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ON UNIVERSALLY BAD DARBOUX
FUNCTIONS

Abstract

It is well known that the sum (and the product) of a continuous function and a
Darboux function need not be Darboux in general ([9]). More precisely, for every
nowhere constant continuous g : R — R there exists some “bad” Darboux function
f:R = R such that f + g or f-g do not have the Darboux property, see [2], [8].
It is the purpose of the present paper to construct a “universally bad” Darboux
function f, see Corollary 2 below.

I

Let us establish some of the notation to be used later. We shall be concerned
with real-valued functions defined on a subinterval I of R; here all intervals are
assumed to be nondegenerate. Such a function f is said to be a Darboux function
if f(J) is connected for any interval J C I. For a set A C R we denote by D*(I, A)
the set of all f : I — A such that cl f~!(y) = I for any y € A and we set
D* = D*(R,R). A function f is said to be nowhere constant if no one of its level
sets f~1(y) contains a relatively open subset of dom f. If G is a real-valued function
defined on a subset of the plane, then we define for any ¢ € R the horizontal section
of G by G'(z) = G(z,t) whenever (z,t) € dom G, the definition of the vertical
section G is analogous.

In the proof of Theorem 1 below we shall use the following

Assumption (A): the union of fewer than ¢ (power of continuum) first-category
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subsets of R is again of the first category.

The logical status of (A) perhaps requires some explanation. First of all, note
that assumption (A) is independent of ZFC. Indeed, already in Cohen’s classical
model for (ZFC) + non CH), see [5], there are subsets of the real line! which are
not of the first category but whose cardinalities are less than ¢. A proof of this
statement - formulated in a different but equivalent language - can be found in [4].

Next, (A) is a widely used consequence of Martin’s axiom. (See the quite popu-
lar paper [10] for basic informations.) Since Martin’s axiom is strictly weaker than
the continuum hypothesis ([7]), we infer that CH implies (A) but not conversely.
But even Martin’s axiom is not implied by (A) since for instance ZFC + (A) +
“R is the union of fewer than ¢ Lebesgue zero-sets” is consistent. However, Mar-
tin’s axiom is equivalent to the assumption that any nonvoid compact Hausdorff
space not containing an uncountable collection of open sets cannot be written as
the union of fewer than ¢ first category sets. For both of these facts as well as
for a rather extensive treatment of Martin’s axiom we refer the reader to [6], in
particular Theorems B1H, B1G, and 13A.

1. Theorem Let D be a dense, second category subset of R. Then there is a
function f € D*(R, D) such that the function

z — G(f(z),9(z))

does not have the Darbouz property on the nondegenerate interval I C R whenever

g : I - Ris continuous and nowhere constant. (1)
G : R x g(I) — R is continuous, (2)
and
all, except countably many of the sections (3)
G; and G', t € R, are nowhere constant.

Proof Let M be the family of all triples (G, g, I) fulfilling (1), (2), and (3)
above. Then the cardinality of M is less than or equal to ¢. Hence, we can write

M= {(Ga’ga’Ia);a < C}.

ltake e.g. the set of all constructible real numbers
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First, notice that for any function h defined on an interval, there are at most
countably many y such that h~1(y) contains an interval. This together with (3)
implies that for any a < ¢ the set

Co = {y; int[(Ga)'|7(v) # ¢ or int[(Ga)e] ' (y) # ¢ for some t}

is countable. In the sequel we will use the fact that for any y ¢ C, and for any
t € R both sets {z; Ga(z,t) = y} and {z;G4(t,z) = y} are nowhere dense in R.
Further, let {U;;i < w} be a sequence of intervals forming a base for the
euclidean topology in R and R = {z,;a < ¢}.
We will inductively define sequences of points

tai € Ui, Yo € Rypy € ga(la), and 24 € Dfora < cand ¢ < w (4)
such that

ta;i = tp;impliesa=Lfandi=j (5)

tg; € I, implies Go(zs,9a(tp,i)) # Yo for a,f <candi <w (6)

zg € I, implies Go(2s,94(2p)) # ya for a,f < ¢ (7

Yo € Cofora<ce, and (8)

Yo € (inf Go(R X {pa}), sup Ga(R X {pa})) for @ < c. (9)

For this purpose, let us assume that for some a < ¢ all t5;,ys, 23 and ps with
B < a and i < w are already defined. According to (8) and (1), for any 8 < a
both sets {z;Gp(z,95(za)) = yp} and {z € I,;Gp(z4,95(z)) = ys} are nowhere
dense. Hence, assumption (A) implies the existence of

