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A Global Implicit Function Theorem

1. In this paper, f(z,y) is a function of two variables defined on an open
subset U of R?. Let D,f(D,f) denote the partial derivative of f with respect to
the 1-st place (2-nd place) variable. We let D} f(D7 f) denote the upper right
Dini derivate of f with respect to the 1-st place (2-nd place) variable. Likewise
Dy f(D3 f) denotes the upper left Dini derivate of f with respect to the 1-st
place (2-nd place) variable.

As in [C] we say that the function f on U is locally bounded at a point
(z,y) € U if f is bounded in some neighborhood of (z,y). It follows that f is
locally bounded at (z,y) if f is continuous at (z, y).

The standard result on implicit functions for functions of two variables [Ct]
is:

Theorem 0. Let f be continuously differentiable on U and let D,f never
vanish on U. Then any point (zo,y) € U lies in a segment I = {(z,y%) : a <
z < b} for which there is a differentiable function g defined on I such that
9(zo) = yo, and f(z,g(z)) = f(zo,y0) for (z,y0) € I; moreover, g' = —D; f/D,f
for (z,y0) € 1.

In the spirit of [C|, we offer a global theorem in which boundedness replaces
continuity of the derivatives,

Theorem 1. Let f be a continuous function on U and let D} f, Dy f, Df f,
D; f be each < co. Let Df f > 0, and let D} (D57 f) be locally bounded on U.
Then almost every point (zo, yo) € U lies in a segment I = {(z,y) €U:a <z <
b} for which there is a continuous function g defined on I such that g(zo) = yo
and f(z,9(z)) = f(zo,¥0) for (z,y0) € I; moreover, at almost every point of I
(relative to I) the derivatives ¢', D, f and D, f exist and ¢’ = —D, f/D,f.

We also provide a variation, easier to prove, that employs Baire category
instead of Lebesgue measure. We say that a set is residual if its complement is
a first category set.

Proposition 1. Let f be a continuous function on U and let D, f and D, f
exist on U. Let D;f never vanish on U. Then there is a residual subset Z of
U such that every point (zo,y0) € Z lies in a segment I = {(z,y0) : @ < z < b}
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for which there is a continuous function g defined on I such that g(z,) = yo,
and f(z,9(z)) = f(zo,¥o) for (z,y0) € I; moreover, there is a residual subset W
of I (relative to I) such that at every point of W the derivative g’ exists and
g'=—Dif/D.f.

Our arguments will not depend on differentiability of the function f.

2. We begin with:

Lemma 1. Let E be a subset of U of measure zero, and let E, = {(p,y) € U:
the set {w : (w,y) € E} does not have measure zero}. Then m(E,) = 0.

Proof. We deduce from the Fubini theorem applied to the characteristic
function xg that the linear measure of the set of all y such that {(p,y) : (p,y) €
U} C E, has measure 0. We apply Fubini’s theorem again to xg, to prove that
m(Eo) = fXEo = 0. O

Lemma 2 does for category what Lemma 1 does for measure.

Lemma 2. Let E be a first category subset of U, and let Ey = {(p,y) € U :
the set {w: (w,y) € E} is a second category set}. Then Ej, is a first category
set. ~

The proof is similar to the pi'oof of Lemma 1 so we leave it. It also can be
deduced from [LW, Lemma 2.2]. a

Lemma 3. Let h(z) be a continuous function on an interval [a, b] such that
D*h(z) is real for all z. Let h be differentiable on a set E C [a,b] such that
m([a,b] \ E) =0. Then

inf h'(z) < (h(b) — h(a))/(b — a) < sup h'(z).
z€E z€E
Proof. Suppose to the contrary, that M is a real number such that
sup h'(z) < M < (h(b) — h(a))/(b — a).
z€E

Let k(z) = h(z) — Mz on [a,b]. Then
sup K'(z) < 0 < (k(b) — k(a))/(b — a).

Moreover D*k(z) is real for all z, and by [S, p. 271], k maps sets of measure 0
to sets of measure 0. So m(k([a,b]\ E)) = 0. Now k(b) > k(a). Select g such
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that k(b) > ¢ > k(a) and g & k([a,b] \ E). Let z, be the greatest number in
the compact set k~!(q). Then zo € E and k'(zo) < 0. It follows that k~1(q)
contains a number between z, and b by the intermediate value theorem, and this

is impossible.
We conclude that (h(b) — h(a))/(b — a) < sup,cg h'(z). The other inequality
is proved analogously with the signs reversed. a

We return now to the function f in Theorem 1.

