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ON DECOMPOSITIONS OF QUASICONTINUITY

There are many papers which deal with decompositions of
continuity ( see for example [2], [S51, [&], [10] ). The purpose
of this note is to investigate similar questions for the
quasicontinuity. A characterization of the cliquishness on

Baire spaces is given.

In what follows X, Y denote topological spaces. For
a subset A of a topological space denote Cl A and Int A
the closure and the interior of A, respectively. The letters
N, @ and R stand for the set of natural, rational and real

numbers, respectively.

We recall that a function f:X * Y is almost continuous

( also nearly continuous ) at a point x € X ( see [7] ) if

Ly s

for each neighbourhood V of f(x), the set Cl £
a neighbourhood of x. Denote by Hf the set of all such
points at which f 1s almost continuous. If H; = X, then

f 1is said to be almost continuous.
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A function f:X * Y is quasicontinuous at a point x € X
( see [91 ) if for each neighbourhood U of x and each
neighbourhood V of f(x) there is a nonempty open set G C U
such that £(G6) C V. Denote by Q* the set of all points

at which f 1s quasicontinuous. If Gf = X, then f 1is said

to be quasicontinuous.

A function f:X * VY 1is simply continuous ( see [1] )
if for each open set V in Y, the set f-l(V) is a union
of an open set and a nowhere dense set in X.

It is easy to see that every quasicontinuous function

is simply continuous.

Let Y be a metric space with a metric d. A function
f:X 2?2 Y is cliquish at a point x € X ( see [9] ) if for
each & > 0 and each neighbourhood U of x there is

a nonempty open set 6 C U such that d(f(y), £(z)) < € for

each vy, z € G. Denote by A the set of all points at which

f
¥ is cliquish. If Af = X, then f 1is said to be cliquish.
The set A{ is closed in X ( see [8] ). Hence, if

Y is a metric space and f:X * Y 1is a function such that

Q§ is dense in X, then +f is cliquish.

Now we shall give a simultaneous generalization of the

almost continuity and of the quasicontinuity.

Definition 1. We say that +:X * Y is almost quasi-

continuous at a point x € X, if for each neighbourhood V of

-1

f(x) and each neighbourhood U of x, the set £ “(V) NUuU

is not nowhere dense. Denote by B_F the set of all points
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at which f 1is almost quasicontinuous. If Bf = X, we say

that + is almost quasicontinuous.
Remark 1. It is easy to see that He U Q* c Bf.

Remark 2. Evidently, a function f is almost quasiconti-
nuous at x if and only if for each neighbourhood U of x
and each neighbourhood V of +(x) there is a nonempty open

set G CU such that G C C1  1(w.

Lemma 1. Let Y be a regular space. Then

Bf N Int Cl Qf c Qf.

Proof. Let x € B, N Int Cl Q{. Let U and V be open
neighbourhoods of x and F(x), respectively. Put
H = Int Cl Qf. Choose a neighbourhood W of f(x) such that
Cl W CV. From the almost quasicontinuity at x there is an
open nonempty set G C U MNH such that f—l(w) is dense in
G. Since G CCl @, there is a point vy € Q NBG. Let S be
an arbitrary neighbourhood of f(y). From the quasicontinuity
at y there is a nonempty open set T C G such that F(T) C 8.
From the density of f-l(w) in G we have f—l(W) NT=#o.
Then @ # W N $(T) € W N S. Thus each neighbourhood S of f(y)
intersects the set W, which yields <f(y) € Cl1 W C V. Therefore

Vv is a neighbourhood of f(y). From the quasicontinuity at

y there is a nonempty open set E C U such that f(E) C V.

Therefore x € Qf.

We recall that a set A is said to be quasiclosed ( also

semiclosed ) if Int C1 A C A.
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Proposition 1. Let Y be a regular space. If f:X * Y

is almost quasicontinuous, then Q{ is a quasiclosed set.
From the Lemma 1 we get

Theorem 1. Let Y be a regular space. Then Ff:X * Y is
quasicontinuous if and only if it is almost quasicontinuous

and Gf is dense set in X.

The following example shows that the assumption of the

regularity of Y in Theorem 1 cannot be omitted.

