Introduction.

The extreme generalized derivative has been studied by a number of mathe-
maticians. For example for the extreme bilateral derivatives by Banach [3],
Kempisty [8], and Hajek [7] whose successive results are that these deriva-
tives are measurable, in Baire class 3, and in Baire class two. Misik [9], [10]
proved that for any ordinal number a the upper (lower) unilateral approxi-
mate derivatives of Borel functions of the class a are lower (upper) semi-Borel
functions of the class a + 2. In [1], [2] we studied the Borel measurability of
extreme path derivatives when the system of paths is continuous and non-
porous, respectively. The notion of local systems introduced by Thomson
[12] is the most appropriate setting for extreme generalized derivatives.

It would be most interesting to have general versions of the above men-
tioned results to help explain how the similarities and the differences arise.
In this paper the Borel measurability of local systems is defined and it is
shown that for a unilateral local system S with an overlapping property, the
Borel measurability of S is a necessary condition for Borel measurability of
F(z). We also use the Borel measurability of local systems to study the
nature of non-removable S-discontinuities of a bounded function.

2 Preliminaries.

Throughout the paper all sets are subsets of the real line, R, and N denotes
the set of positive integers. The complement of A in R is denoted by A~. The
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sets of the Borel additive class «, Borel multiplicative class a are denoted by
AB,, M B,, respectively.

We first state the following definitions from B.S. Thomson [11] and A.M.
Bruckner [4].

2.1 Definition. A local system is a family S such that at each point z € R
there is given a nonempty collection of sets with the following properties:

(i) {z} & S(z), for all z,

(ii) if s; € S(z) and s; C sy, then s; € S(z),

(iii) if s € S(z), then z € s,

(iv) if s € S(z) and 6 > 0, then sN (z — 6,z + 8) € S(z).

2.2 Definition. Let S = {S(z) : z € R} be a local system.

2.2.1 § is said to be filtering at a point z € R, if s; N s, € S(z) whenever
s1 and s; belong to S(z).

2.2.2 S is said to be overlapping at a point x € R, if s; Ns; # {z}
whenever s; and s; belong to S(z).

If S has any of these properties at each point, then we say that S has
that property.

2.3 Definition. Let S = {S(z) : z € R} be a local system and let
F : R — R. The function F is said to be S-continuous at the point x,
provided that for every € > 0 the set {¢ :| F(z) — F(t) |[< €} € S(z).

2.4 Definition. Let S be a local system. The dual of S denoted by S*
is the local system defined so that, for z € R, s € S*(z) if and only if

(i) z € s, and

(i)(R\ s) U {z} & S(=).

2.5 Definition. Let S be a local system and let A C R. The set S —

der(A) = {z € R: AU {z} € S(z)} is called the derived set of A for the
local system S.

2.6 Definition. For any real function F' and any local system S, the

function
{ F(y) - F(z)
y—z

:yea,yaéw}

Fs(z) = sup inf
o€S(z)
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is called the lower extreme local derivative of F' with respect to S. Similarly
F's(z) is defined. From the definition of extreme local derivatives it follows
that F's = F's. when S and S* are dual.

Bruckner, O’Malley and Thomson [6] introduced the concept of path
derivative. A path at z is a set £, C R such that £ € F, and z is a point
of accumulation of E,. Let E = {E, : £ € R} be a system of paths. The
path derivative and extreme path derivatives are the limit and limit superior

(limit inferior) of the quotient F—(y!)’:ﬂ as y tends to z, y € E,, respectively.

xr
One is interested in finding a local system S such that F5 = F% for any

function F'.

2.7 Definition. Let E = {E; : z € R} be a system of paths. The local
system S = {S(z) : ¢ € R} is generated by the system of paths E if for every
z € R, the family S(z) is the filter generated by a filter base of the form
{E:N(z—n,z+7n):n>0}.

Let o be an ordinal number and let F': R — R. Then F is a lower (upper)
semi-Borel function of the class « if and only if the sets {z : F(z) > B8} ({z:
F(z) < B}) are of the Borel additive class a for all 8 € R.

The closed sets are said to be of type Fo. The unions of denumerably
many sets of type Fp are called of type F}. The intersections of denumerably
many sets of type F) are called of type F5. It is clear that this process can
be continued to generate a class of sets, F,, corresponding to each ordinal
number a. The set A is of type G, if A~ is of type Fj,.

3 Borel measurability (measurability) of lo-
cal systems.

3.1 Definition. Let S = {S(z) : ¢ € R} be a local system.

(1) S is said to be of type F, (of type G, ) if the set S — der(A) is of type
F, (of type G,), for every Borel measurable set A C R.