Lemma 4. Let f satisfy all the hypotheses of Theorem 1, and let © and
v be nonzero numbers. Let the closed rectangle T with vertices (zo,yo0), (Zo +
%, Y0), (%o, Yo + v), (Zo + u, yo + v) lie within U. Let |Df (D3 f)| < M on T. Then

|f(Zo + u, 30 + v) + f(Zo,¥0) — f(Zo + 1, v0) — f(Zo,yo + v)| < |uv|M.

Proof. Put h(y) = f(zo + u,y) — f(Zo,y) over the interval joining yo and
Yo + v. Then

f(zo + 4,90+ v) + f(Zo + vo) — f(Zo,¥0 + v) — f(zo + %, %) = h(yo + v) — h(w0)-

Now 0 < D7 f(zo + u,y) < oo and 0 < Df f(zo,y) < o0, so f(zo + u,y) and
f(Zo,y) are increasing with y. Thus [D*h| < co. Let E be the set of all y where
D, f(zo + u,y) and D, f(zo,y) exist. By [HS, pp. 264, 265

m([inf (yo, yo + v),sup(y0, o + v)] \ E) = 0.

By Lemma 3,

o] inf K'(3) < [h(5o + v) — h(go)] < lo]sup A'(y).
yEE yEE

But for any y € E,h'(y) = Da2f(zo + u,y) — D2f(z0,¥),|D7 f(zo + v,y) —
Df f(zo,y)| < |u|M and |h'(y)| < |u|M by Dini’s theorem [S, p. 204]. It follows
that |h(yo + v) — h(yo)| < |uv|M, and the conclusion follows. O

Proof of Theorem 1. Let (zo,y) € U and let d > 0. Then f(zo,y)
increases with y because D f > 0. Let y; and y, be such that f(zo,y2) —
f(zo,y1) < d,y1 < Yo < ¥2,¥2 — y1 < d, and U contains the segment joining
(Zo,41) to (Zo,yz). Then f(Zo,y1) < f(Zo,%) < f(Zo,yz). Let z; and z; be
numbers such that z; < zy < z3,z; — z; < d, the closed rectangle T with vertices
(z1,91), (z2,91), (Z2,¥2), (%1, y2) lies within U, the function f exceeds f(zo,yo) on
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the segment joining (z;, yz) to (z2,y2), f(zo, ¥o) exceeds f on the segment joining
(z1,%1) to (z2,v1), and such that the maximum of f on the segment joining
(z1,y2) to (z2,y2) exceeds the minimum of f on the segment joining (z;,y;) to
(z2,y1) by less than d. Now f(z,y) increases with y for fixed z because DS f > 0.
So for fixed = between z, and z, there is a unique y such that f(z,y) = f(Zo, yo)
and (z,y) € T. Let g(z) denote this y; thus f(z,g(z)) = f(zo, ). This defines
g(z) for z; < z < z; and moreover, |g(z) — g(zo)| < d for any such z. Of course,
) (zo) = Yo-

To show that g is continuous, let ¢ > 0 and z; < £ < z;. By the same
argument in the preceding paragraph with € in place of d and a rectangle lying
within T in place of T, we find an open interval J containing z such that if u € J,
then |g(z) — g(u)| < e.

Now suppose that D, f(zo,yo) and D;f(zo,yo) exist. Then for z # z,,

0 = f(z,9(2)) — f(zo,v0) = f(z,9(2)) — f(z,%0) + f(=,v0) — f(Zo, o)
= (f(20,9()) — f(Z0, %)) + (f(z,%0) — f(Z0,¥0))
+ (f(z,9(z)) — f(z, %) + f(zo, %) — f(20,9(2)).

If |DY(Dff)] < M on the rectangle with vertices (zo, o), (Z, %), (Z0,9(2)),
(z,9(z)), then by Lemma 4 we have

(1) |f(zo,9(z)) — f(Zo,¥0) + f(Z,%0) — f(Zo,0)| < |(z — 20)(9(z) — vo) | M.

