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Topologies generated by porosity and strong porosity

1. INTRODUCTION

W. Wilczyniski ((W1]) defined the Z-density topology 77 on the real line which is a cat-
egory analogue of the ordinary density topology on R. W. Poreda, E. Wagner-Bojakowska
and W. Wilczynski ([PBW]) proved that the topology 77 is not regular (unlike the den-
sity topology), but still, Z-approximately continuous (=7z-continuous) functions are in the
first class of Baire and have the Darboux property (like approximately continuous func-
tions). The problem of finding the coarsest topology 7 C 77 which makes all 77-continuous
functions continuous was solved independently by W. Poreda and E. Wagner-Bojakowska
([PB]) and by E. Lazarow ([E]). For a survey of results concerning the Z-density topology
see [W2].

Wilczynski’s definition of the Z-density topology uses the algebraic structure of R.
L. Zajicek in [Z2] introduces new topologies on a metric space (P, ) using the notion
of (ordinary) porosity: the porosity topology p and the *-porosity topology p* where p* is
obtained by throwing sets of first category away from p-open sets. He shows ([Z3]) that
the *-porosity topology on R is identical with the Z-density topology. He also studies
some properties of these topologies (see [Z2], [Z3]). If P is a Baire space, then the class
of all p-continuous functions is equal to the class of all p*-continuous functions, and these
functions are in the first class of Baire on P. The topology p* is determined by a category
lower density.

There are several variants of the notion of ordinary porosity: strong porosity, (g)-
porosity, (H)-porosity (definitions can be found e.g. in [Z1] or [Z4]). Replacing the notion
of porosity in the definition of the topologies p and p* by these variants, definitions of
new topologies and the corresponding *-topologies can be obtained. For example, strong
porosity leads to the strong porosity topology s and the *-strong porosity topology s*.
L. Zajicek ([Z2]) remarks that all these *-topologies have similar properties, in particular,
they are determined by a category lower density.

The purpose of the present paper is to prove some properties of the topologies s and s*.
We restrict ourselves to the case of a (real) normed linear space Q. Moreover, we add
some new results on the topology p. It turns out that on a non-trivial space Q neither
s is finer than p (which is almost obvious) nor p is finer than s (which may seem to be
surprising). We also show that both the porosity topology p on P and the strong porosity
topology s on Q possess the (complete) Lusin-Menchoff property. As a consequence of
this fact we obtain that these topologies are completely regular. It follows that p is the
coarsest topology which makes all p*-continuous functions continuous, therefore on R the
porosity topology p coincides with the topology 7 introduced by E. Lazarow. Using the
idea of [Z2] we prove that s*-continuous functions on a Hilbert space @ are in the first
class of Baire. In the final part of the paper we investigate membership of p*-continuous
and s*-continuous functions on R in the classes of Zahorski.

255



2. DEFINITIONS, BASIC PROPERTIES

Let (P, o) be a metric space. The symbol U(z,r) will stand for the open ball centered
at z with the radius r. Forz € P, M C P and R > 0 put

v(M,z,R) = sup ({r > 0 : there is y € P such that U(y,r) C U(z,R) \ M } U {0}).

The number

n(M,z) = limsup 1M,z R)
R—0+ R
is called the porosity of M at z.

We say that a set M C P is porous at a point ¢ € P if (M, z) > 0. We say that M is
strongly porous at z if m(M,z) > 1.

A set E C P is said to be superporous at a point ¢ € P provided that E U F is porous
at z whenever F C P is porous at z. Similarly, E is said to be strongly superporous at z
provided that E U F is strongly porous at z whenever F is strongly porous at z.

It is obvious that the collection of all sets which are superporous at a point z € P is
an ideal (unlike the collection of all sets which are porous at z). The same is true of the
collection of all sets which are strongly superporous at z. It follows that the systems

p={G C P: P\ G is superporous at any point z € G }
and

s={G C P: P\ G is strongly superporous at any point z € G }

form topologies on P which are finer than the initial topology. The topology p is called
the porosity topology, s is called the strong porosity topology.