Example 1. Let X R with the usual topology. Let
Y = {a, b)Y, 9 = {&, {b}, Y}. Let F:X > VY, f(x) = a for

X € @, f(x) = b otherwise. Then f is almost quasicontinuous,

the set Qf is dense in X, however +f is not quasicontinuous.

Lemma 2. Let Y be a metric space with a metric d.

Then B{ N Int A{ c Q;’

Proof. Let x € B_F N Int A{. Let U be a neighbourhood
of x and & » 0. Since x € Bf, there is a nonempty open set
G CUuUNInt Af such that the set H = f-l(S(f(x), £/2))

( where S(f(x), &/2) = {w € Y: d(f(x), w) < &/2} ) is dense
in G. Let y € G N H. From the cliquishness at y there is

a nonempty open set 8 C 6 such that d(f(uw, f(v)) < &/2
for all u, ve€e S. Since H is dense in G, there is

z € HNS. Let t € S be an arbitrary point. Then

d(f(x), f(t)) S d(f(x), f(z)) + d(f(z), f(t)) < &€/2 + /2 = ¢,

Therefore x € Qf.
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From Lemma 2 we get

Theorem 2. Let Y be a metric space. Then F:X 2 Y is
quasicontinuous if and only if it is almost quasicontinuous

and cliquish.

We shall give a simultaneous generalization of Theorems
1 and 2.

Definition 2. Denote L+ = {x € X: there is a base B of

neighbourhoods of f (x) such that for each B € 8 there is

a neighbourhood U of x such that the set

f-l(B) - Int f_l(B5 is nowhere dense in UJ.

Remark 3. We observe that X = Bf U Lf.

Lemma 3. Let +:X * Y be a function. Then Int Qf c L$.

Proof. Let x € Int Q;' Let B be an open neighbourhood

of f(x). Put G

Int @, and H = f ' (B) - Int £ ' (B). We
shall show that H is nowhere dense in G. By contradiction.
Let K CG be a nonempty open set such that H is dense in K.
Let y € HNK. Then K 1is a neighbourhood of y and B is

a neighbourhood of <f(y). Hence from the quasicontinuity at vy
there is a nonempty open set L € K such that f(L) C B.

Thus L C f_l(B), which yvields L C Int f—l(B). Hence L NH = @&,

which contradicts the density H in K.

Corollary 1. If f:X 2 Y is quasicontinuous, then L* = X.

Remark 4. It is easy to see that if f is continuous at
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¥, then x € Lf. The following example shows that this assertion

does not hold for quasicontinuity points.

Example 2. Let f:R 2 R, f(x) = x for x € @, x & 0,
f(x) = -1 for x € Q, x < 0 and F(x) = 0 otherwise. Then

Lemma 4. Let Y be a regular space. Then

Int Cl1 Qf C L; U Qf.

Proof. According to Remark 3 and Lemma 1 we get

Int C1 Qf = (Bf U Lf) N Int C1 Q+ = (Bf N Int C1 Q;’ U

U (Lf N Int Cl Qf) C Q{ U Lf.

Proposition 2. Let Y be a regular space. Let Q* be

a dense set in X. Then X = L; U Qf.

Proposition 3. If X = Lf U Qf, then the set L.f is

dense in X.

FProof. Since X - L; c Q*, according to Lemma 3 we have

Int (X - L{) C Int 0{ c Lf. On the other hand evidently

Int (X - L{) cC X - Lf. Hence Int (X - Lf) = @, i. e. the set

L* is dense in X.

Corollary 2. Let Y be a regular space. If the set Q{

is dense in X, then the set Lf is dense in X.

Lemma 8. Let Y be a metric space. Then Int Af c L.f U Q{.

Proof. According to Remark 3 and Lemma 2 we have Int A_F =

= (B, U L4) Nint A, = (B* N Int A

P P ) U (Lf N Int A

£ {) c Q{ U Le-
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Proposition 4. Let Y be a metric space. Let f:X * Y be

cliquish. Then X = Lf U Qf.

From Propositions 3 and 4 we get

Corollary 3. Let Y be a metric space. Let f:X > Y be

cliquish. Then the set Lf is dense in X.

Lemma &6. Let F:X * Y be a function. Then Bf N Lf c Qf.