Za € D\ ﬁU {z;G(,95(2a)) = yp} (10)
<a

as well as of

tai € U\(Up<a{z € Ip;Gp(%a,95()) = yp}
U {tgj;B<aor(f=aandj<i)}) (11)

for i = 1,2,.... Next, we select any p, € go(la) such that (G,)P* is nonconstant.
Since the set K, which is defined to be

U (U {Gal(28,9a(t,)); ts € Ta} U {Gal2p, 9a(2p)); 25 € I} UCp)  (12)

B<a i<w
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is of cardinality less than ¢, we can choose some

Yo € (inf Ga(R X {pa}), sup Ga(R X {pa}))\Ka. (13)

Evidently, the t4,’s, ya’s, 24’s and p,’s chosen in this way satisfy (4), (5), (8),
and (9). To verify (6) fix any 1 < w, o, 8 < ¢ and let tg; € I,. If B < o, then (12)
and (13) together ensure that G.(zg,9ga(ts,)) # Ya- Else we have f > a and in
this case (11) implies (6). Similarly (7) can be shown.

Now we define the desired function f by

f(z) = zo, fz=1t,;and z, € D for some: <wand a<c¢
T\ 2o fza=z {tgs; 25 € D, i <wand B < ¢}

Since for each € D there is some z, = = and since f(t4,) = = for any i < w,
we conclude from t,,; € U; that f € D*(R, D).

We finish- the proof by showing that for any fixed a < ¢ the function h(z) =
Go(f(2), 9a(z)), z € I, fulfills

Yo & h(I,) but inf h(I) < yo < sup h(ly).

Indeed, the first statement holds since in case ¢ = tg; € I, with zg3 € D (6)
implies h(z) = Ga(zp,9a(ts,)) # Yo and since for other z = z5 € I, h(z) =
Guo(28,9a(T8)) # Ya by (7). As concerns the second statement, we first conclude
from (9), cl D = R, and (2) that there are v,w € D satisfying

Ga(v’l’a) <Ya < Ga(vaa)'

Since f € D*(R,D) and p, = ga(3) for some s € I,, there exist sequences
{a:}2,, {bi}32, of points from I, such that lim;_,o, a; = limin b = 3, f(a;) =
v, and f(&;) = w for ¢ > 1. Then (1) and (2) yields limioo h(a;) =
im0 Ga(v,9a(a;)) = Ga(v,Pa) < Ya and similarly lim;_,o, h(d;) > y, which
of course implies the second statement and finishes the proof.

We want to point out the most interesting case of our quite general theorem.

2. Corollary There is an f € D* such that for each continuous and nowhere
constant function g defined on some interval the functions f +g,f —g,f - g and
f/g9 (if0 & rng(g) ) do not have the Darbouzx property.

3. Remark It seems not to be very easy to get rid of the condition that g is
nowhere constant. Indeed, if f € D* and ¢ is a continuous Cantor-type function,
i.e. the set of points of local constantcy of g is dense in dom g, then obviously
f + g € D* has the Darboux property. This motivates us to formulate
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Problem 1. Does there exist a Darboux function f : R — R such that
f+9(f-g) does not have the Darboux property whenever the continuous function
g is nonconstant?

Problem 2. Is there a Darboux function f : R — R such that the points of
continuity form a dense set and that the function ¢ — G(f(z), g(z)) is not Darboux
on the interval I C R whenever (1), (2), and (3) from Theorem 1 are fulfilled?. (It
is not very difficult to see that no such function can serve as a solution of Problem

1).

II

Let I C R be a interval. In [3] it was stated (in a more general form) that for
any Darboux f : I — R and any continuous g : I — R the sum f+ g belongs to the
class U(I) of all A : I — R such that cl f(J\A) = [inf f(J), sup f(J)] whenever
J is a subinterval of I and the cardinality of A is less than ¢. On the other hand,
our theorem shows that under the assumption (A) there is always a function in
U(T) which cannot be written as the sum of a Darboux and a continuous function.
Indeed, notice that for D = R\Q, the irrationals, D*(I, D) C U(I) holds. Let
F € D*(1, D) be the restriction (to I) of the function f from Theorem 1 and let
F =d+ g, where g : I — R is continuous. If g is constant on some interval J C I,
then d = F' — g is not Darboux on J and if g is nowhere constant then according
to Theorem 1 d = F 4+ (—g) again does not have the Darboux property. Therefore,
we are led to

Problem 3. Characterize the class of all functions which are the sum of a
Darboux and a continuous function.
However, this question appeared already a long ago - see the survey paper [1].