(ii) S is said to be Borel measurable if S is of type F, or G, for some
ordinal number a.

(iii) S is said to be Lebesgue measurable if S — der(A) is Lebesgue mea-
surable for every Lebesgue measurable set A C R.
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(iv) S is said to be of type AB, (of type M B,) if S — der(A) is of type
AB, (of type M B,) for every arbitrary set A C R.

In this section we investigate the Borel measurabilty of known local sys-
tems, using the same notations as [11].

3.2 Example. Let A C R. Then So — der(A) is the set of all points
for which AU {z} is a neighborhood of x. Consequently this derived set is
easily seen to be open. Thus the local system Sy is of type Go. Slmlla.rly the
local systems S§ and Sy are both of type F.

3.3 Example. Let S = e”(:1:) r € R} and S, = {S,,(z) : z € R}
be the local systems defined as o € S%,(z) if and only if z € o and such that
o has right hand exterior, upper density positive at z, and o € S_,(z) if and
only if € o and o has left hand exterior, upper density positive at z. From

lemma 23.10 of [11] follows that S}, and S;,, are both local systems of type

2.
3.4 Lemma. Let S be a local system and let S* be its dual. Then S
is of the type F, (measurable or G,) if and only if S* is of the type G,
(measurable or F).
Proof: Let A be a Borel measurable subset of R. Then

S* — der(A) {z: AU {z} € S*(z)}

{z: (AU {z})No # {z} for all 0 € S(z)}
{z: (R\ A)U{z} ¢ S(2)}

(S —der(R\ A))~.

Hence S* — der(A) is a set of the type G, or measurable if and only if
S —der(R\ A) is of type F, or measurable, respectively.

3.5 Example. From example 3.3, it is clear that the local system S;
described by the requlrement that o € S;(z) if and only if z € o and either
dy(0,2) > 0 or d" (o,z) > 0, is of type G;. Theorem 12.3 of [11] shows that
the local systems S, and S,,(0 € Sap(z) if and only if z € o and d(o, ) = 1)
are dual. Thus the local system S,, is of type F,.

3.6 Lemma. Let A C R, and define the real function F by
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A(AU {z},z,})
h
where A(A U {z},z,h) is the length of the largest interval contained in
(AU {z})~ N (z,z + k). Then F(z) is the right hand porosity of A at any
point £ and F is a lower semi-Borel function of the class 2.

Proof: Let r € R. Forr < 0orr > 1 theset {z : F(z) > r} is the entire
real line or the empty set, respectively. Thus it is trivially a Gs, set.
Let 0 £ r <1 and {7',} be an enumeration of rational numbers in

F(z) = P+(AU {z},z) = limsup
h—0t

[0,1]. Then we will show that {.7: : F(z) > r} = UR,{z : 3 a sequence of
open intervals {I,} C (AU {z}), I contracting to z, and | I, | [1555] >

d(z,1,)}. Here| I, | and d(z, I,) are the length of I and the distance of
z to I,, respectively. Let A; = {z : 3 a sequence of open intervals {I,} C

(AU {z})~, I, contracting to z, and | I, | [l;;:"l] > d(z,I1,)}. fye{z:

F(z) > r}, then F(y) > r,i.e.limsup,_, g+ ﬂéu_{:l,y_,hl > r. So there is a
sequence of open intervals {I,} C (AU {y})~, and I, contracts to y so that
lim,— oo d—(—}%‘fﬂm > r. Hence there is a rational number r; in (0,1) such that
limy, 00 ﬂ'g‘fl,%'?[f‘[ > r + r;. Without loss of generality we can assume that

- |'{n-|+ 7 > +ri for all n. Thus | I, |> (r+ )[d(y, 1)+ | I,. |]. Hence

| I | [*552] > d(y, I,) and finally y € UZ, A..
On the other hand let y € U2, A;. Then there exists a sequence {I,,} C

(AU{y})~ such that {I,} contracts toyand | I, | [ILL] > d(y, I,) for some

r; €(0,1), implying ;,z—)%n—[ > r + r;. Therefore limsup,_, 4+ —(-MM >
r + r; > r. Now the set A; is shown to be Gs. The set AT = UL_, Fn,
where, F,, ; = {z : for every open interval I C [z, x+1/m]ﬂA"‘,| I| [%L] <
d(z,I)}. We show F,,; is a closed set for each m.