The following descriptions of p-neighbourhoods and s-neighbourhoods of a point z € P
are simple consequences of the above mentioned fact that all sets which are superporous
(strongly superporous) at z form an ideal and of the obvious fact that a set M is super-
porous (strongly superporous) at z iff M ® is superporous (strongly superporous) at z.
PROPOSITION 1a ([Z2, Proposition 3]). Let V C P,z € V. Then the following conditions
are equivalent.

(i) V is a p-neighbourhood of z.
(i) int, V U {2} is a p-open p-neighbourhood of z.
(iii) P\ V is superporous at z.

PROPOSITION 1b. Let V C P, z € V. Then the following conditions are equivalent.

(i) V is an s-neighbourhood of z.
(ii) int, V U {2} is an s-open s-neighbourhood of z.
(iii) P\ V is strongly superporous at z.
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For the points of ordinary porosity of a set M C P we have the following simple char-
acterization.

LEMMA la ([Z2, Lemma 2]). Let M C P, z € P. If z is an isolated point of P, then M
is porous at z iff z ¢ M. If z is not an isolated point of P, then M is porous at z iff there

exists ¢ > 0 and sequences of balls {U(z, Rn)}, {U(yn,™s)} such that
Tn

hmR,,=0, R_n

>¢, £¢U(ynsta)y U(yn,mn) CU(z,Ra)\ M.

We shall investigate properties of the strong porosity topology on a normed linear
space Q with a norm ||...|. It is obvious that a set E C Q is porous (superporous,
strongly porous, strongly superporous, respectively) at a point z € Q iff the set E —z =
{y —z : y € E} is porous (superporous, strongly porous, strongly superporous, respec-
tively) at the point 0 € Q. Consequently, z € int,E iff 0 € int,(E — z), and z € int, E iff
0 € int,(E — z).

As an analogue of Lemma la we state

LEMMA 1b. A set M C Q@ is strongly porous at O if and only if there exists a sequence
{U(yn,rn)} of balls such that

0¢ U(Yns™n), UUnyta) "M =0, limy, =0, an;—"" =1.

L. Zajicek characterized the p-interior points of a set V C P.

PROPOSITION 2a ([Z2, Proposition 8]). Let V C P,z € V. Then V is a p-neighbourhood
of z (equivalently, P\ V is superporous at z) if and only if the following condition (C,) is
satisfied.

For any u > 0 there exists d > 0 and v > 0 such that whenever U(z,R), U(y,r) are
balls for which U(y,r) C U(z,R) \ {z}, R < d, r/R > u, then there exists a ball
U(z,a) C U(y,r) NV such that a/r > v.

In a normed linear space @, Proposition 2a reads as follows. (The proof requires simple
technique only and we shall omit it.)

PROPOSITION 2a'. Let V.C Q,0 € V. Then V is a p-neighbourhood of O (equivalently,
@\ V is superporous at 0) if and only if the following condition (Cp') is satisfied.

For any ¢ € (0,1) there exists § > 0 and ¢ € (0,1) such that whenever z € Q,
0 < ||z]| < &, then there exists y € Q and r > 0 such that U(y,r) C U(z,c||z|)NV,
r 2 elyl.-

Our aim now is to prove a similar characterization of the s-interior points of a set V C Q.

PROPOSITION 2b. Let V C Q,0 € V. Then V is an s-neighbourhood of 0 if and only if
the following condition (C,) is satisfied.

