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A BERNSTEIN PARTING OF A
SPACE OF MEASURABLE SETS

Let E be a Lebesgue measurable subset of the real line R such that 0 < m(F) <
0o. Let X denote the family of measurable subsets of E modulo sets of measure
zero; that is, subsets A and B of E are the same element in X if m(A\ B) =
m(B \ A) = 0. For sets B and C in X, let the distance between B and C be
m(B \ C) + m(C \ B). The resulting metric space X is separable. (Consider all
sets of the form U N E where U is the union of finitely many intervals with rational
endpoints.)

Definition. By a Bernstein parting of a separable metric space Y, we mean a
partition of Y into two disjoint connected dense subsets.

It is known [SS] that the plane R? has a Bernstein parting. In this note we prove
that certain other separable metric spaces have Bernstein partings. In particular,
the metric space X defined above has a Bernstein parting. It will be easier to
prove that the Hilbert cube (see [HS]), and any separable metric linear space of
dimension > 2, have Bernstein partings (see Lemma 1). On the other hand, the
circle in R? and the real line R obviously do not have Bernstein partings. Any
separable metric space that has a Bernstein parting is necessarily connected.

Lemma 1. Let Y be a separable metric space such that for any points a and b
in Y, there is a subspace P of Y containing @ and b such that P is homeomorphic
to the closed unit disc in R?. Then Y has a Bernstein parting.

Proof. Let I denote the first ordinal number with cardinality of the continuum,
c. Because Y is separable, there are at most ¢ closed connected nondegenerate
subsets of Y. Use the ordinal numbers a < T to index the closed connected
nondegenerate subsets of Y, {C,}.<r- Now each C, has at least ¢ points because
Cq is connected and Y is a metric space. (If t,s € C, then any ball with center ¢
that does not contain s has a boundary that meets C,.) By transfinite induction
we choose two distinct elements a, and by in Cy (o < T') such that the sets

A =Uqscr{as} and B = Uqacr{ba} are disjoint.
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We claim that A and B are dense in Y. Let y € U and U be an open subset
of Y. By hypothesis there is a subspace P; of Y such that y € P, and P, is
homeomorphic to the closed unit disc in R?. Then for some a < T, C, C ANU
because any open subset of R? contains a closed connected nondegenerate subset.
Thus a, € P,NU and b, € P,NU, and A and B are dense.

We claim that A and B are connected. Let U and V be open sets meeting A
suchthat ACVUVand UNVNAisvoid. Leet€e UNAand s € VNA. Let P
be a subspace of Y containing s and ¢ such that P is homeomorphic to the closed
unit disc in R%2. Then either ¢ is in the boundary of V, or V N P is not dense in
P and we can deduce from [N] that the boundary of V N P contains Cg and ag
for some B < I. In any case A meets the boundary of V. But A\ V C U, so
U meets V. Because A is dense in Y, the set U NV N A must be nonvoid. This
contradiction proves that A is connected. Likewise B is connected.

Finally, A and Y \ A constitute a Bernstein parting of Y. o

Observe that any Euclidean space, or more generally any separable metric
vector space, of dimension > 2, satisfies the hypothesis of Lemma 1 and hence has
a Bernstein parting. The same is true of any separable Banach space of dimension
> 2, or of the unit ball of such a Banach space. In particular, the Hilbert cube has
a Bernstein parting,.

We show that our space X satisfies the hypothesis of Lemma 1.

Lemma 2. Let A and B be two distinct elements of the space X. Then there
is a subspace P of X containing A and B such that P is homeomorphic to the
closed unit disc in R2.

Proof. Let S be a measurable subset of E. If m(S) > 0, then for each real
number ¢, 0 < t < 1, there is the largest number z(t) such that m((—oo,z(t)) N
S) =t m(S). Put (S); = (—o0,z(t))NS and (S)o=0, (S)1 =S. If m(S) =0, let
(S)e=0for0<t<1and(S); =S. In any case, (S), C (S),ift <gq.

Either m(A\ B) > 0 or m(B \ A) > 0. Without less of generality, we assume
m(A\ B) > 0. We use the work of the preceding paragraph to partition A\ B
into disjoint measurable subsets 51, S, of equal measure; S; U S; = A\ B, and
m(S1) = m(S2) = m(A\ B)/2. Lelt S = AN B and Sy = B\ A. (Of course S;
and S4 might be null sets.) Let (S;); (0 < ¢ < 1) be as described in the preceding
paragraph. Thus m(S;); = t m(S;), (Si): C Si, and (S;): C (Si)q if t < ¢g. Put
C = S].

By direct computation we find that in R?,
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(m(AN 81),m(AN $3)) = (m(A\ B)/2,m(A\ B)/2),
(m(BN S),m(BNS,)) = (0,0),
(m(C'N S1),m(C N S)) = (m(A\ B)/2,0),

and these points are the vertices of a triangle in R%2. Let T denote the 2-simplex
of R? bounded by this triangle.

For (u,v) € T, let (a,b,c) be the barycentric coordinates of (u,v); that is,
a>0,>0,c>0,a+b+c=1, and

(u,v) = a(m(ANS1), m(ANS;))+b(m(BNS1), m(BNS2))+c(m(CNS1),m(CNSy)).
Define F(u,v) = (S1)atc U (S2)a U (S3)ats U (S4)s. Then
F(m(ANS;),m(ANS;))=S5USUS;= A4,
F(m(BNS;),m(BNS;)) =S3US, =B,
F(m(CNS;),m(CNS;))=5=C.
Observe that
m(F(u,v)NS)) = m(S1)etec = am(S1) + em(Sy)
= am(ANS;)+bm(BNS;)+em(CNS) =u,
m(F(u,v)NS2) = m(S;), = am(S,)
= am(ANS;)+bbm(BNS;)+em(CNS;) =v.

Thus F' is a one-to-one mapping of T onto a subset F(T') of X that contains the
points A, B and C.

If (a’, ¥, ) are the barycentric coordinates of another point (u’,v’) € T, then
the distance in X between the points F'(u,v) and F(u/,v’) cannot exceed

[m((S1)ase \ (S1)arser)| + IM((S1)areer \ (St)ate)| +

[m((S2)a \ (S2)a)| + [m((S2)ar \ (S2)a) +

[m((S3)ats \ (Sz)arsw)| + [m((S3)arssr \ (S3)ass)| +

[m((Sa)s \ (Sa)ur)| + [m((Sa)e \ (Sa)e)| <

la + ¢ —a' — Im(S1) + |a — a’|m(S2) + |a + b — a’ — ¥'|m(S5) + |b — b'|m(S4).

It follows that F' is a continuous one-to-one function mapping T into X. But T
is compact, so F' is a homeomorphism. Also A,B € F(T). Finally, T is also
homeomorphic to the closed unit disc in R2. O
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Theorem. X has a Bernstein parting.

Proof. Lemmas 1 and 2. O
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