Let x4 € Fpi and zx — 2. Since zx € Fp,; for] C A~ N [zk, zk + 1/m],
we have | I | [3555] < d(zx,I). If 2 € Fp, then there exists an I C
[,z + 1/m] N A~ so that | I | [*52] > d(2,1). Hence d(z,1)— | I |
(5] < —e— E{ﬂle for some 0 < € < 1. Let J be an open interval such
that ‘the left end point of J is the same as the left end point of I and J is a
proper subset of I with l’L-!-(| I|—-1]J]) < ¢€/2. Choose K large enough

so that | zx — z |< €/2 and Jc [zk, Tk + 1/m] N A~. Then
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d(zx, J)— | J | (5] = d(ax, J) — d(z, ) + d(2,J)

T+7
—d(z, 1) +d(z, 1) = =0 | T +325([ T = | T )
<e€f2+ 5/2[1’";:'T |+ [—€— 1:%';e] < 0.

Thus d(z, J) <| J | [l—r_—'-] which it implies that zx € F, ;, leading to
a contradlctlon Therefore each Fo.:is a closed set and {z : F(z) > r} =
21 Moy iy i is a G, set.

3.7 Corollary. For 0 <t < 1, let PS; denote the local system defined at
each point z as:

PSi(z) = {S :z € S, and the porosity of S at z is < t},

PS, ={S:z € S, and the porosity of S at z is < 1}.

From lemma 3.6 it follows that the local systems PS;, for 0 < ¢t <1 and
PS; are of type F; and Fj respectively.

4 Applications of Borel measurability of lo-
cal systems.

Let F be a function, E = {E,; : £ € R} be a system of paths and let S
be the local system generated by E. Then the following lemma shows that
F's = F'z. Therefore some of the results in [1] and [2] could be expressed in
this setting with respect to a path generated local system.

4.1 Lemma. Let F' be a function and S be the local system generated
by the system of paths E = {E, : z € R}. Then F5 = F.

Proof: It is clear that F}; > F%, since for each z € R

Fi(z) = limsup,, g, M
= inf G“S“P{Ml y € E.N(z—1/n, :c-l—l/n)}

On the other hand, if F4(z) = —oo, then for each n € N, we have
a 0, € S(z) such that sup{’—rﬁL—F(—JE Y € On,y #m} < —n. But o, 2
(EzN(z — Nn,z + 1,,)) for some 7, > 0. Hence
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F'(z) infpen sup{f%”l 1y € E;N(z - 1/n,2 4 1/n), y # z}

; inf{(—n) : n € N} = —o0.

When F ;(z) is finite, using the infimum property, it is easy to show that
Fig(z) < Fis(z),50 F(z) = F5(z).

4.2 Definition. A local system S = {S(z) : z € R} is called right
unilateral (left unilateral) if for each z € R and for all s € S(z) we have
sN[z,00] € S(z) (for s € S(z) we have s N (—o0,z] € S(z)).

The theorem below shows that the Borel measurability (measurability) of
a local system is a necessary condition for Borel measurability (measurability)
of local derivates of a Borel measurable (measurable) function, when the local
system is left (right) unilateral and has the overlapping property.

4.3 Theorem. Let S be a right unilateral local system with overlapping
property. If F(z) is Borel measurable (measurable) for any given Borel
measurable (measurable) function F', then the local system S is necessarily
Borel measurable (measurable).

Proof: Suppose S is not a Borel measurable (measurable)local system.
Then there is a Borel measurable (measurable) set A so that S — der(A) is
not a Borel measurable (measurable) set. Let F/(z) = —xa(z). Then clearly
F is Borel measurable (measurable).

I: For z € AN (S — der(A)), F%(z) = 0.

For each z € R there is a sequence {0,,,}%, € S(z) so that

Fi(z) = lirgiup{w (Y €EOznyy £ T}

When z € AN (S — der(A)) then A = AU {z} € S(z). Thus

Fis(z) > limsup, {f¥=FD :yeco0,, N4,y # 2}
2> limsupn—»oo{'__lg-_(z;l) Y €0 N A} = 0.

On the other hand
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f?(‘r) infaES(:z:) Sup{'FLyz),Ef—(zl yeo,y 7é :1,‘}

< sup{F=F@ .y e A,y £z} =0

So F5(z) =0 on AN (S — der(A)).

II. For z € (S —der(A)) \ A, F%(z) = —oo.
When z € (S — der(A)) \ A, we have z ¢ A, but AU {z} € S(z). So

Fy(z)

AVAN VAN |

inf,e5(z) sup{ﬂw ty €0,y # z}

inf,en sup{ﬂ%:f—(”l ty € (AU{z})N[z,z+ 1/n), # z}
infren sup{% ry € (AUu{z})N[z,z+ 1/n), # z}
inf{(—n) : n € N} = —o0.