For any ¢ € (0,1) there exists § > 0 and ¢ € (0,1) such that whenever z € @,
0 < ||z|| < &, then there exists y € Q and r > 0 such that U(y,r) C U(z, (1—¢)||z|[) NV,

r2 (1-e)lyll-
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PROOF: (a) Let V satisfy the condition (C,), let F be strongly porous at 0. We shall prove
that (Q\V)UF is strongly porous at 0. Fore¢,, = n+_1 we find the corresponding §,, ¢, from
the condition (C,). By Lemma 1b there exists a sequence of balls { U, : n = 1,2,...} where
Un = U(Zn, Rs) such that 0 ¢ U,, UnNF = 0,limz, = 0,lim R, /||zx|| = 1. Let {o(n)} be
an increasing sequence of natural numbers such that ||z,(n)|| < 8n, Ro(n) = (1—cn)||Zo(n)l-
The condition (C,) then guarantees that there exists a sequence of balls U(y,,r,) such

that
U(yn$r‘n) - U(zd(n)’(l - cn)”za(n)") nvc Ua(n) nNvVc Uo(n) \ [(Q \ V) U F]’

Tn > (1 — €n)||yn||. This sequence of balls satisfies the condition of Lemma 1b for the set
M = (Q\V)UF. We have shown that Q \ V is strongly superporous at 0 and therefore
by Proposition 1b, V is an s-neighbourhood of 0.

(b) Assume that Q\ V is strongly superporous at 0 and (C,) does not hold. Then there
exists ¢ € (0,1) such that for any § > 0, ¢ > 0 thereis z € @, 0 < ||z|| < § having the
property that whenever U(y,r) C U(z, (1—c)||z]|)NV, then r < (1—¢)|ly||. It follows that
for the sequence {cn} where c, = n+_1 it is possible to construct by induction a sequence
{Un} of pairwise disjoint balls where U, = U(zn,(1 — ¢n)||Zx||), imz, = O such that for
any ball U(y,r) CU, NV we have r < (1 —¢)||y||. Put

F=Q\ | U..
n=1

Since F is strongly porous at 0, sois (Q \ V) U F. By Lemma 1b there is a sequence of
balls { U(yk, %) : k = 1,2,...} such that limr¢/||ys|| = 1 and

U(ys,re) CQ\[Q\V)UF] = | Unn V.

n=1
Since the balls U,, are pairwise disjoint, for any k there is n such that U(yx,r:) CU.NV.
But then we obtain that r¢ < (1 — €)||yx|| for any k, which is a contradiction. §

We close this section by giving two examples which show that there is no connection
between the porosity topology p and the strong porosity s on an arbitrary normed linear
space @ # {0}. If a set M is strongly porous at a point z, then a fortiori M is porous at z
(the opposite assertion being false). So one might conjecture at first glance that strong
superporosity of M at z implies superporosity of M at z. However, this conjecture is not
justified.

EXAMPLE 1. Let Q # {0} be a normed linear space. Then the set
™ 1
A= {zeQ:lzll =5
n=0

is superporous at 0 but not strongly superporous at 0. Consequently, @ \ A is p-open but
not s-open. '

PROOF: (a) It is obvious that 7(A4,0) = }. Therefore A is not strongly porous at 0 and,
a fortiori, not strongly superporous at 0.
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(b) To show that A is superporous at 0 we prove that Q \ 4 satisfies the condition (C}')
of Proposition 2a’. Let c € (0,1) be given. Put ¢* = min(c,}), € = ¢*/2. From the
inequality (1 —c*)/(1 + ¢*) > 1 it follows that for any z € Q \ {0} the interval

(1 =eMli=zll, (1 +c)ll=ll)
can contain at most one number 1/2". Consequently, putting y; = (1 — ¢*/2)z and y2 =

(14 ¢*/2) z, we have that either U(y1,€l|z||) or U(y2,¢||z]|) is contained in U(z, c||z]|) \ 4.
The value for § > 0 in the condition (C,') can be chosen arbitrarily. §

EXAMPLE 2. Let Q # {0} be a normed linear space. Let {r,} be a decreasing sequence
of positive real numbers such that limr, =0, limr,,;/r, = 0. Then the set

e <]
B=|J{z€Q:ra< ||l < 2rn}
n=1

is strongly superporous at 0 but not superporous at 0. Consequently, Q \ B is s-open but
not p-open.