Proof. Let x € B; N Lf. Let U and V be neighbourhoods

of x and f(x), respectively. Let B be a neighbourhood of

f(x) such that B CV and let T be a neighbourhood of x

such that the set H = f-l(B) - Int f—l(B) is nowhere dense

in T. Since x € B there is a nonempty open set G C UNT

such that f-1(B) is dense in G. Since H is nowhere dense

f’

in T, there is a nonempty open set K C G such that H N K = @,

_I(B) is dense in G, we have f—l(B) NK#®. Since

1

Since
HNK =®, we get Int £+ Y(B) NK # @ Put S = Int £ 2(B) N K.
Then S 1is a nonempty open subset of U and £(S) C V.,

Therefore »x € Qf.

Theorem 3. Let Y be a regular space. Then f:X > Y is
quasicontinuous if and only if it is almost quasicontinuous

and the set Lf is dense in X.

Proof. Necessity. According to Theorem 1 and Corollary 2.

Sufficiency. According to Lemma 6 and Theorem 1.

Clearly, Theorem 3 is a generalization of Theorems 1
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and 2 ( by Corollary 3 ). Now we shall give other generalization
of Theorems 1 and 2 ( by Propositions 2 and 4, respectively),

where the regularity of a range space is not required.

Theorem 4. Let f:X * Y be a function. Then the following

three conditions are equivalent:

(i) + is quasicontinuous:

(ii) f 1is almost quasicontinuous and Lf = X

(1ii) f is almost quasicontinuous and X = L1c U Q{.
Proof.

(i) = (ii): according to Remark 1 and Corollary 1.
(ii) = (iii): obvious.

(iii) = (i1): according to Lemma &6 we have X = L{ U Q{

= Bf na«_ v Qf) C (B, N L§) ue

$ c Qf.

f £

By the definition of the simply continuity we get
Lemma 7. Let +F:X ® Y be a simply continuous function.

Then Lf = X. ( The converse is not true, as the Riemann

function shows. )

Theorem 5. A function f:X 2 Y 1is quasicontinuous if

and only if it is almost quasicontinuous and simply continuous.
Proof. According to Lemma 7 and Theorem 4.

Now we shall give a certain characterization of the
cliquishness. We recall that a topological space X has the
Souslin property ( see [4: p. 861 ) if every family of

Ppairwise disjoint nonempty open subsets of X is countable.
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Definition 3. We say that a topological space X has the
locally Souslin property if for each point of X there is
its neighbourhood, which ( as a subspace of X ) has the

Souslin property.

Example 3. Every uncountable discrete topological space
has the locally Souslin property, however it has not the Souslin

property.
By a routine way we can prove

Lemma 8. A topological space X 1is completely regular
if and only if for each a € X and each neighbourhood U of

a there is a family {38}86(0,1] of open neighbourhoods of

a such that Cl BY C B£ CU for 0< ¥ < & 5 1.

Theorem &. Let a topological space X have the locally
Souslin property, let Y be a completely regular space and

let f:X * Y be a function. If the set Qf is dense in X,

then L

p X.

Proof. Let x € X - Lf. Then there is a neighbourhood W

of +(x) such that for each neighbourhood V of +f(x), V C W

and each neighbourhood T of x, the set f_l(V) - Int f-l(V)
is not nowhere dense in T. Let U be a neighbourhood of x
such that every family of pairwise disjoint nonempty open
subsets of U is countable. Let {BC}CE(O,IJ be a family

of open neighbourhoods of f(x) such that Cl B? c Bé cw

for 0< ¥ < dS51. Let 0 < £ < 1. Then the set H, =

= f_l(Bc) - Int f—l(Bc) is not nowhere dense in U. Therefore
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there is a nonempty open set G8 C U such that H8 is dense

in Gc' Since Q{ is dense in X, there is a point =z € t:!_F N Gc'

Let S be an arbitrary neighbourhood of f(z). From the
quasicontinuity at 2z there is a nonempty orpen et E C G,
such that f(E) C S§. Since H, 1is dense in Bg» there is a
point w € H, NE. Then f(w) € SN B,. Therefore each

neighbourhood S of f(z2) intersects the set B i. e.

81
f(z) € C1 Bc. We shall show that f(z) & Bc. By contradiction.