Thus F%(z) = —oo.

III. For z € A\ (S — der(A)), F5(z) = +oo.

In this case z € A, and AU {z} ¢ S(z). Thus A~ U {z} € S*(z). For
eachm € N and each o € 5(z), {z} # (eN[z,z+1/m)N (A~ U{z})). Thus

Fys(e)

v

AVARAVANLY,

A sup{F=F@) . y € o, y # 2}
Am R sup{FU=EC) - y € 0, N [z, 2+ L) N (A U {z})

y #z}]
lim SUP{M tYm € Gz,nn [.’1,‘,(13 + ];) n AN}

n—oom€N Ym—2=

A (G ym € 0n N [z,2 4+ 1) N A~}

Ym—T

Aim sup{n:n e N} = +oo.

So F4(z) = +oo.
IV. For z € (AU (S — der(A)))~, F%5(z) = 0.
g A

Since ¢ ¢ AU (S — der(A)),

and AU {z} ¢ S(z). Thusz ¢ A

andA~ U {z} € S*(z). Hence

F

s(=)

limsupn_,oo{ﬂg%l (Y € OrnyY F II:}
limsup,_, {£¥=FE®) : y € 6, N A~ and y # z}

y—z
limsup, o {3=5 1y € 0zn N A~ and y # z} = 0.

AV AV
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On the other hand
Fis(z) = infoessup{FU=LE:y € 0,y # 2}
< infoes(a) sup{ﬂy’—’_? iy €o,y#z} <0,

since F'(y) <0 and y — z > 0. Thus we have
0 on (ANS —der(A)U(AUS —der(A))™)
F(z) ={ —oo on (S —der(A)\A
400 on \(S —der(A)),

which is not a Borel measurable (measurable) function.

Note: If F5(z) is a Borel measurable (measurable) function, the sets

{z: F4(z) =0}NA=AN(S—der(A)) and {z : Fi(z) = —o0} =
(S —der(A))\ A

would be Borel measurable (measurable) implying the Borel measurability
(measurability) of S — der(A), leading to a contradiction.

The concept of continuity has been generalized in various ways. These
generalizations lie between the two extreme ones, the ordinary and feeble
continuity. A function F is said to be feebly continuous at a point z if there
is at least one sequence of points {z,}%2, with £, — = and F(z,) — F(z).

The function F' is said to be S-discontinuous at zq if it fails to be S-
continuous there. The set of points of S-discontinuity is contained in the set
of points of ordinary discontinuity. This latter set is an F, set as is proved
in elementary analysis.

A set A is S-negligible if and only if AN (S — der(A)) = 0. Thomson in
[11] shows that the set of points of S-discontinuity of an arbitrary function
is a countable union of S-negligible sets.

The function F is said to have a removable S-discontinuity at z, if S —
limy_,.F(y) exists. Bruckner and Ceder in [5] showed that if H C [a,}],
then a necessary and sufficient condition for there to exists an everywhere
discontinuous function F such that H = {z : lim,_,; F(y) exists }, is that H
be a denumerable set of type Gs.

529



We use Borel measurability (measurability) of local systems to classify the
Borel measurability (measurability) of non-removable points of S-discontinu-
ity of a bounded function.

4.4 Definition: Let S = {S(z) : z € R} be a local system, and F be
an arbitrary bounded function. The S-oscillation of F' at z, S — w(F, z), is
defined as follows:

S—w(F,z)= inf sup{F(y):y€o,y#z}— sup inf{F(y):y €0, y#z}
c€S(z) c€S(z)

The following lemma gives a necessary and sufficient condition on S —
w(F,z), in order for F' to have a removable discontinuity at z.

4.5 Lemma. Let S = {S(z) : z € R} be a local system with filter-
ing property. Then S — w(F,z) = 0 if and only if F has a removable S-
discontinuity at z.

Proof: Let F have a removable S-discontinuity at z. Then for each
€ > 0, there exists a o, € S(z) such that for all y and z in o, different from
z we have | F(y) — F(z) |[< e. For e = 1/n, let zg € 0y/n, and 29 # z. Then

S — w(F,z)

infoES(z) Sup{F(y) ‘yeo,y 74 {t}

—SUp,es(y) inf{F(y) : y € 0,y # z}

sup{F(y):y € oy/ny # z} — inf{F(y) : y € 01/ny # z}
[F(20) + 1/n] — [F(z0) — 1/n] < 2/n.