PRrROOF: (a) In view of the fact that Q \ B is porous at 0, B cannot be superporous at 0.
(b) First we prove that the set

B* = U [Pny, 2r,]CR
n=1

satisfies the following condition:

For any ¥ € (0,1) there exists § > 0 and ¢ € (0,1) such that whenever 0 < z < §, then
there exists an interval (a,b) C (cz,z) \ B* such that a = 9b.

Choose ¥ € (0,1). There is an index ny such that 2r,/r,_; < ¥?/2 for any n > n,. Put
6 = (4/9%) rny, ¢ =19%/2. Choose z € R such that 0 < z < §. Let n be the greatest index
for which 2r, > (9?%/2) z (obviously n > n,). We distinguish two cases.

1. Assume that (¥%/2) z < 2r, < ¥z. If the inequality r,_; < z were satisfied, then we
would obtain that 2r,/rn_; > [(#%/2) z] /z = ¥%/2, which is impossible. Hence

(¥9z,2) C (ez,2) N (2Pn,7Tn-1) C (cz,2) \ B”.
2. Assume that 27, > ¥z. Then, since 27,41 < (9%/2) z, it follows that
92 9
(7 5 z) C (cz,2) N (2rpt1,mn) C (c2,2) \ B™.

Now it is easy to finish the proof by showing that Q \ B satisfies the condition (C,) of
Proposition 2b. Choose ¢ € (0,1). Put ¥ = ¢/(2 — ¢) and find the corresponding § > 0,
c € (0,1) by the above condition. Choose z € Q such that 0 < ||z|| < é. Find an interval
(a:8) C (cllz]l, ll2]}) \ B* for which a = 9b. Putting y = [(a+8)/(2llz]) ]z, = (b—a)/2

we obtain

U(y,r) C U(z, (1- c)”z”) \ B,

b—a 1-19
r= 2l = g Il = (= )l

as required. i
To conclude these observations, we state

259



PROPOSITION 3. Let p, s be the porosity topology and the strong porosity topology on
a normed linear space @ # {0}, respectively. Then neither s is finer than p nor p is finer
than s.

3. THE LUSIN-MENCHOFF PROPERTY

Recall that a fine topology T on a topological space (X,p) has the Lusin-Menchoff
property (with respect to p) if the following condition is satisfied.

For any pair of sets F, H C X such that F is p-closed, H is T-closed, FN H = () there
are sets G,W C X such that G is p-open, W is r-open, FC W, H C G and GNW = 0.

We say that = has the complete Lusin-Menchoff property (w.r.t. ) if for any subspace
Y C X, 7 induced on Y has the Lusin-Menchoff property w.r.t. the topology ¢ induced
onY.

We summarize some well-known facts on the Lusin-Menchoff property (see [LMZ, Chap-
ter 3.B)).

THEOREM A. Let T be a fine topology on a topological space (X, p) having the Lusin-
Menchoff property w.r.t. p. Then for any T-open set E C X of type F, there exists
a T-continuous p-upper-semicontinuous function f on X such that

0< f(z) L1 forallz € E and f(z)=0 forallz€e X \E.

THEOREM B. Any fine topology r on a T} -space (X, p) having the Lusin-Menchoff property
w.r.t. o is completely regular.

THEOREM C. A fine topology 7 on (X,p) has.the complete Lusin-Menchoff property
w.r.t. p if and only if the following condition is satisfied.

For any pair of sets A, B C X such that A°NB = ANB" =0 there are sets G,W C X
such that G is p-open, W is 7-open, ACW,BC G and GNW = 0.

THEOREM la. The porosity topology p on a metric space (P, o) has the complete Lusin-
Menchoff property (w.r.t. the initial topology).