Suppose that f(z) € Bc' From the quasicontinuity at 2z there

is a nonempty open set K C Gc such that F(K) C Bc' This

1

yields K C £ (Ba) and hence also K C Int f‘l(Bc). Since

H is dense in G

c there is & point v € Hc N K. Therefore

c!

1

vV EH, €X - Int £ (B,) and simultaneously v € K C Int -F_I(Bc),

a contradiction. Therefore f(z) € Cl Bc - B From this we

c.
get f(Qf n Gc) ccl B, - Be. Thus we have constructed a family

.
{GCJC€(O,1) of nonempty open subsets of U. We shall show that

, . . . , ... -
‘Gc}ce(0,1) is a family of pairwise disjoint sets. By contra

diction. Suppose that there is 0 < ¥ < & < 1 such that

G = G? N G£ is a nonempty set. Since Qf is dense in X,

there is a point u € G N Q{. Then f(u) € Cl B? - BY C

cc B? c B@ and simultaneously f(u) € C1 B, - B, € X - Bé'

é é
a contradiction. From the definition of the set U it follows
that {68}85(0,1) is & countable family and this contradicts
to the uncountability of the interval (O, 1). Therefore

X—L_F=¢,i.e- X=L

'F.
The following example shows that the assumption of the

locally Souslin property in Theorem 6 cannot be omitted.
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Example 4. We put T = A X 1, where A = {a € R :

a & a for all n €N and lima_ =0 and I = [0, 11].
n n+1 n=co n
Let 8 = U (R X {t)) with the sum topology ¢. Let
teT

X =8 U {0} with a topology T.= ¢ U {X>. Let 0+ =

(ql, Q5 Qgy == } be the set of all positive rational

numbers. For each t = (a, r) € T define a function

ft:R < {t> * R as follows: ft(x) =r + & if X = (qn, t)s
ft(x) =r - a., if x = (—qn, t) and ft(x) = r otherwise.
Now we define a function f: X * R as f(x) = ft(x) for

x € R X {t and f(x) = 0 otherwise.

Then the set Q{ = th ((R = @) > {t>) 1is dense in X

( and f 1is cliquish ), however Lf #* X.

We shall show that O €& Lf. Let B be an arbitrary bounded
neighbourhood of the point O ( in R ). Put r = sup B. We

shall show that + 3(B) - Int £}

(B) 1is not nowhere dense

in X (X is only neighbourhood of O in X ).

a) Suppose that r € B. Choose an arbitrary point a € A.

Put G = (0, & X {(a, r)3. Then G is a nonempty open
subset of X such that f—l(B) NG = ((0, ) — @) X {(a, r)i.
This yields that f 1(B) - Int § 1(B) is dense in G.

b) Suppose that r & B. Choose a € A such that r - a € B
for all n € N. Put G = (-0, 0) X {(a, r)2>. Then B 1is a
nonempty open subset of X such that f—l(B) NG =

1

= ((—,0) NA) X {(a, r)}. This yields that f—I(B) - Int £ " (B)

is dense in G.

Lemma 9. Let Y be a second countable space and let
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f:X 2 Y be a function. Then Lf - Df is a set of the first

category.

Proof. In the paper [11] it is proved that X - Hf is & set

of the first category for second countable range space. Hence

according to Remark 1 and Lemma 6 we have Lf - Qf c
C - - - -

Lf (Lf n B{) C Lf Bf C X IBf cC X H{, therefore
Lf - Qf is a set of the first category.

Proposition S. Let X be a Baire space and let Y be
a regular second countable space. Let +F:X 2?2 Y be a function.

Then the set Qf is dense in X if and only if X = Lf U Of.

Froof. Necessity. According to Proposition 2.
Sufficiency. According to Lemma 9 the set X - Q{ =
= (Lf U Qf) - G!f = Lf - Qf is a set of the first category.

Since X 1is & Baire space, the set Qf is dense in X.

Corollary 4. Let X be & Baire space and Y be a
separable metric space. Then f:X * Y 1is cliquish if and

only if X = Lf U Q;-

Proof. According to Propositions 4 and S.

Now we shall give a new characterization of the

cliquishness.