But lim,—z, 9(z) = yo, so there is a funtion p(z) such that lim,.,, p(z) = 0 and

f(20,9(z)) — f(2o,¥0) = (D2£(Zo, o) + p(z))(9(z) — vo)-

We deduce from (1) that

|(D2f (20, %) + p(2))(9(2) — wo)(z — 2o) ™ + (f(2,%0) — f(20,%0))(z — 20) |

(2) < lg(2) — yo| M.

From (2) and the hypothesis that D (D7 f) is locally bounded and D, f(zo, yo) >
0, we deduce that ¢'(z,) exists and

(3) D, f(0,Y0)9' (o) + D1 f (%o, ¥0) = O.

We deduce from the continuity of f that the set of points where D, f exists is
measurable. By [S, pp. 270-271)] D, f(z,y) exists almost everywhere in z for each
y. We deduce from the Fubini theorem applied to the characteristic function of
the set of points where D, f exists, that D;f exists almost everywhere on U.
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Likewise D, f exists almost everywhere on U. Let E be a set such that m(E) =0
and D, f and D,f exist on U \ E. Let E; be the set as in Lemma 1. We let
(Z0,%0) € U \ (Eo U E) to obtain the desired conclusion. a

By a similar argument it can be shown that under the hypotheses of Theorem
1, f is in fact differentiable at any point where D, f and D, f exist. We leave this
argument.

Before tackling the proof of Proposition 1 we offer an example. By [HS, p.
296] there is a measurable subset S of the real line R such that S and R\ S meet
any interval in sets of positive measure. Put

fz,y) = 2%° + z** + /: xs(t)dt + /:(1 + xs(t))dt

for (z,y) € R?. Then f is a nontrivial function on R? satisfying the hypothesis
of Theorem 1. But Dy f and D7 f are continuous at no point.

Proof of Proposition 1. By [Sg|, D, f and D, f are continuous at all points
of a residual subset of U. The proof is completed by arguing as in [Ct| and using
Lemma 2 as Lemma 1 was used in the proof of Theorem 1. We leave the rest.
a

References

[C] F.S. Cater, Changing the order of partial differentiation, Real Analysis
Exchange 14, no. 2 (1988-9) pp. 512-516.

[Ct] Richard Courant, Differential and Integral Calculus, vol. 2, Interscience,
New York, 1936, pp. 114, 115, 119-121.

[HS] Edwin Hewitt & Karl Stromberg, Real and Abstract Analysis, Springer-
Verlag, New York, 1965.

[LW] K. Lau & Clifford Weil, Differentiability via directional derivatives, Pro-
ceedings of the Amer. Math. Soc. 70 (1978), pp. 11-17.

[S] S. Saks, Theory of the Integral, Second Revised Edition, Dover, New York,
1964.

[Sg] Karl Stromberg, An Introduction to Classical Real Analysis, Wadsworth,
Belmont, 1981, problem 3, p. 198.

Received June 8, 1990

272



	Contents
	p. 268
	p. 269
	p. 270
	p. 271
	p. 272

	Issue Table of Contents
	Real Analysis Exchange, Vol. 16, No. 1 (1990-91) pp. 1-376
	Front Matter
	EDITORIAL MESSAGE [pp. 4-4]
	LETTERS to the EDITOR [pp. 5-6]
	ERRATA: A CRITERION FOR MEASURABILITY OF COUNTABLE-TO-ONE FUNCTIONS [pp. 7-7]
	CONFERENCE ANNOUNCEMENTS [pp. 8-8]
	REPORT OF THE FOURTEENTH SUMMER SYMPOSIUM
	THE FOURTEENTH SUMMER SYMPOSIUM ON REAL ANALYSIS, California State University, San Bernardino, June 20-12, 1990 [pp. 9-14]
	DESCRIPTIVE SET THEORETIC PHENOMENA IN ANALYSIS AND TOPOLOGY [pp. 15-16]
	DENSITY TOPOLOGY AND COMPLETELY RAMSEY SETS [pp. 17-19]
	A short proof of a theorem of Jasinski and Weiss [pp. 20-20]
	THE FAMILY OF COMPACT POROUS SETS [pp. 21-22]
	A GLIMM-EFFROS DICHOTOMY FOR BOREL EQUIVALENCE RELATIONS [pp. 23-23]
	Non—Uniformization Results for the Projective Hierarchy [pp. 24-25]
	AN INTEGRAL IN GEOMETRIC MEASURE THEORY [pp. 26-28]
	Henstock and Lebesgue integration [pp. 29-29]
	Transfinite Induction and Integrals [pp. 30-31]
	CONVERGENCE THEOREMS FOR THE HENSTOCK INTEGRAL [pp. 32-33]
	Integration by Parts in the SCP Integral [pp. 34-34]
	First Return Selections and Block Selections [pp. 35-36]
	Three Methods of Constructing ω-limit Sets [pp. 37-38]
	Some results and problems about ω-limit sets [pp. 39-40]
	Countable Collections of ω-limit sets for Darboux Baire 1 Functions [pp. 41-41]
	Differentiable-, continuous-, and Derivative-Restrictions of Measurable Functions [pp. 42-43]
	[Extendable Functions with a Dense Graph] [pp. 44-44]
	APPROXIMATE HIGH ORDER SMOOTHNESS [pp. 45-46]
	Proofs of the Uher and Freiling Covering Theorems [pp. 47-49]
	SOME INTERPOLATION PROBLEMS IN REAL AND HARMONIC ANALYSIS [pp. 50-50]
	On category bases: Abstract [pp. 51-52]
	REFINEMENTS OF THE DENSITY AND I-DENSITY TOPOLOGIES [pp. 53-54]
	EXTREME POINT SELECTORS [pp. 55-56]
	Parametric I-approximate derivatives are in Baire class one [pp. 57-58]
	(ε,η)-Approximating Partitions [pp. 59-59]