PROOF: Assume that } # A, B C P are biseparated sets, i.e. A°NnB=AnB? = 0.
Putting .
G={z€P:g(z,B) < o*(z,4)}, W =P\G’ =int,(P\G),

we see that G is g-open, W is p-open, GNW =0, B C G and A C P\G. It remains to show
that A C W =int,(P \ G). To this end, we shall verify that P\ G satisfies the condition
(Cp) of Proposition 2a at any point z € A. Fixz € A. Then z € P\B? = int,(P\ B). By
Proposition 2a, P\ B satisfies the condition (Cp) at z. Choose u > 0 and find by (C}) the
corresponding d > 0, v > 0. Put d* = min (d,uv/2), v* = v/2. Let U(y,r) C U(z, R) be
balls for which z ¢ U(y,r), R < d* and r/R > u. Then thereis a ball U(z,a) C U(y,r)\ B
with a/r > v. For an arbitrary point n € GNU(y,r) we have

R a a uv a
B 2 < 2 2=~— — ‘<—.——.=_
o(n, B) < ¢*(n,A) < o*(myz) < R rrR<w d ST Ty
a a
o(z,m) > e(z,B) — o(n,B) > a — 3= 3
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consequently U(z,a/2) C U(y,r) \ G. Since (a/2)/r > v/2 = v*, the validity of the
condition (C,) at z for P \ G is verified, and the proof is complete. i

COROLLARY. The porosity topology p on a metric space (P, g) is completely regular.

THEOREM 1b. The strong porosity topology s on a normed linear space Q has the complete
Lusin-Menchoff property (w.r.t. the initial topology).

PROOF: Assume that A, B are nonempty subsets of Q such that ANB=ANEB’ = 0.
Put

G ={z € Q:dist(z, B) < dist’(z,4)}, W=Q\G’' = int,(Q \ G).

Then obviously G is open, W is s-open, GAW =0, B C G and A C Q\ G. By Theorem C
it remains to prove that A C W = int,(Q \ G). Let z € A be given. To simplify the
notation, we shall assume that z = 0, the idea in the general case remaining clear. Now it
suffices to show that @ \ G satisfies the condition (C,) of Proposition 2b.

Choose € € (0,1). Since 0 € Q \B’ = int,(Q \ B), the condition (C,) holds for Q \ B.
Find § > 0, c € (0,1) which correspond to /2 by (C,). Put

(1) 5 = min(&, 58—"')

Choose { € Q such that 0 < ||| < 6*. Then there exists a ball U(n,r) contained in
U(¢ 1 —<)liéll) \ B with r > (1 —¢/2)|lnl|. We have

(2) llall 2 M€l = llm — €1 > 1€l = (2 = e)lI€N = eli€ll-
Let z be an arbitrary point in U(n,7) N G. Then

llzll < 1|z — €Il + 1Nl < 2[I€]l,
dist(z, B) < distz(z,A) <|z|1* < 4)|€lI%,

hence
(3) Iz = #ll > dist(n, B) - dist(z, B) > r — 4/|¢]|*.
It follows from (1) and (2) that

4 4 €
(4) 4l1€1? < = 1€l - limll < < 8% limll < 5 llmll-
[ [

Finally, combining (3), (4) we obtain

= =il > = = 4l€l? > (1= linll = Slinll = (1 = e)lall
which implies that

U(n, (1 =e)lnll) cUMm,r)\G U (1 =)l \ G-
By Proposition 2b, 0 € int,(Q\ G)=W. 1

COROLLARY. The strong porosity topology s on a normed linear space Q is completely
regular.
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4. *-POROSITY TOPOLOGIES

Recall that a topological space X is called a Baire space if the Baire Category Theorem
holdsin X, i.e.if X\ A is dense in X whenever A C X is of first category in X (equivalently,
if any nonempty open subset of X is of second category in X).

We say that two topologies 7, o on X are S-related provided that for any set 4 C X,
int, A # 0 iff int, A # 0. For such topologies the notions of dense sets, nowhere dense
sets, sets of first category coincide. Moreover, (X, ) is a Baire space iff (X,0) is a Baire
space.

Let (X, ) be a Baire space. It is not hard to prove (see e.g. [LMZ]) that the collection

*={G\ N :G is T-open, N is of first category in 7}

forms a topology. Obviously, 7* is finer than 7. If, moreover, o is a topology on X which
is S-related to 7, then we have

r* ={G\ N :G is T-open, N is of first category in o }.