Theorem 7. Let X be a Baire space with the locally
Souslin property. Let Y be a separable metric space. Then

f:X 2 Y is a cliquish function if and only if X = L{.

Proof. According to Corollary 4, Proposition 5 and
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Theorem 6.

Corollary 5. A function f:R * R is cliquish if and

only if L; = R.

Remark S. The assumption "Lf = R" in Corollary S

cannot be replaced by the assumption "Lf is dense in R".
The function f:R * R, f(x) = q for x = p/q, where p, q
are relatively prime integers, q > 0, f(x) = 0 otherwise, is

not cliquish, however the set Lf is dense in R.

Remark 6. There is a real function f:X ®* R such that
f is not cliquish, however L{ = X. Let X =N and let %
be an ultrafilter in X, which contains no finite set. Let X be
assigned the topology % = F U {(#>. Define +f:X * R as
f(x) = x for all x € X. Then Lf = X, however Af = @
( see (31 ).

REFERENCES

1] N. Biswas, On some mappings in topological spaces,

Bull. Calcutta Math. Soc. 61, 1969, 127-135.

21 J. Borsik - J. Dobog, On certain decompositions of

continuity, submitted in Rend. Ist. Matem. Univ. Trieste.

(3] J. Dobos, Simple continuity and cliquishness,

Casopis pést. mat. 112, 1987, 3I55-3I58.

[4] R.Engelking, General Topology, PWN, Warszawa 1977.

304



(R

[61]

L71

£81

£?1

[101]

111

L. A. Fudali, On cliquish functions on product spaces,

Math. Slovaca 33, 1983, 53-58.

L. Hold, Some conditions that imply continuity of almost
continuous multifunctions, Acta Math. Univ. Comen.

52-53, 1987, 139-165.

T. Husain, Almost continuous mappings, Ann. Soc. Math.

Polon. Comment. Math. 10, 1946646, 1-7.

J. S. Lipinski — T. Salat, On the points of quasi-
continuity and cliquishness of functions, Czechoslovak

Math. J. 21 (96), 1971, 484-489.

S. Marcus, Sur les fonctions quasicontinues au sens de

S. Kempisty, Colloq. Math. 8, 1961, 47-53.

J. Smital - E. Stanova, On almost continuous functions,

Acta Math. Univ. Comen. 37, 1980, 147-155.

M. Wilhelm, Nearly lower semicontinuity and its applica-
tions, Proc. Fifth Prague Topol. Symp. 1981, 692-698.

Received November 8, 1989

305



	Contents
	p. 292
	p. 293
	p. 294
	p. 295
	p. 296
	p. 297
	p. 298
	p. 299
	p. 300
	p. 301
	p. 302
	p. 303
	p. 304
	p. 305

	Issue Table of Contents
	Real Analysis Exchange, Vol. 16, No. 1 (1990-91) pp. 1-376
	Front Matter
	EDITORIAL MESSAGE [pp. 4-4]
	LETTERS to the EDITOR [pp. 5-6]
	ERRATA: A CRITERION FOR MEASURABILITY OF COUNTABLE-TO-ONE FUNCTIONS [pp. 7-7]
	CONFERENCE ANNOUNCEMENTS [pp. 8-8]
	REPORT OF THE FOURTEENTH SUMMER SYMPOSIUM
	THE FOURTEENTH SUMMER SYMPOSIUM ON REAL ANALYSIS, California State University, San Bernardino, June 20-12, 1990 [pp. 9-14]
	DESCRIPTIVE SET THEORETIC PHENOMENA IN ANALYSIS AND TOPOLOGY [pp. 15-16]
	DENSITY TOPOLOGY AND COMPLETELY RAMSEY SETS [pp. 17-19]
	A short proof of a theorem of Jasinski and Weiss [pp. 20-20]
	THE FAMILY OF COMPACT POROUS SETS [pp. 21-22]
	A GLIMM-EFFROS DICHOTOMY FOR BOREL EQUIVALENCE RELATIONS [pp. 23-23]
	Non—Uniformization Results for the Projective Hierarchy [pp. 24-25]
	AN INTEGRAL IN GEOMETRIC MEASURE THEORY [pp. 26-28]
	Henstock and Lebesgue integration [pp. 29-29]
	Transfinite Induction and Integrals [pp. 30-31]
	CONVERGENCE THEOREMS FOR THE HENSTOCK INTEGRAL [pp. 32-33]
	Integration by Parts in the SCP Integral [pp. 34-34]
	First Return Selections and Block Selections [pp. 35-36]
	Three Methods of Constructing ω-limit Sets [pp. 37-38]
	Some results and problems about ω-limit sets [pp. 39-40]
	Countable Collections of ω-limit sets for Darboux Baire 1 Functions [pp. 41-41]
	Differentiable-, continuous-, and Derivative-Restrictions of Measurable Functions [pp. 42-43]
	[Extendable Functions with a Dense Graph] [pp. 44-44]
	APPROXIMATE HIGH ORDER SMOOTHNESS [pp. 45-46]
	Proofs of the Uher and Freiling Covering Theorems [pp. 47-49]
	SOME INTERPOLATION PROBLEMS IN REAL AND HARMONIC ANALYSIS [pp. 50-50]
	On category bases: Abstract [pp. 51-52]
	REFINEMENTS OF THE DENSITY AND I-DENSITY TOPOLOGIES [pp. 53-54]
	EXTREME POINT SELECTORS [pp. 55-56]
	Parametric I-approximate derivatives are in Baire class one [pp. 57-58]
	(ε,η)-Approximating Partitions [pp. 59-59]