References

[1]  A. Bruckner and J. Ceder, Darbouz continuity, Jahresbericht der Deutschen
Mathem.-Verein. 67 (1965), 93-117.

[2] A. Bruckner and J. Ceder, On the sums of Darbouz functions, Proc. Amer.
Math. Soc. 51 (1975), 97-102.

2The problem remains interesting if we consider only the case G(z,y) = z + y.

485



[3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

A. Bruckner, J. Ceder and M. Weiss, Uniform limits of Darbouz functions,
Colloquium Math. 15 (1966), 65-77.

L. Buckovsky, The consistency of some theorems concerning Lebesgue mea-
sure, Comment. Math. Univ. Carolinae, 6 (1965), 179-180.

P.J. Cohen, Set theory and the continuum hypothesis, Benjamin, New York,
1966.

D.H. Fremlin, Consequences of Martin’s aziom, Cambridge University Press,
Cambridge, 1984.

D.A. Martin and R.M. Solovay, Internal Cohen extensions, Ann. Math. Logic,
2 (1970), 143-178.

T. Natkaniecand W. Orwat, Variations on products and quotients of Darboux
functions, Real Analysis Exchange, 15(1) (1989-90), 193-202.

Radakovi¢, Uber Darbouzsche und stetige Funktionen, Monatshefte Math.
Phys. 38 (1931), 117-122.

J. Schoenfield, Martin’s aziom, Amer. Math. Monthly, 82(6) (1975), 610-617.

Received January 1, 1991

486



	Contents
	p. 481
	p. 482
	p. 483
	p. 484
	p. 485
	p. 486

	Issue Table of Contents
	Real Analysis Exchange, Vol. 16, No. 2 (1990-91) pp. 378-565
	Front Matter
	EDITORIAL MESSAGE [pp. 380-380]
	CONFERENCE ANNOUNCEMANTS: The SIXTEENTH SUMMER SYMPOSIUM in REAL ANALYSIS [pp. 381-381]
	TOPICAL SURVEY
	Lusin's Theorem [pp. 382-392]
	ESSAYS ON THE ORLICZ—PETTIS THEOREM, I (THE TWO THEOREMS) [pp. 393-403]

	Research Articles
	Upper and Lower Bounds for the Packing Measure in Relation to the Hausdorff Measure [pp. 404-407]
	A Note on Continuity Points of Functions [pp. 408-414]
	Points of Almost Continuity of Real Functions [pp. 415-420]
	THE SETS WHERE A FUNCTION HAS INFINITE ONE-SIDED DERIVATIVES [pp. 421-424]
	Sets which are Well-Distributed and Invariant Relative to All Isometry Invariant Total Extensions of Lebesgue Measure [pp. 425-459]
	STOCHASTIC AND OTHER FUNCTIONAL INTEGRALS [pp. 460-470]
	A BERNSTEIN PARTING OF A SPACE OF MEASURABLE SETS [pp. 471-474]
	DERIVATIVES AND THE CARATHÉODORY SUPERPOSITION [pp. 475-480]
	ON UNIVERSALLY BAD DARBOUX FUNCTIONS [pp. 481-486]

	Inroads
	Measures With Prescribed Marginals, Extreme Points and Measure Preserving Transformations [pp. 487-489]
	A Fuge on Bernstein Sets [pp. 490-496]
	The Relations of Hausdorff, *-Hausdorff, and Packing Measures [pp. 497-507]
	Variation of f on E and Lebesgue Outer Measure of f E [pp. 508-515]
	Special Subsets of the Real Line [pp. 516-521]
	The Density Topology is not Generated [pp. 522-525]
	ON COMPLETENESS [pp. 526-536]
	Globally Small Riemann Sums and the Henstock Integral [pp. 537-545]
	INTEGRATION BY PARTS FOR THE PERRON INTEGRAL [pp. 546-548]
	An Elementary Proof of Freiling's Symmetric Covering Theorem [pp. 549-551]
	ON SIMPLE CONTINUITY POINTS [pp. 552-558]
	A Restricted Symmetric Derivative for Continuous Functions of Two Variables [pp. 559-565]

	Back Matter