In what follows, (P, p) will be a Baire space.

It is clear from Propositions la, 1b that both the porosity topology p and the strong
porosity topology s on P are S-related to the g-topology. The corresponding topology p*
is called the *-porosity topology, s* is called the *-strong porosity topology.

THEOREM D ([Z2]). Let (X, ) be a Baire space and let f be a real function on X. Then
f is 7*-continuous on X if and only if f is T-continuous on X.

COROLLARY. Let f be a real function on a Baire metric space (P,p). Then f is p*-
continuous on P iff f is p-continuous on P, and f is s*-continuous on P iff f is s-continuous

on P.

A topology T on a metric space (P, p) is said to satisfy the essential radius condition if
for each z € P and each r-neighbourhood U of z there is an “essential radius” (z,U) > 0
such that whenever

0< Q(z, y) < rnin(r(:c, Uz)’r(yv Ull))’
then U, N U, # 0.

THEOREM E ([LMZ, pp. 64 and 66]). Let (P,o) be a metric space, let T be a topology
on P which satisfies the essential radius condition. Then any 7-continuous function on P
is in the first class of Baire.

THEOREM 2a ([Z2, Theorem 3]). If(P,p) is a Baire space, then the *-porosity topology p*
on P satisfies the essential radius condition.

COROLLARY. Any p*-continuous function on a Baire metric space (P, p) is in the first class
of Baire.

LEMMA 2. Let Q be a Hilbert space. Ifa > 1, u,v € Q, ||u]| > ||v||, then ||au—v|| > ||lu—v||.

THEOREM 2b. Let Q be a Hilbert space. Then the *-strong porosity topology s* on Q
satisfies the essential radius condition.
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PROOF: For z € Q and an s*-neighbourhood W* of z we shall determine an essential radius
r(z, W*) in the following way. Choose an s-neighbourhood W of z such that W\ W* is of
first category. Then W — z is an s-neighbourhood of 0. By Proposition 2b, the following
condition is satisfied:

For any € € (0,1) thereis § > 0 and c € (0,1) such that whenever{ € Q,0 < || -z|| < §,
then there exists a ball U(n,r) C U (£, (1 —c)||é — z||) N W for which r > (1 —¢)|ln—z|.

Find to € = ; the corresponding § = 6;(z, W) > 0, ¢ = c1(z,W) € (0,1). Further find to
€ = ¢1(z, W) the corresponding § = §;(z, W) > 0, ¢ = c2(z, W) € (0,1). Put

o _ Lo .
r(z,W*) = 5 [min (61(, W), 82(z, W), e1(2, W), calz, w))]>.
Now let V' be an s*-neighbourhood of z, V' be an s*-neighbourhood of y such that
0 < |ly — z|| < min(r(z, V;"),(y, Vy*))'

We shall write §, , instead of é;(z,V;) etc. We may suppose without loss of generality
that ¢; ; < ¢;,5. Put

1

2,z

tmoqt

(y — =)

"Then

y—z=c2.(£ - 2),

y—€=(1-cz)(z - §).

Since ||y — z|| = e2,2||€ — z|| < (2, V) < €22 « 82,2, it follows that 0 < ||€ — z|| < §2.2.
Hence there exists a ball U(n,r) for which

(5) ' U(‘q,f) - U(f: (1 - cz,::)"f - :B”) n Vz’
r2(1-cz)ln -zl

Furthermore,

2
In—yll <lln =&l + 1€ —yll <2llz—¢|l = p— ly — =||

2 2 1
< ; r(z’ Vz*) ‘ r(y7 Vy*) < C—z-,: : E C2,z ° 61,14 = 51,1!'
This implies that there exists a ball G = U(n’,r’') for which
(6) Un',r') CU(n, (1= ery)ln—vl) N V4,

1
v 2’ -yl
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Lemma 2 yields (consideru =y —§,v=n-¢§, au =z — §)

ln =yl < lln—=|l,

SO

r2 (1=eie)lln =zl > (1= eyl -l

which means that

(7) U (1= er)lm—9l) C U(mr). .
Combining (5), (6), (7) we obtain that

GCU(nr)NV, CV,NV,.
The completeness of @ implies that G is of second category, consequently

GNV; NV, #0. 1

COROLLARY. Any s*-continuous function on a Hilbert space Q is in the first class of Baire.