	RESEARCH ARTICLES
	ON THE BOREL HIERARCHIES OF COUNTABLE PRODUCTS OF POLISH SPACES [pp. 60-66]
	Martin's Axiom implies a stronger version of Blumberg's Theorem [pp. 67-73]
	ON GENERALIZED DOMINATED CONVERGENCE [pp. 74-78]
	A Theory of Integration for Cardinal Algebras [pp. 79-118]
	On non-differentiable measure-preserving functions [pp. 119-129]
	On Riemann summable trigonometric series [pp. 130-153]
	THE INVERSION OF APPROXIMATE AND DYADIC DERIVATIVES USING AN EXTENSION OF THE HENSTOCK INTEGRAL [pp. 154-168]
	ALGEBRAIC STRUCTURES GENERATED BY Td-QUASI CONTINUOUS AND ALMOST CONTINUOUS FUNCTIONS ON Rm [pp. 169-176]
	Separation of points by families of intervals [pp. 177-186]
	Convexity and Symmetric Derivates of Measurable Functions [pp. 187-196]
	An Analytic Study of Functions defined on Self-Similar Fractals [pp. 197-214]
	Upper and Lower Generalized Riemann Integrals [pp. 215-237]
	Pseudo-Orbit Shadowing on the Unit Interval [pp. 238-244]
	CHARACTERISTIC FUNCTIONS AND PRODUCTS OF DERIVATIVES [pp. 245-254]
	Topologies generated by porosity and strong porosity [pp. 255-267]
	A Global Implicit Function Theorem [pp. 268-272]

	INROADS
	Asymmetry of all Countable orders of a real function [pp. 273-278]
	Solution of two problems concerning F-sigma sets of measure zero [pp. 279-283]
	A note on topologies related to (xα )-porosity [pp. 284-291]
	ON DECOMPOSITIONS OF QUASICONTINUITY [pp. 292-305]
	ANOTHER APPROACH TO THE CONTROLLED CONVERGENCE THEOREM [pp. 306-310]
	PATH DIFFERENTIATION IN BOREL THE SETTING [pp. 311-318]
	S-NULL FUNCTIONS [pp. 319-321]
	BAIRE MEASURES ON [O, Ω] AND [O, Ω]. II [pp. 322-328]
	A Symmetric Approximate Perron Integral for the Coefficient Problem of Convergent Trigonometric Series [pp. 329-339]
	ADDITIVITY OF POROUS SETS [pp. 340-343]
	THE CONSTRUCTION OF A LEBESGUE MEASURABLE SET WITH EVERY DENSITY [pp. 344-348]
	A MINIMAL FAMILY OF OPEN INTERVALS GENERATING THE BOREL SETS [pp. 349-352]
	Some interpolation problems in real and harmonic analysis [pp. 353-361]
	Three Methods of Constructing ω-Limit Sets [pp. 362-372]

	QUERIES [pp. 373-376]
	Back Matter