IAIA

Thus S —w(F,z) < 2/n for all natural numbers N. Hence S —w(F,z) < 0.
On the other hand, for each natural number N, choose z, € o, /ns 2n # €. For
each o € S(z) we have

inf{F(y):y€o,y#z} <inf{F(y):y €oyynNo,y#z} < F(z,) + 1/n,

and

sup{F(y):y€o,y#z} >sup{F(y):y € oymNo,y#z} > F(z)—1/n.
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Then

sup inf{F(y):y € 0,y # z} < F(z,) + 1/n,
0€S(x)

and

inf )sup{F(y) 1y €0,y #Fx} 2 F(zm) — 1/n.

Therefore S — w(F,z) > (F(2,) —1/n) — (F(z2) +1/n) = —2/n, for each
natural number N, which implies S — w(F,z) > 0.
For the converse, suppose that S — w(F,z) = 0. Thus

inf sup{F(y):y€o,y#cz}= sup inf{F(y):y €0,y # z}.
o€S(zx) g€S(z)

For € > 0, there are 62 and o} elements of S(z) so that

sup{F(y):y € o),y #z} < inf sup{F(y):y €0,y # 2} +¢/2
and

sup inf{F(y):y €o} <inf{F(y):y €ol,y#z}+¢€/2.
o€S(x)

Let 0. = 0% ol. Clearly, o, € S(z), and

|sup{F(y):y €0,y #x} —inf{F(y):y €0,y #z} |<e
which implies F' has S-removable discontinuity at z.

4.6 Lemma. Let a < 2 be an ordinal number, F' an arbitrary bounded
function, and S = {S(z) : ¢ € R} be a local system of the type AB, (or of
the type M B,). Then S — w(F,z) is a function in B,y (or in Byya).
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Proof: Let r be a real number, and let

= inf F(y):y€o,y #z}.
9(z) oéS(x)sup{ (y):y Y # 7}
Then

{z:9(z) <r} = {z: 3o, € S(z) such that sup{F(y):y €Eo,,y#z} <7}

= {z : 3r; < r such that o, C {z}(J{y: F(y) < r1}}

= {z : Ir; < r such that{z} | {y : F(y) <} € S(z)}
= {z : In € N such that{z} | J{y : F(y) < r —1/n} € S(z)}

_ f_jl{m {z}Uly : F(y) < — 1/n} € S(2)}

= U(s = der({y : Fy) < v — 1/n})),

n=1

and therefore

{z:9(z)<r} = ﬁ G(S—der({y :F(y) <r—1/n+1/m})).

m=1 n=1

When the local system S is of the type AB, (of the type M B,), the set
{z : g(z) < r} and {z : g(z) > r} are of the type ABy11 (of the type AB,42).
Let

h(z) =sup—o € S(z)inf{F(y):y € 0,y # z}.

Similarly {z : h(z) < r} and {z : h(z) > r} are of the type AB,4; (of
the type AB,y2). Hence S — w(F,z) = g(z) — h(z) is a function in B,4; (in
Bay2).
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4.7 Theorem. Let a < Q be an ordinal number, S = {S(z) : z € R}
a local system of the type AB, (of the type M B,) with filtering property,
and let F' be an arbitrary bounded function. Then the set of points at which

F has a non-removable S-discontinuity is of the type ABy41 (of the type
AByy2).

Proof:From Lemma 4.6 it follows that S — w(F, z) is a function in Baqy
(in Byy2) when the system S is of the type AB, (of the type M B,). Also
Lemma 4.5 implies that F' has a removable S-discontinuity at z if and only
if S — w(F,z) = 0. Hence {z : zis a non-removable S-discontinuity} = {z :
S—w(F,z)#£0} ={z:S—w(F,z) =0} is a set of the type AB,4; (of the
type ABay2).

4.8 Corollary. The set of points of non-removable approximate discon-
tinuity of a bounded function is of additive Borel class four.

Proof: Approximate continuity is S-continuity when the local system S
is the density system ips,. The set of points of non-removable approximate
discontinuity is of additive Borel class four, since the local system ipg, is of
the type M B, with filtering property.

4.9 Remark. Every bounded measurable function is approximately con-
tinuous almost everywhere, that is the set of points of approximate dis-
continuity of a bounded measurable function is of measure zero. The set
of points of approximate discontinuity of an arbitrary bounded measurable
function could be any set of measure zero. For example consider the function
F(z) = xm(z) where M is any set of measure zero. The set of all points of
approximate discontinuity are removable except for a set of the type ABj.
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