5. THE CLASSES OF ZAHORSKI

For a real-valued function f defined on R, the associated sets of f are all sets of the form
{z: f(z) < a}or{z: f(z) > a}. It is well-known that f is in the first class of Baire
(B,) if and only if every associated set of f is of type F,. Z. Zahorski ([Z]) considered
a hierarchy My D M; D --- D Mj of subclasses of B;. Each of these classes is defined
in terms of associated sets: f belongs to the class M; of Zahorski iff every associated set
of f belongs to the class M; (i =0,1,...,5) where M; is a certain family of F, sets.

In what follows, A denotes the Lebesgue measure on R.

Let E C R be a nonempty set of type F,. We say that E belongs to the class
M, if ENI is infinite for any closed interval I which intersects E;

M; if ENI is uncountable for any closed interval I which intersects E;
M, if A((ENI) > 0 for any closed interval I which intersects E;
M; if
o MI,)
n—oo dist(z, I,,) -
whenever z € E and {I,,} is a sequence of closed intervals not containing z such
that A(E N I,) = 0 for each n and nlingo(dxam({z} Ul,)) =0;

M, if there exists a sequence {H,} of closed sets and a sequence {#,} of positive
numbers such that E = | H, and for each z € H, and each 4 > 0 there exists
§ > 0 such that whenever h,h, € R satisfy hhy > 0, h/hy <7, |h + hy| < §, then *

MEN(z+h,z+h+h))
hy

0

> 9p;

1.

M;s  if every point z € E is a point of density of E, i.e. ,{HI‘I) AEN (:;’z +h) _
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The empty set is considered to belong to each of these classes.

Z. Zahorski proved that My = M; = DB, (the collection of all functions in the first
class of Baire which have the Darboux property). He also demonstrated that the class A
of derivatives is contained in M3 and the class bA of bounded derivatives is contained
in M4. Moreover, M3 is equal to the class A of approximately continuous functions.

For further information concerning the classes of Zahorski see [B].

Let C(X,7) denote the family of all real-valued functions on X which are continuous
relative to the topology 7 in the domain space and the Euclidean topology in the range. In
the sequel we shall establish the relations C(R,p*) C M3, C(R,s*) C M3, C(R,p*) € My,
C(R,s*) ¢ Ms. (Recall that C(R,p*) =C(R,p) C B1, C(R,s*) =C(R,s) C B;.)

We shall use the following easy fact.

LEMMA 3. A set E C R belongs to M; if and only if E belongs to M, and, moreover,
E has porosity 0 at any point z € E.

ProrosITION 4. C(R,p*) UC(R,s*) C M,.

PROOF: Suppose that f is a p*-continuous function. Let E be an associated set of f.
Since f belongs to B;, E is of type F,. In light of the fact that E is p-open, applying the
condition (C,') of Proposition 2a’' we see that E belongs to M,.

The arguments for an s*-continuous function are similar. Jj

COROLLARY. (a) (cf. [PBW]) Any p*-continuous function on R has the Darboux prop-
erty.
(b) Any s*-continuous function on R has the Darboux property.

ProrosITION 5. C(R,p*) C M;.

PRrooF: It is sufficient to show that any p-open set E of type F, belongs to M;. If z € E,
then R \ E is superporous at z by Proposition 1a. It follows that E has porosity 0 at z,
so Lemma 3 together with Proposition 4 implies the result. i

PROPOSITION 6. There exists a bounded s*-continuous function f which does not belong
to Ms.