	RESEARCH ARTICLES
	ON THE BOREL HIERARCHIES OF COUNTABLE PRODUCTS OF POLISH SPACES [pp. 60-66]
	Martin's Axiom implies a stronger version of Blumberg's Theorem [pp. 67-73]
	ON GENERALIZED DOMINATED CONVERGENCE [pp. 74-78]
	A Theory of Integration for Cardinal Algebras [pp. 79-118]
	On non-differentiable measure-preserving functions [pp. 119-129]
	On Riemann summable trigonometric series [pp. 130-153]
	THE INVERSION OF APPROXIMATE AND DYADIC DERIVATIVES USING AN EXTENSION OF THE HENSTOCK INTEGRAL [pp. 154-168]
	ALGEBRAIC STRUCTURES GENERATED BY Td-QUASI CONTINUOUS AND ALMOST CONTINUOUS FUNCTIONS ON Rm [pp. 169-176]
	Separation of points by families of intervals [pp. 177-186]
	Convexity and Symmetric Derivates of Measurable Functions [pp. 187-196]
	An Analytic Study of Functions defined on Self-Similar Fractals [pp. 197-214]
	Upper and Lower Generalized Riemann Integrals [pp. 215-237]
	Pseudo-Orbit Shadowing on the Unit Interval [pp. 238-244]
	CHARACTERISTIC FUNCTIONS AND PRODUCTS OF DERIVATIVES [pp. 245-254]
	Topologies generated by porosity and strong porosity [pp. 255-267]
	A Global Implicit Function Theorem [pp. 268-272]

	INROADS
	Asymmetry of all Countable orders of a real function [pp. 273-278]
	Solution of two problems concerning F-sigma sets of measure zero [pp. 279-283]
	A note on topologies related to (xα )-porosity [pp. 284-291]
	ON DECOMPOSITIONS OF QUASICONTINUITY [pp. 292-305]
	ANOTHER APPROACH TO THE CONTROLLED CONVERGENCE THEOREM [pp. 306-310]
	PATH DIFFERENTIATION IN BOREL THE SETTING [pp. 311-318]
	S-NULL FUNCTIONS [pp. 319-321]
	BAIRE MEASURES ON [O, Ω] AND [O, Ω]. II [pp. 322-328]
	A Symmetric Approximate Perron Integral for the Coefficient Problem of Convergent Trigonometric Series [pp. 329-339]
	ADDITIVITY OF POROUS SETS [pp. 340-343]
	THE CONSTRUCTION OF A LEBESGUE MEASURABLE SET WITH EVERY DENSITY [pp. 344-348]
	A MINIMAL FAMILY OF OPEN INTERVALS GENERATING THE BOREL SETS [pp. 349-352]
	Some interpolation problems in real and harmonic analysis [pp. 353-361]
	Three Methods of Constructing ω-Limit Sets [pp. 362-372]

	QUERIES [pp. 373-376]
	Back Matter