PROOF: Let B C R be the set constructed in Example 2. Then E = R \ B is an s-open
set of type F,. Observe that m(E,0) > 0. Since the topology s has the Lusin-Menchoff
property (Theorem 1b), by Theorem A there exists an s*-continuous function f such that
E = {z: f(z) > 0}. It is enough to show that E is not in M;. But this follows from
Lemma 3 since E is porous at 0. |

PROPOSITION 7. There exists a bounded p*-continuous function f which does not belong
to M4.

PROOF: We shall construct a p-open set E C R of type F, which does not belong to Mj.
For k =0,1,2,... put

1 i 1 ] 1
Iy = U I, where Ii; = (5 + 2k+17 o + 2k+1 + 4k+1)'
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Finally, define
= (—00,0]U U E;.
i=0

Assume that E is in M. Then there exist sequences {H,}, {#,} with properties de-
scribed in the definition of the class My. Let n be an index for which 0 € H,. Take
a natural number m such that 1/2™~! < 9,, and put 4 = 2™ — 1. Find the correspond-
ing § = §(0,7) > 0 and choose a nonnegative integer j for which 1/2 < §. Then for
h=1/2 —1/2)*™ h; =1/2*™ we have h/h; =7, h + h; < §. However,

AMEN (,’:h+ hy)) — oi+m /\(E N (21J 27%,%)) = 2"‘/\(Eo N (1 - 2i, 1))
- 0 (w0 ) g2 5 weongd,
= <,

22m—1 2m-1 -

which is a contradiction.

To prove that E is p-open, it suffices to show that the following modification of the
condition (Cp') from Proposition 2a’ is satisfied (on R it is customary to deal with intervals
rather than balls—cf. [Z3]):

For any ¢ € (0,1) there is § > 0 and ¢ € (0,1) such that whenever 0 < z < §, then
there exists an interval J C E N (z — cz, z) for which A(J) > ez, and an interval
J' ¢ EN(—z,—z + cz) for which A\(J') > ez.
Choose ¢ € (0,1). Put § = 1, ¢ = ¢?/256. Fix z € (0,1). Let k be the integer for which
¢* = 1/2% € [¢c/2, c), and let j be the integer for which y = 27z € [, 1). Observe that
My —c*y,y))=c" y2 > 1/2k+1, We shall dlstmgmsh two cases.
1. Assume that 1 <y —(c*/2)y. Then A((y — c*y, y) N (3, 1)) > 1/2%+2. It follows
that for some i € {0 1,...,25%2 — 1} we have

1 it 1 i41
(5”“%’5*2“3)“” 690G,

consequently Iy C Eo N (y — c*y, y). Putting J = (1/27) - Ix42,i, we obtain

JC—- [EoN(y—c"y,y)]=E;N(z—c*z,z) C EN(z — cz, z),
2 2

1 1 1 1 c
A(J)=§?'4k+3>4k+3”=6_4°(§'?) 2 2565 = &%
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2. Assume that y — (c*/2)y < } < y. Then A((y — c"y, y) N (0,3)) > 1/2%*2, hence

%'Ik,z~_1cé'[E°n(%+2;k+1')] BN (; 2k1+2’1>CE‘n(y—cy’y)'

Putting J = (1/27*!) - I} ,u_,, we have

JC = [Elﬂ(y—c vy ]| =Ejxn(z-c"z,z)C EN(z - cz, z),
2 2

1 1 1 1 1
AJ) = 57F1 | gRF > 2.4k+lz=§-(2—k)223—2z>ez

Since the existence of the interval J' is obvious, we have demonstrated that E is p-open.
By Theorem la, the topology p has the Lusin-Menchoff property. Theorem A guarantees
that there exists a bounded p*-continuous function f for which E = {z : f(z) > 0}. On
the other hand, we have shown that F is not in My, therefore f does not belong to the
class M4 and the proof is complete. §

Let us remark that Proposition 7 slightly improves a result of W. Wilczynski and
V. Aversa (WA, Theorem 3|). They constructed a bounded I-approximately continu-
ous function which is not a derivative.
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